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A COMPARISON THEOREM FOR SEMI-ABELIAN SCHEMES OVER 

A SMOOTH CURVE. 

FABIEN TRIHAN AND DAVID VAUCLAIR 


Abstract. We compare flat cohomology with crystalline syntomic complexes in two 
cases: 1) p-divisible groups over a separated Fp-scheme with local finite p-bases, 2) semi- 
abelian schemes over a separated irreducible smooth curve. 
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1. Introduction 

Consider an odd prime nnmber p. To a scheme X over Fp is natnrally associated two 
kinds of integral p-adic cohomology gronps. On the one hand we have the p-adic etale 
cohomology gronps On the other hand we have the crystalline cohomology 

gronps H^^y^{X/Zp,Ox/Zp)- If ^ is smooth (or more generally if X is syntomic over a 
scheme with local hnite p-bases) then it is well known (nsing e.g. [FMj 1 that both are 
related by a long exact seqnence 

(1) K{x, Zp) - - HIJX/Z,, Ox,z,)'^HUX/Z„ Ox/Z,) — 

It is natnral to expect generalizations of this result when Zp is replaced by more general 
coefficients. A first (easy) step is to replace Zp with an arbitrary lisse Zp-sheaf. A possible 
way of investigation to treat more general coefficients is to replace the etale topology with 
hner ones such as the flat or syntomic topology (note that such a change of topology does 
not affect cohomology for lisse Zp-sheaves). Using the techniques of Fontaine-Messing 
again one could presumably treat positive Tate twists Zp{i) (at least for i < p — 1). The 
Tate module of abelian schemes have been treated in |Baj . The purpose of this paper to 
establish a suitable comparison theorem for p-divisible groups in the hrst place and then 
for semi-abelian schemes following the ideas of [KTj . 

Assume X is separated and has local finite p-bases. Consider the covariant Diendonne 
functor of [BBMj . D, from the category p-div{X) of p-divisible groups over X to the 
category VC{X) of Diendonne crystals over X. It is known that D is fully faithful |BMj 
and is in fact an equivalence |dJl] . However the proofs given in loc. cit. do not produce 
explicitly a quasi-inverse functor. Instead they rely on deformation techniques in order 
to reduce to the case where X is the spectrum of a field. In this paper we construct the 
syntomic complex functor 

(2) S.,n...x : VC{X) ^ D\Xl„, Zip ) 

whose target is the bounded derived category of Z/p -modules on the small syntomic site 
of X (here Z/p' denotes the pro-ring (Z/p^)fc<i). By construction we have a functorial 

2 































distinguished triangle 

(3) Ssyn^.^x{D) -^ Z/p- <8)z/p.+i ux/{'L/p-+^),*Fil^D,j^i -^ uxi{iip-),*D, > ■ 

where D is the restriction of D to the ind crystalline topos (X //p'))crys^syu) Fil^ denotes 
the natural modp Hodge hltration on D, uxpzip-) is the projection to 1 denotes 

the obvious morphism and (j) is the unique semi-linear morphism such that pcf) is 

induced by the Frobenius of D. In this setting our hrst main result is the following. 


Theorem 1.1. ^8.14\ l Let Gp. denote the projective system of p power torsion subgroups 
ofG viewed as sheaves on the small syntomic site of X. There is a canonical isomorphism 

Gp. ~ Ssyn,.AD{G)) 

This isomorphism is functorial with respect to G and X. 


In particular, applying Rlimproj and taking cohomology in (I3l) yields a long exact 
sequence 


(4) TAG)) -- FiTD(G)) ^ D(G)) — 

which boils down to ([T]) for G = Qp/Zp. 

Consider now a separated irreducible smooth curve G over Fp. Our second main result 
is a comparison theorem for semi-abelian schemes over G. Using rigid uniformization 
around bad hbers we construct a functor D from the category of semi-abelian schemes 
over G with good reduction on a dense open U to the category VG{G^) of Dieudonne 
crystals over the logarithmic curve (C, Z) where Z is the reduced divisor complementary 
to U. By construction the restriction of this functor to abelian schemes coincides with 
the one of [BBMj . Next we construct the twisted syntomic complex functor 

(5) S,,_,_ct{-Z) : BC(C') ^ D\CZ,2/p) 

whose restriction to PC'(C) can be recovered from the functors ^ on X = G and X = Z 
by projection from the small syntomic topos to the small etale one (more precisely a 
version of ([2]) is needed above the diagram X = (C t— Z), see below for explanations). Let 
z \ Z ^ G denote the inclusion morphism and F'^ : Mod{Gpj^,Z/p') Mod{C^j^^Z/p') 
denote the functor taking M to the kernel of the specialization morphism M z^z~^M. 
We prove the following. 


Theorem 1.2. ( [g. i7| ) Consider a semi-abelian scheme A over G whose restriction to U 
is abelian. Let e : Gfl —^ Get denote the projection of the big fiat topos to the small etale 
one. There is a canonical isomorphism 

Re,RAAp.c:^Set,.M-A{D{A)) 

This isomorphism is functorial with respect to A and Z. 


Applying Rlimproj and passing to cohomology yields in particular a long exact se¬ 
quence 

HpAC, TAA)) -- Fil'D(A)(-Z)) ^ H%^AG'I1^. D{AA-Z)) -tU 

where means flat cohomology vanishing at Z. If A is in fact an abelian scheme and 
Z = 0 this result follows from o 
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1.0.1. The results of this paper certainly won’t come as a surprise to experts. In fact 
theorems 11.11 and 11.21 are nothing more than sheahhed versions of [KT] 5.10 and 5.13. 
These rehnements will be the main ingredient for a proof of a non commutative Iwasawa 
main conjecture in HYI. Our original motivation was thus to check wether or not the 
proofs of loc. cit. could be sheahhed as well. While doing so, we discovered several 
problems in loc. cit. and it hnally became easier to rewrite everything than trying to hx 
the mistakes and/or missing arguments. It might be worth however to explain the length 
of this paper with regards to theirs. We encountered mainly two sources of difficulties. 

The hrst one concerns the proof of the comparison theorem for p-divisible groups. The 
strategy of |KT] 5.10 is to use the equivalence of categories between p-divisible groups 
and Dieudonne crystals and to interpret cohomology as higher extension groups. Unfor¬ 
tunately some confusions regarding continuous cohomology create a serious gap in the 
argumentation and we do not know how to hx it (some detailed explanations are given 
in jVa to KT] ). We circumvent this difficulty by following the method of |Ba] instead. 
Namely we show that the vanishing results for Sxfs of |Br] together with the techniques 
of |FM] are sufficient to treat not only abelian schemes but p-divisible groups as well. 

The second source of difficulty concerns the proof of the comparison theorem for semi- 
abelian schemes by reduction to the case of p-divisible groups. Roughly speaking the 
strategy of |ET]5 .13 is to perform a parallel devissage in hat and crystalline cohomology. 
Unfortunately this devissage is merely sketched in loc. cit. and some delicate issues 
are left to the reader. On the side of hat cohomology the main ingredient is to replace 
A with a diagram of p-divisible groups using Raynaud’s rigid uniformization around bad 
hbers. However a precise sheaf theoretic intrepretation is not given and the cohomological 
consequences are left to the reader to hnd. Here these tasks will be achieved at the end 
of section [3^ On the side of crystalline cohomology their hrst step is to dehne D{A) by 
gluing |BBM] ’s D{Ap) with an ad hoc (logarithmic) Dieudonne crystal on the complete 
neighborhood of bad points. We will check that this dehnition is functorial and is the 
only one possible by studying the structure of the category of log 1-motives introduced 
in [KTj . Their second step is to relate the twisted syntomic complex of D{A) to the one 
attached to the diagram of p-divisible groups introduced before. In loc. cit. explanations 
are only given in the local situation and globalization is left to the reader. Unfortunately 
the local computations explained in loc. cit. 5.14 in presence of a lifting are not enough 
to perform the cohomological descent hinted in loc. cit. 5. 8 . We solve this issue by using 
hypercoverings with divisors in the spirit of [SN] (see 15.7|) . 

An additional new difficulty is that we have to compare the syntomic complex on the 
etale site ([5]) (which are useful for devissage) with the ones on the syntomic site ([2]) (which 
appear in ll.ll) . We achieve this comparison by introducing an intermediate variant (using 
linearized de Rham complexes). A signihcant part of this work is thus devoted to the 
construction of several variants of the syntomic complex functor and to comparing them. 

1.0.2. The organization of the paper is the following. 

[21 Preliminaries (part I). Constructions like gluing functors, projective limits etc. are 
often needed at the level of derived categories. A convenient way to get rid of technical 
complications is to work systematically above an arbitrary diagram of (log) schemes rather 
than above a single (log) scheme. The relevant basic facts about (co)£bered categories 
and (weakly) hbered topoi are recalled in 12.1112.21 The language recalled there will also 
be useful when studying various categories of hypercoverings and the syntomic complex 
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functors defined above them. Our conventions concerning the usual (pre)topologies and 
crystalline topoi are explained Some terminology and well known results about 

1-motives and p-divisible groups are recalled in 12.51 

|3l Devissage of flat cohomology. Let A/C he a. semi-abelian scheme with good rednction 
over U = C — Z. If n is a point of Z with residue held we denote Z^ = Spec{ky), 
Cy = SpeciOy) the complete neighborhood of n in O and Uy = Spec{Ky) the generic 
point of Cy. Consider the diagram with the following subschemes of C as vertices: 
U and for v rnnning in Z, the ZyA, the Cy^s and the t/^’s, and the inclusion morphisms 
between them as edges. The purpose of this chapter is to dehne a p-divisible group H 
over J~^ (ie. a p-divisible group over each one of the subschemes in question together with 
base change morphisms between them) from which one can rebnild the projection of the 
vanishing local sections RT_^Ap. E D^{Cpj;^,Z/p-) to the small etale site fsee 13.261 or ([9]) 
below for explanations). 

Let us explain the logical steps leading to this resnlt. The hrst step is to replace the 
big flat site with the small etale one. In 13.31 we begin with an elementary stndy of the 
vanishing (local) sections functor RVfl in the general setting of hbered topoi. This stndy 
relies notably on 13.11 (where the fnnctorial properties of mapping hbers are discussed) and 
on the notions of acyclicity in hbered topoi which are discussed in 12.111 A signihcant 
drawback of the fnnctor RVfl is its lack of fnnctoriality with respect to the chosen topos. 
For instance if e denotes the projection morphism from the big (say hat) to the small (say 
etale) topos then RVfl does not commute to i?e*. This is mainly due to the following 
fact: if G is a gronp scheme over C then the small etale sheaf over C represented by 
G has no memory of the group scheme Z Xq G over Z. To circumvent this issue, we 
enrich the picture by replacing C with the diagram C^ := (Z -E C). We dehne a fnnctor 
—) going from the topos of C^ to that of C. As it turns out this new variant 
of the vanishing sections fnnctor commntes to In the setting of big topoi we have 
moreover i?r^(G, (—)|c+) — Applying this to Ap. gives fsee I3.14p 

(6) RcitRR^Ap. ~ i?r'^(G, |f7+) 

In 13.41 we achieve the next step which is to replace C (resp. C^) with the diagram J 
formed by f/, the fA’s and the Cfls for v in Z (resp. J"*", obtained from J by adding the 
ZyA). Consider the natural morphism m : J ^ C. The functor Rm^ hts into a familiar 
distinguished triangle of Mayer Vietoris type fsee l3.4p and is called the (complete) Mayer 
Vietoris functor. We prove that it allows to recover Re^Ap. from the restriction of Ap. to 
J and similarly for vanishing sections. More precisely fsee 13.17)1 : 

(7) Rif {C, Re^Ap. \c+) — Rm^Yf-’{J,Re^Ap.^\j+) 

In addition to abstract nonsense the proof notably relies on the fact that the direct image 
functor of Cy^et —t Get is exact flemma 13^ together with the following property of Abelian 
varieties which was found by Greenberg and Milne: if K denotes the fnnction held of G, 
V a point of G and Ky (resp. K/;) the completion (resp. henselization) of iL at n then 
H^{Ky., A^xf) coincides with A\p;h) for g > 1. 

Let us now explain the constrnction of the p-divisible gronp H on which will serve 
as a snbstitnte for Ap. |j+. First we have to dehne a p-divisible group Hu (resp. Hu^, Hc.^, 
Hzy for each v in Z). When restricted to the open of good rednction A gives rise directly 
to a p-divisible gronp. Thus we simply set Hu := A\u, pCXO and H\u^ := A\u^, pOO . Since 
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A has semi-stable reduction at v we get a p-divisible group on Zy simply by replacing 
A\z^ with its connected component A^^ (which is the extension of a abelian variety 
by a torus Tfc„): we set ffz^ = We know from |SGA7-Ij IX that A^^^ admits a 

canonical lifting to a group scheme Gy (the Raynaud group) which is the extension of an 
abelian scheme lifting by a torus lifting and whose completion along the special 
fiber is isomorphic to the completion of A^^. We get a p-divisible group on Cy by setting 
Hc^ '■= Gy^poo. We make the following key observation: since Gy pk is finite over Gy the 
previous formal isomorphism induces a morphism of group schemes Oy : Gy yk ^ A?^ . 

This remark allows us to define the base change morphisms giving rise to the p-divisible 
H over as well as a morphism Hp. —)■ ^|j+p. over J+. This morphism is certainly not 
an isomorphism in general since A^^^ might not be finite over Gy. In 13.51 we show that 
it is nevertheless possible to recover |j+ from Hp. using Raynaud’s result concerning 
the generic hber (in the sense of rigid geometry) of the morphism Cy. In 13.61 we use this 
to prove fsee 13.241 and the proof of I3.26P that 

(8) RV^^{J+,Re,Ap.^\j+) ~ Sma RV^^ , Re.Hp) 

where Sma is an exact fnnctor defined over Jet, designed to neglect the generic fiber 
of the Gy components (see 13.71 for more details). A key ingredient in the proof is the 
introduction of the small quasi-finite flat site (see I3.20p which is fine enough to compute 
cohomology and small enough to express sheaf theoretic consequences of Raynaud’s rigid 
uniformization. The final devissage result 13.261 is obtained by putting ([6]), ([7]) and (jSP 
together: 

(9) Re^Rlf'Ap. Rm^Sma RT^'’{J, Re^Hp.) 

m Preliminaries (part II). The purpose of this chapter is to review a number of technical 
results regarding projective systems and exactness which will be useful in the various 
constructions of the syntomic complex coming next. 

In 14.11 we review the basic lemma designed to divide Frobenius by p (lem. 14.31) . This 
involves the notion of (L-)normalized modules or complexes (def. 14.21) and the normalizing 
functor (1)* (def. 14.ip . In 14.2114.31 we design a convenient framework regarding p-adic 
formal schemes limits and quasi-coherence. A standard feature of crystalline cohomology 
is that one is often led to pass from hnite to p-adic coefficients and conversely. Inside 
the crystalline topos this causes no difficulty (see I4.20|) . When passing to realizations 
on the other hand (e.g. for de Rham complexes) one has to add some quasi-coherence 
assumptions in order to get (partial) analogous results. The relevant notions are adapted 
from [Be5j 3.2 and discussed in 14.2.31 - 14.2.51 

In 14.41 we review a notion of hnite p-bases for (p-adic formal) log schemes which is 
stronger than the one dehned in [Ts2] I but slightly easier to handle. We also introduce 
the corresponding categories of (global and local) embeddings, which will be enriched 
later. 

When dealing with crystals one has to be careful with the notion of subobjects because 
the inclusion of the category of crystals inside the category of modules on the crystalline 
site is not left exact in general. The relevant phenomenons are discussed in 14.51 using the 
previously introduced categories of embeddings (rather than a restricted crystalline site 
in the spirit of [Bel]). In 14.61 we discuss the relation between effective logarithmic and 
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Cartier divisors. Putting everything together we study to what extent a twist of a module 
or a crystal can be regarded as a subobject of the latter fsee 14.48114.49p . 

O Twisted syntomic complexes for Dieudonne crystals. In this chapter we dehne func¬ 
tors 


(10) : VC{X) ^ 0“!") 

( 11 ) D+{Mod^’‘^{x^t, 


The hrst (resp. second) one is dehned when X E Bq (resp. (X**, h) G BI) ie. is a diagram 
of separated schemes (resp. a diagram of separated log-schemes and logarithmic divisors) 
whose type A satishes a certain hniteness condition (namely, 6/A must be hnite for each 
5) and whose vertices Xs (resp. X|) have local p-bases over Fp, see 15.111 The target 
of these functors is the (derived) category of (1, 0)-modules, dehned and briehy studied 
in 15.11 The functors ([2]), ([5]) are respectively obtained from ffTOj) . flTT|) by forming the 
mapping hber of 1 — 0 (see 15.21 (iv)). Aside from the dehnitions themselves the main 
purpose of this chapter is to establish a canonical isomorphism 


( 12 ) 




syn, 




in the case X'^ = X (trivial log structure). Here e : X^y^ -E- Xet denotes the canonical 
morphism. This task requires several intermediate variants of the syntomic complex on 
the small etale and syntomic sites. 


Let us briehy enumerate these constructions and explain the strategy leading to flT^ . 
In 15.21 we begin with some observations regarding applications of cohomological descent 
in crystalline cohomology and we dehne some categories of semi-simplicial embeddings 
with additional structures (Frobenius lifts, logarithmic divisors) which are adapted to the 
various constructions that we have in mind. Let us explain this roughly. A semi-simplicial 


global embedding i : [/**[.] together with a Frobenius lift is in the category HR^p^ 

if is a hypercovering in the topos Xet- The full subcategory C is 

dehned by the additional condition that the logarithmic divided power envelope Tj j of l 
is a hypercovering in the topos {Xy’Ijp)crys,et- The latter is adapted to the computation 
of crystalline cohomology d la Cech whereas the former is adapted to the computation 
using de Rham complexes. This leads naturally to the construction of two functors with 
value in a category of complexes of (1, 0)-modules: 


(13) 


5 ’' 




(-h) ; VC{X^) -e O-^^) 


The hrst one (Cech) is not necessary in this text. It is nevertheless the most direct way of 
dehning the syntomic complex and will serve as a warming up for the other constructions. 
The second one (de Rham) is well adapted to devissage results and will be used in the 
next chapter. 

In the case of a trivial log structure, we give a construction of the functor (IT0|) which 
is global (ie. does not involve semi-simplicial embeddings). This construction has the 
advantage of being close to the context of |FM] , |Ba] and will be used in the comparison 
theorem for p-divisible groups. We also dehne linearized de Rham versions of the syntomic 
complex p on the small etale and syntomic site respectively. 

The main steps leading to flT^ may be summarized as follows. Section 15.51 is con¬ 
cerned with the versions on the etale site. Using the gluing lemma 15.91 we prove (lem. 
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» , - - « i-h), of (-h)) to 


I5.5ip that the projection of (“^) (resp. of 5^’ 

is essentially independant of the semi-simplicial emtledding as 
long as the latter is chosen in HR^p^ (resp. HR^p^^^). We prove further¬ 

more (lem. I5.5ip that the resulting three functors 'DC{X'^) 

are canonically isomorphic and we dehne ca as anyone of them (prop. 15.521 def. 
I5.53p . Section [5TB] is concerned with the versions on the syntomic site. We prove (prop. 
I5.65P that the globally dehned functor flTop coincides with the projection of SLfllpi^ 
to D~^{Mod^''^{Xet,0'^''y^)). The isomorphism flT^ is hnally obtained by proving (prop. 

Els]): 


(14) 




syn,.,T\^: 


[-1 


Let us now give some explanations regarding the constructions enumerated above. In 
section 15.31 we review some basics concerning the relative Frobenius and the Cartier 
operator. Then we establish the crystalline version of the Cartier equivalence over X 
(prop. I5.25P and deduce some elementary consequences for crystals over XK These 
results will be the main ingredient of section E3I where a crystalline subsheaf Fil^D is de¬ 
hned for an arbitrary Dieudonne crystal D and shown to satisfy a canonical isomorphism 
D/Fil^D ~ i^Lie{D) (prop. I5.35p . the tangent sheaf Lie{D) being dehned in terms of 
the Verschiebung operator modulo p. This hltration and a similar isomorphism are then 
extended to the linearized semi-simplicial crystal L{Dpt ) and its twisted versions (prop. 
I5.37p . In section EH we check that in each three cases’the Frobenius vanishes modulo 
p on the subcomplex dehned by using Fil^D. Using this and the normalization functor 
(1)* fsee 14. ip we are able to divide Frobenius by p. This yields the desired dehnition for 
the (Cech, de Rham and linearized de Rham) versions of the syntomic complex on the 
small etale site (prop. I5.49p . In section EH the construction and elementary properties 
of the (global and linearized de Rham) versions of the syntomic complex on the syntomic 
site of X are given using the same ingredients than in 15.51 together with some well know 
properties of crystalline cohomology with respect to the syntomic topology. 


El Devissage of twisted syntomic complexes. Our general strategy to obtain the com¬ 
parison result in the case of a semi-abelian scheme R/C* is to perform a devissage for the 
twisted syntomic complex of (R) which is roughly parallel to the one of chapter El in 
order to reduce to the case of p-divisible groups. This won’t be achieved before section EH 
for the following reasons. On the one hand the semi-stable Dieudonne functor has 
yet to be dehned (this will be done in the next chapter). On the other hand the desired 
reduction involves switching from D(ji{A) to Dj{H) where H is the diagram of p-divisible 
groups dehned in chapter El This will be done using a trick relying on the comparison 
result for p-divisible groups established in section 18.11 The purpose of the present chapter 
is nevertheless to establish two key devissage results. 

In section 16.11 we consider the diagram of log schemes J** which is J together with the 
log structure coming from CK Letting m : J** —)■ C** denote the natural morphism, we 
prove (prop. 16.11 (i)) that m* induces an equivalence between Dieudonne crystals on 0 
and diagrams of Dieudonne crystals over R whose base change morphisms are invertible 
(we call those cartesian). By Zariski localization on U** we reduce to the case where a 
lifting of by a p-adic formal log scheme with p-bases over Spf^hp) is given and then 
the result essentially boils down to gluing locally free modules from J to C. Looking at 








































de Rham complexes yields furthermore a canonical isomorphism (prop. 16.11 (iii)) 
(16) 


■Site I 


h){D) ~ Rm,SY J-m-'h)(m’D) 


In section 16.21 we use the second variant of the local vanishing sections functor to de¬ 
scribe the twisted syntomic complex in a specihe situation. Namely consider a Dieudonne 
crystal D over J and denote respectively o*D and p*D its pullback to J** and . Con¬ 
sider furthermore the smooth divisor Zj as an effective logarithmic divisor of J. Then we 
establish a canonical isomorphism 


(16) 


sih.(-^i)(o*-D) - rl^^hsiIjAp'd)) 


Here the key idea is to work with semi-simplicial embeddings l : of HR^p^ 

having the additional property that the involved closed immersions of log schemes are 
exact. An easily tractable category of such, denoted was dehned and studied in 

section 15.21 (see lem. 15.7p using blowing up as a global exactiheation functor. 


[3 Dieudonne crystals for semi-stable abelian varieties. The goal of this chapter is to 
construct the Dieudonne crystal Dci{A) G VC{0) associated to a semi-abelian scheme 
A/C. Thanks to the equivalence result 16.11 (i) we are reduced to dehne for each v a 
D^it(A|c'^) G VC {Cl) whose restriction to Uy agrees with |BBMj ’s one. By Raynaud’s 
uniformization as reviewed in chapter [3] we already know how to dehne a canonical log 
1-motive (def. 17.ip Miog{A^p,i) = {Cy^Vy, fy) to A\c^ which is such that the p-divisible 
groups of Miog{A^^i)\u^ and A\jj^ are canonically isomorphic (def. I7.20p . Our main purpose 
is thus to prove that there is a unique way of dehning a Dieudonne functor on the category 
of Aiiog{Cy) of log 1-motives which is exact compatible to hnite etale base change and 
compatible with |BBM] ’s Dieudonne functors on p-divisible groups over Cy and Uy (here 
we use the exact structure inherited from the category of abelian sheaves on the big hat 
site (see 12.33117.2p . 

We do this in two steps. The hrst one is achieved in section 17.11 . By studying the 
structure of the category Miog(Cl) for C' varying among the hnite etale (T^-schemes we 
show (prop. I7.8P that given a stack C of exact categories on the small hnite etale site 
of Cy, extending a given exact functor F : M —>■ C to A4log amounts to extending the 
homomorphism 


(17) Ext]M(^c.){Z, Z(l)) ^ Extl(^c.){F{Z), F{Z{1))) 

induced by F to Ext^^ ^(1))- The second step will be achieved in section [721 If 

consists in proving that if C denotes the category of Dieudonne crystals over (hnite etale 
extensions of) Cl such an extension of fITTp exists and is moreover unique if one imposes 
the desired compatibility with the analogous homomorphism over Uy (prop. I7.18p . This 
veriheation could be achieved by brute force and explicit calculations since it is nothing 
more than the investigation of Kummer extensions of Dieudonne crystals over Cy, Cl 
and Uy. Here we have chosen a homological approach by embedding the exact category 
of Dieudonne crystals into the larger abelian category of (/, n)-modules. This approach 
relies mainly on the compatibility of the Dieudonne functor with Cartier duality f |BBMj 
chap. 5). 

IHl The comparison theorem. The purpose of this chapter is to prove theorems 11.1! and 
o The hrst one is proven in section 18.11 and is rather independant from the rest of the 
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text (it only uses the global construction of the syntomic complex in section [5^ . The 
second one is then deduced by devissage using the main results of chapters El El El El 

In section 18.11 we consider the case of p-divisible groups. We hrst consider the case of 
a single base scheme X with local hnite p-bases over Fp. The basic idea is to reduce to 
the case of Ppoo by using Cartier biduality. Following the arguments reproduced in |Ba] 
we begin by checking that Fontaine-Messing’s exact sequence 


( 18 ) 


fipk 


jcrys 


l-i 


Qcrys 


0 


on Spec{¥p)syn remains valid on Xgyn 08.91 (hi)), 
group on X whose Cartier dual is denoted G* 
sequence 


Now if G is an arbitrary p-divisible 
we show that 0T8|) gives rise to an exact 


(19) 0——f^^*k,„(G-.Or'") —0 

thanks to the vanishing theorem of [BR75]. Next we observe that the hrst term in flT^ is 
nothing but G*t, ie. Gpk. It thus remains only to compare the second and third term to 
the corresponcfing ones in the distinguished triangle ([^ describing Ssyn,k,x{Dx{G)). For 
the third one this relies directly on the fact that for certain coefficient, Sxt^ commutes 
to the projection of the crystalline topos on the small syntomic topos. Next we need to 
check that Sxtx^^^{G*, Go) and the morphism induced by Oxi(zip>=) i^Ga respectively 
coincide with Lie{D{G)) and the canonical morphism D{G) —)■ i^Lie{D{G)). This is done 
in lemma 18.111 using the Cartier isomorphism on the syntomic site. Then we conclude 
easily from the fact that modulo the previous identihcations the map induced by the 
Frobenius of coincides with the one induced by the Frobenius of DxiG). 

Our arguments do not extend directly to the case where X is a diagram (of schemes 
with local p-bases). Fortunately the result extends nevertheless thanks to the fact (proven 
by the above arguments) that Sayn,k,x{.Dx{G)) is concentrated in degree 0. 

In section 18.21 we put everything together in order to treat the case of a semi-abelian 
scheme A/G. Namely ([9]), theorem 11.21 (applied H G pdiv{J)), flT^ and flTB]) give an 
isomorphism 

( 20 ) Re^RT^Ap. Rm^SmaSet,.,j»{—Zj){Dj{H)\j») 

on the one hand while flT^ together with a basic property of the functor Sma give 

( 21 ) Set^.^ci{~Z){DQii{A)) Rm^SmaSg^^ jt{—Zj){Dcii{A)^jii) 

on the other hand. We conclude by showing that the natural morphism Dj{H)^jt —)■ 
becomes an isomorphism after applying and the functor Sma. 

El Appendix (crystals on log schemes with local finite p-bases). In this chapter we offer 
a quick review of top crystalline sites for hne log schemes {top being a pretopology be¬ 
tween et and //) and cohomology of their crystals in the context of local hnite p-bases. In 
19.11 we check the pseudo-functoriality of the small crystalline top topos and of the usual 
(quasi-) morphisms p, e, i, u. In 19.21 we review the basic dehnitions and properties of 
crystals. In 19.31 and 19.41 we assume given a closed immersion of the base log scheme into 
a p-adic formal log scheme with local hnite p-bases and we restrict our attention to the 
etale topology. In this context we review the classical theory of integrable quasi-nilpotent 

10 




























connections, hyper (ip-stratifications, hyper dp-differential operators, linearization fnnc- 
tors and de Rham complexes. While doing so we pay special attention to the fnnctoriality 
of the theory with respect to the base log scheme and the chosen closed immersion. Let 
ns point ont that this chapter is not independent from chapters [2] and 01 More precisely 
we have the following logical relations: 12.41 ^ 19.11 ^ 19.21 ^ 14.31 and 14.41 ^ 19.31 ^ 14.51 ^ 
[931 

1.0.3. A few further generalizations of such comparison results can easily be imagined. 
The case of finite locally free groups can be treated roughly in the same way [£3 to Vaj . 
or alternatively as a consequence of the case of p-divisible groups |Va to Pe] . Other 
possible generalizations are log p-divisible groups in the sense of or alternatively 
abelian varieties with general reduction. We hope to come back to these cases in future 
works. 

1.0.4. Needless to say this paper relies entirely on the previous work of K. Kato and F. 
Trihan. The references to their original text EH are so numerous that we have given 
up listing them all. We hope that the self contained approach taken here will serve as a 
useful reference in the future. 

We are grateful to T. Tsuji for his help and suggestions, especially concerning the 
version of the syntomic complex involving linearized de Rham complexes and also for the 
localization triangles in compactly supported log crystalline cohomology using blowing 
ups. 


2. Preliminaries (part I) 

2.1. Diagrams and (co)fibered categories. 

We review basic facts concerning (co)fibered categories over a base category B and their 
natural extension to the category of diagrams in B. 

2.1.1. Recall the following definition from |Grj . 

Definition 2.1. Let C denote a category. 

(i) A diagram X oi C is a functor X : A —)■ C, (5 i—>• Xs, ((5 —)■ 6') i—)■ —)■ Xy) 

for some small category A which is called the type of X. We sometimes use 
simplified notations as X/A or (X^). 

(a) Given diagrams X, X' of respective type A, A' a morphism of diagrams / : X —)■ 
X' is a couple f = (F, a) where F : A ^ A' is a functor and a : X ^ X' o F 
is a natural transformation. Using abusively the letter f to designate either f, F 
or a we sometimes write simply fs : Xs ^ ^f(S) ■ 

(Hi) Morphisms of diagrams are composed in an obvious way and the resulting category 
is denoted DiagiC). 

The category Diag{C) is strictly 2-functorial with respect to the category C, meaning 
that a functor F : C ^ C' canonically induces a functor Diag{C) —)■ Diag{C') and similarly 
for natural transformations between such functors everything being strictly compatible 
with composition. 

We always identify C with a full subcategory of DiagiC) by sending an object to the 
corresponding punctual diagram. Let us emphasize that even though diagrams of type A 
in C are in bijection with (and are often identified to) diagrams of type A°^ in C°^ there 
is no obvious relation between the categories Diag{C°^) and Diag{C) or Diag{C)°^. 
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2.1.2. Let Cat denote the 2-category of categories and let B denote a category. The 
following resnlt is well known. 


Lemma 2.2. The following 2-categories are strictly eguivalent in a natural way. 

(i) The 2-category of contravariant pseudo-functors B —)■ Cat, pseudo morphisms and 
natural transformations between them. 

(a) The 2-category of fibered categories above B endowed with a normalized cleavage, 
cartesian B-functors and B-natural transformations. 

(Hi) The 2-category of cofibered categories above B°p endowed with a normalized co¬ 
cleavage, cocartesian B'^^-functors and B°^-natural transformations. 


Proof. This follows easily from |SGA1] VI. Let us only hint the strict 2-functors 
in order to fix the ideas regarding directions of arrows. 


{ii) 

and 

(*) 

-)■ 

{Hi) 


-)■ 


We write 

morphisms in B rather than in B°^. Start with a contravariant pseudo-functor T ■. B ^ 
Cat, X ^ X{X), f ^ r, ifgy ~ g*r. Then: 


-)■ 




The corresponding hbered category p : Xfa ^ B is constructed in such a 
way that the hber category p~^{X) above an object X of S is X{X) while Homf{f,,r]) = 
Homjr(^x){.^, f*v) if P(0 = P{v) = ^ / : X —>■ V is a morphism in B. The cleavage 

is given by the collection of tautological morphisms f*ri —)■ rj. 

(z) —)■ {Hi) The corresponding cohbered category q : Xcof —t B°'^ is constructed in 
such a way that the hber category q~^{X) above an object X of S is X{X) while and 
Homf{f^,rf) = Homx(Y){f*f,g) if q{fO = X, q{r]) = Y and / : X V is a morphism in 
B. The cocleavage is given by the collection of tautological morphisms ^ ^ /*^. 

□ 


It is sometimes useful to notice that one can switch between the point of views (ii) 
and (iii) by changing the directions of the arrows in hbers. Namely let X : B 
contravariant as in (i) and consider the contravariant pseudo-functor X° : B 
dehned as X ^ X{X)°p, f ^ /*, g*f* ~ {fg) 


—)■ Cat 
—^ Cat, 

Then we have natural isomorphisms 


(22) {Xyfa/Bc^{X,of)°^/B and {X^^of(B^^ ^ {TfaX^(B^. 

Summarizing we found four relative categories naturally attached to a contravariant 
pseudo-functor X '. B Cat: two hbrations {Xfa/B and {X°)fa/B) and two cohbrations 
{Xcof/B"P and {X°)cof /B°^). To pick one of these four it is enough to specify the hber 
categories and wether this is a hbration or a cohbration. In the body of the paper we will 
thus often drop the subscripts {—)fib and (— )co/ from the notations without any danger 
of confusion. 


Remark 2.3. (i) In practice one sometimes has to consider B-functors A : Xfa —)■ 

Qfib which are not necessarily cartesian or alternatively B°p- functors B : Xcof —t 
Qcof which are not necessarily cocartesian. These data are no longer equivalent. 
More precisely: 

- the data of A corresponds bijectively to a lax morphism X Q, ie. a functor 
Ax : X{X) —)■ Q{X) for each X in B and a natural transformation af : Axf* —)• 
f*AY for each f : X ^ Y in B, these data being submitted to the composition 
constraint. 

- the data of B corresponds bijectively to a colax morphism X ^ Q, ie. a 
functor Bx '■ X{X) —)■ Q{X) for each X in B and a natural transformation 
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j3f : /*-By —)■ Bxf* for each f : X ^ Y in B, these data being submitted to the 
composition constraint. 

(a) Assume that the contravariant pseudo functor X : B —?■ Cat, X iF{X), / f*, 

{fg)* ~ g*f* is such that each f* admits a right adjoint, say /*. Consider the 
contravariant pseudo-functor T' ; B°'^ —?• Cat, X X(X), f /*, f^g^, ~ {fg)* 
obtained by adjunction (here and in the whole remark, morphisms are consid¬ 
ered in B rather than B°^). We have then an isomorphism Tcof — J^fit of B°^- 
categories. In that situation we say that Xcof (or eguivalently is bifibered 

and that the collection of adjoint pairs of functors (/*,/*) (endowed with their 
adjunction morphisms id —?• /*/*, /*/* id) together with the isomorphisms 
if*, f*){g*,g*) — {{fg)*,{fg)*) (composition of adjunction) is a bicleavage. 

(Hi) Assume that Xcof and Qcof ore bifibered. Then set of B°^-functors B : Xcof —^ Gcof 
is in bijection with the set of B°p- functors A : —?■ Indeed the data 

of a colax morphism {Bx '■ F{X) — )■ G{X),f3f : —)■ Bxf*) '. F ^ G 

corresponds bijectively to the data of a lax morphism: [Ax '■ F\X) — )■ G'{X),af : 
I^vf* f*Ax by the construction of base change morphisms (Ax = Bx, o.f is 
the composed natural transformation Ayf* —)■ /*/*^y/* f*AYf*f* f*^Y 
where the middle arrow is induced by (If, conversely (If is the composed natural 
transformation f*BY —>■ f*BYf*f* ^ Bxf* where the middle arrow 

is induced by af). Let us emphasize that under this bijection, the set of cocartesian 
B’s does not correspond to the set of cartesian A’s in general (If A cartesian 
implies B cocartesian, this is called a base change theorem for A). 


2.1.3. If X/A is a diagram of B we use the simplihed notations 

(23) Ffib{X) ■.= T{X Xx,B,p d^fib/ 

(24) and Fcof{X) ■.= T{X°p Xx,Bov,q Fcoj/ 

where r(— ) denotes the category of sections. These categories identify respectively with 
the category of diagrams of type A above X in Ffih (recall that X : A ^ B) and with 
the category of diagrams of type A"^ above X in Fcof (here we think of X : A°^ —)■ B°^). 
Note that for a punctual diagram X, we have trivially Ffib{X) ~ Fcof(X). 


Lemma 2.4. The contravariant pseudo-functor F \ B ^ Cat admits two natural exten¬ 
sions to Diag{B), namely: 

(i) A contravariant pseudo-functor ; jJiagfB) Cat satisfying X'^*“^(A) ~ 

Ffib{X) for any X in DiagiB). 

(a) A contravariant pseudo-functor : Diag{B) —)■ Cat satisfying X“'^*“^(A) ~ 

Fcof{X) for any X in Diag{B). 


Proof, (i) We notice that Diagfp) : Diag{Ffib) Diag{B) is automatically a hbered 


category and inherits a canonical normalized cleavage from F. Let us describe the cleavage 
explicitly. If / : A/A —)■ A'/A' is a morphism in Diag{B) and is a diagram of Ffib 
above X' then f*ff is the diagram of type A with vertices given by the formula {f*f')5 '■ = 
fsi^'fis)) edges deduced from the edges of using the universal property of the 
tautological morphisms ff{Cf(s)) Cf( 5 ) i^i We dehne ; Diag{B) —)■ Cat as the 
corresponding contravariant pseudo-functor obtained bv 12.21 so that A'^*“^(A) ~ Ffib{X) 
for any A in Diag{B) as desired. 
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(ii) Applying the previous construction to instead of T and then reversing arrows 
again we hnd a pseudo-functor ;= jroAag,o . verifying 

jrcodiag^^^ ^ jro4iag^j^yp ^ (^jroy.yxfP - J^cof{X) 
for X in Diag{B) and we are done. 

Let us describe the cocleavage of the corresponding cohbered category /B°^ 

for the sake of clarity. If X/A ■(— X'/A' : / is a morphism in Diag{B) and ^/A°^ is a 
diagram of Xcof above X : A°^ —)■ B°^ then (f*^) is the diagram of type A'°^ in Xcof with 
vertices given by the formula 

( 25 ) (/•?)«. = fUM 

and edges dehned in the following way: if 6' 6" : g' in A' then the morphism 

( 26 ) irog' ■■ iros' ^ iros" m x,./ 

corresponds to the composed morphism 

a'^mnsn) — fi.JigrKm) fUinn) 


where the hrst isomorphism results from the commutativity of the following square 




X 


fs' 


S" 

fs" 




□ 


Remark 2.5. Consider another contravariant pseudo-functor Q : B €,at. 

(i) Every lax (resp. pseudo) morphism a ■. T Q admits a canonical (resp. and 

essentially unique) extension to a lax (resp. pseudo) morphism a : gdiag 

(use the explicit description of the cleavages on DiagiB)). 

(ii) Similarly colax (resp. pseudo) morphisms T ^ Q extend canonically (resp. and 

essentially uniquely) to colax (resp. pseudo) morphisms gcotUag ^ 

2.1.4. In the text we will use the following simplihed terminology and notations. Every 
fibered (resp. cofibered) category will implicitly be endowed with a normalized cleavage 
(resp. cocleavage). In view of the lemmas 12.21 and 12.41 we will often designate a hbered 
category Q/B or QjDiagiB) (resp. a cohbered category QIB°'^ or Q/Diag{B)°'P) simply 
by describing the contravariant pseudo-functor X : S —)■ €.at satisfying X/jf, = Q or 
(resp. Xeo/ = Got (X“''“3)eo/ = G). 

2.2. Fibered topoi and derived categories. 

2.2.1. We review basic facts about hbered topoi in a slightly more general context than 
[SGA4-II] VI. Let us begin by introducing some convenient terminology concerning the 
functoriality of sites and topoi. 

Definition 2.6. (i) We use the term pretopology to designate a couple {C^Cov) 

where C is a category and Cov denotes a set of families of arrows in C (the 
coverings^ defining a pretopology in the sense of |SGA4-Ij II, 1.3. 
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(ii) Consider pretopologies {Ci^CoVi), i = 1,2. A premorphism.- v : (Ci,Covi) —)■ 
(€ 2 , 0002 ) is a functor V : Ci •(— C 2 which sends C 0 V 2 into Covi and commutes 
to base change by arrows belonging to coverings of C 002 - 
(Hi) Consider the couple of adjoint functors : (Ci,Covi)~ —>■ (€ 2 , 0002 }' induced 

by a premorphism o : (€\,Cooi) —)■ (€ 2 , 0002 ) by passing to the associated topoi. 
We say that o is a quasi-morphism if o~^ preserves finite products (and thus in 
particular final objects). We say that v is a is a morphism if v~^ is exact. 

(iv) Consider topoi Ei, i = 1,2. A weak morphism of topoi.- v : Ei ^ E 2 is a couple 
of adjoint functors u*) -. Ei ^ E 2 . 

(v) Consider a weak morphism of topoi v : Ei ^ Ei. We say that o is a premorphism 
(resp. quasi-morphism, morphismj if there exist pretopologies (€i,CoVi), i = 1,2, 
eguivalences (€i,CoOi }~ E^, i = 1,2 and a premorphism (resp. guasi-morphism, 
morphism) (€i,Covi) —)• (€ 2 , 0002 ) inducing o. 


We do not know wether or not premorphisms or quasi-morphisms of topoi are stable 
under composition. Premorphisms of pretopologies are called morphisms of topologies in 
[Arj 2.4.2. Morphisms of topoi are the usual notion by |SGA4-Ij IV, 4.9.2. 

In practice the following fact is useful to recognize quasi-morphisms (resp. morphisms) 
of pretopologies. Assume that €2 has hnite non empty products (resp. hber products). 
Then o~^ commutes to them (resp. is exact) if and only if V does (resp. commutes to 
hber products). This may be checked by using that an arbitrary sheaf can be written as 
an inductive limit of representable sheaves (resp. using [SGA4-Ij I, 5.2 and III, 1.3 or [Arj 
2.4.8). 

Remark 2.7. Each notion of morphism defined in \2.6\ admits an obvious ringed variant 
(by adding the data of a morphism of rings o^Ai •(— A 2 ). 

(i) A ringed premorphism of ringed pretopologies o gives rise to a couple of adjoint 
functors (n*,n*) : Mod(€i, A}) —)■ Mod(€ 2 , A 2 ). Herev*M can be described as the 
sheaf associated to the presheaf of modules Ui limindAi(Ui) <^A 2 iU 2 ) ^{^ 2 ) the 
limit being taken in the category of Ai(Ui)-modules with respect to (U 2 , Ui VU 2 ) 
running in the category Ui/€ 2 ). 

(ii) Ifv is a guasi-morphism of pretopologies then v~^ preserves abelian groups, rings, 
modules and we have the familiar relation v*M = Ai 0^2 v~^M. In this set¬ 
ting the local adjunction isomorphism v^'HomAi(v*M 2 , Mi) ~ 'HomA 2 (M 2 ,v^Mi) 
holds as well. 


2.2.2. Let us introduce several variants of the notion of hbered topoi using We will 
then use 12.41 (ii) to extend a hbered topos to the category of diagrams of the base. 


Definition 2.8. Let B denote a category, (Lat the 2-category of categories, ^re the 2- 
category of pretopologies (with premorphisms as 1-morphisms). 

(i) A prevariable pretopology V on B is a covariant pseudo-functor V \ B fpre. 
We say that V is a quasi-variable (resp. variablej pretopology if the premor¬ 
phism of pretopologies 'P(f) is in fact a guasi-morphism (resp. morphism) of 
pretopologies for any morphism f in B. 

(ii) A weakly variable topos T on B is a contravariant pseudo-functor T : B ^ Cat 
such that T(X) is a topos for any object X in B, and the functor f~^ = T(f) 
admits a right adjoint for any morphism f in B. We say that T is a prevariable 
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(resp. quasi-variable, variablej topos if it is equivalent to the weakly variable 
topos associated to a prevariable (resp. quasi-variable, variable) pretopology V. 


Lemma 2.9. Let T : B ^ (tat be a weakly variable topos and consider the associated 
cofibered categories letTcof/B°P, /Diag{B)°P \2.4\ ). 

(i) If X is a diagram of B then T{X) := Tcof{X) is a topos. Whence a weakly 
variable topos q^i Diag{B). IfT is in fact variable then is variable 

as well. 

(a) The cofibered categories Tcof/B°^ and /Diag{B)°P are in fact bifibered. 


Proof, (i) The first statement results easily from Giraud’s criterion [SGA4-I] IV, 1.2. 


The second statement results from the explicit description of / ^ given in 


The fact that Tcof/B'^ is bihbered follows from the dehnition of a weakly variable 
topos. Let us choose a right adjoint (together with adjunction maps) /* of f~^ for each 
arrow / in B, ie. a bicleavage above B°p. Let us check that /Diag{BY^ is 


bihbered. It is sufficient to dehne a right adjoint to the pullback functors by morphisms 
of diagrams. Given / : X/A —)■ X'/A' in Diag{B) and f in T(X) we dehne f^,f as follows. 
The vertices of f^,f are given by the projective limit formula: 


(27) (/*0<5' = l|m ajs,45 

where the projective limit is indexed by the category A/6' (where an object is a couple 
{6, a : f{6) —)■ 6')). The edges of are deduced from those of f using the covariance 
of the category A/d' with respect to S'. The reader can check that /* is naturally right 
adjoint to the functor f~^ described in ([25]). 

□ 

In order to make the connection with the terminology of |SGA4-Il] Vbis, VI, let us 
mention that for a variable topos T : S —)■ (tat the category Tcof/B°'P would be called a 
;B"^-topos in |SGA4-II] Vbis, 1.2.1, Tfit/B would be called a hbered topos in |SGA4-II] 
VI, 7.1.1 and Tcof{X) is equivalent to the total topos associated to the hbered topos 
A [SGA4-IIj VI, 7.4.7. 


2.2.3. We discuss the functoriality of derived categories of modules. We say that (T, A) is 
a ringed weakly variable topos on B (resp. that (P, A) is a ringed prevariable pretopology 
on B) if T is as in I2.8l |fiij| (resp. if V is as in I2.8l[(l)| and A is a ring of the total topos 
r(i3°P,r) (resp. T{B°P,V)). 

We make use of the traditional boundedness conditions since it will be enough for our 
purpose. The reader may probably get rid of them by using the theory of unbounded 
complexes EeI. KS]. 

Lemma 2.10. Consider a ringed weakly variable topos (T, A) on B. 

(i) There is a canonical covariant pseudo-functor Mod{T{—), A) : B —)■ (tat, X i—)■ 
Mod{r{X),Ax), (/ : X ^ V) ^ (/, : Mod{T{X),Ax) ^ Mod{TiY), Ay)), 
f^g^ ~ {fg)*. If T is in fact prevariable then the associated fibered category 
Mod{T{—),A)fib/B°P is in fact bifibered, a bicleavage being given by “the” natural 
adjunctions (/*,/*). 

(a) Right derivation gives rise to a covariant lax functor D^{T{—),A) : B — (tat, 
X D^{T{X),Ax), f RY, Rf^Rg^, —)■ R{fg)^. IfT is prevariable then 

D^{T{—),A) is in fact a pseudo-functor, ie. Rf^^Rg^^ ~ R{fg)^,. If the Rf^’s are 
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of finite cohomological dimension then similar statements hold with D instead of 
D+. 

(Hi) If T is variable then left derivation gives rise to a contravariant pseudo-functor 
D-{T{-),A), X ^ D~{T{X),Ax), f ^ Lf*, Lifgfi ~ LgAf*. If the Lf^’s 
are of finite homological dimension then a similar statement holds with D instead 
ofD-. 

(iv) Assume that T is variable and that the Rf^, ’s are of finite cohomological dimension 
(resp. that the Lf*’s are of finite homological dimension). Then the cofibered 
category D~{T{—),A)cof/B°P (resp. the fibered category D^{T{—), A)fib/8°^) is 
in fact bifibered, a bicleavage being given by natural adjunctions {Lf*,Rffi). 


Proof. This is standard, (i) is |SGA4-Ij IV, 13. The hrst statement in (ii) (resp. 


Ill 


IS 


a conseqnence of the nniversal property of right (resp. left) derived fnnctors. The second 
is proved nsing Cech cohomology f [Arj 2.4.5 or the proof of |SGA4-Il] . 

is proven nsing an easy trnncation trick. Finally [(iv)| 


11 , 


statement in 
V, 4.9). The last one in (ii) and 


111 


is a conseqnence of the trivial duality theorem of [SGA4-III] XVII, 4.1.3. 


□ 


In virtne of lemma 12.91 the parts 


1 , 


111 , 


IV, 


of lemma 12.101 extend to Diag{B). It 


seems moreover plausible that is prevariable as soon as T is prevariable and this 

would imply that 


11 , 


extends as well. Instead of checking this we will now discuss some 


acyclicity conditions allowing us to compute derived functors over diagrams. 


Lemma + definition 2.11. Consider a ringed weakly variable topos {T,A) on B and 
consider ^ denote the associated ringed weakly variable topos on Diag{B) h2.9i) . 

Let X/X in Diag{B). 

(i) A module M G Mod{Tcof{X), Ax) is fiat if and only its components Ms are flat. 

(ii) Assume that T is variable. If f : X/A —)■ X'/A' then Lf* can be computed 
componentwise, ie. {Lf*M)s ~ Lf/Mfi^s)- particular if f : X'/A' —)■ X"/A" 
thenLUn* ^Lf'*Lf*. 

(Hi) We say that M G Mod{Tcof{X), Ax) has injective (resp. flasquej components, or 
that it is componentwise injective (resp. flasquej if Ms is injective (resp. fiasgue 
in the sense of |SGA4-II] V, f.l) for each 5 in A. If now T — V with V some 
prevariable pretopology we say that M has P-acyclic components, or that it is 
componentwise P-acyclic if each Ms is V{Xs)-acyclic in the sense of loc. cit.. 

(iv) We say that M G Mod{Tcof{X), Ax) is d-injective (resp. d-flasque, d-P-acyclic, 
assuming T — V with V a prevariable pretopology) if it is isomorphic to /*Mi for 
some morphism / : Xi/Ai —)■ X/A with Ai discrete and some module Mi over 
{Tcof{Xi),Ax^) which is componentwise injective (resp. fiasgue, V-acyclic). The 
category of d-injective (resp. d-flasgue, d-V-acyclic) modules is cogenerating and 
stable by direct images of arbitrary morphisms of diagrams. 

(v) Assume that T is variable (resp. that T is eguivalent to V for some prevariable 
pretopology V). If M E Mod{Tcof{X), Ax) is d-flasgue (resp. d-V-acyclic) then 
it is componentwise fiasgue (resp. V-acyclic). Injectives are direct factors of 
d-injectives and are thus componentwise fiasgue (resp. V-acyclic) as well. 

(vi) Assume that T is variable (resp. that T is eguivalent to V for some prevari¬ 
able pretopology V). If f : X/A —)■ X'/A' then Rf^ : D^{Tcof{X), Ax) 
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D+(7^o/(X'), y4x') can be computed using resolutions by d-flasques (resp. d-V- 
acyclics). In particular if f : X'/A' —)■ X"/A" then Rf'^Rf^ ~ i?(/'/)*. 

In the particular case where A' = A and f induces the identity on A then 
Rf^, can in fact be computed using resolutions by componentwise flasques (resp. 
componentwise V-acyclics). 


Proof, (i) and (ii) are obvious from the fact that tensor products can be computed 


componentwise. 

Stability by direct images is tautological. The cogeneration statement needs only to 


IV 


be proven for d-injectives. If A itself is discrete this results from the fact that injectives 
are cogenerating. In the general case let / : Xi/Ai —)■ X/A denote the inclusion of 
the discrete diagram underlying X. Then /* preserves injectives (because / is a flat 
morphism of ringed topoi, even though T is only assumed weakly variable), M — )• f^f*M 
is monomorphic (because f* is faithful) for any M and the result follows. 

(v) Let / : Xi/Ai —)■ X/A with Ai discrete. We have to prove that componentwise 
P-acyclicity and componentwise flasqueness is preserved by /*. It suffices to treat the case 
of P-acycIicity. Let us thus consider Mi with P-acycIic components on (Tcof{Xi),Axi). 
Since Ai is discrete the projective limit formula fl27)) describing the (5’s component of 
/*Mi boils down to a product of fsi,*Msfs. Now each term of this product is P-acyclic 
( |Arj 2.4.5 or the proof of |SGA4-Il] V, 4.9) and one may easily conclude by using the 
fact that for any set I the derived functors R'^ q > 1 vanish on families of P-acyclics 
indexed by / (see |SGA4-II] Vbis, 1.3.10 for details in the flasque case; the P-acyclic case 
is similar). The statement about injectives is clear since d-injectives are cogenerating. 

(vi) It suffices to treat the prevariable case. Gonsider a diagram X : A ^ B and a 
functor /i : Ai — )■ A. Let us denote X|Ai the diagram X o fi. Then we have a a natural 
morphism fi : A|Ai —X induced by the identity of the vertices X/p^p’s. A morphism 
of this form (for some functor /i) will be called a change of indices. Note that for such 
/i, the induced weak morphism (T(Ai),Axi) (T(X),Ax) is in fact a flat morphism 
of ringed topoi. 

Let us begin with the last statement of the proposition. Since / induces the identity 
on A, we have {f^M)s = fs^^M^. Now injectives have flasque components (see (v)) and 


it follows that P/* can be computed componentwise as well. Using this we hnd that P/* 
vanishes on componentwise P-acyclics and the statement follows. 

Let us now turn to the statement for / arbitrary. We begin with two facts. 

Fact 1. Gonsider a change of indices /i : Xi —)■ X where the type Ai of Xi is discrete. If 
Ml is a componentwise P-acyclic module on (Poj(Xi), AxJ then /i,*Mi is /^-acyclic. 

Since fi : Tco/iXi) —)■ Tcof{X) is a morphism of topoi, we have P/*P/i^*Mi ~ P(//i)*Mi. 
Now the arguments of (v) show that P'^/i^*Mi and P'^(//i) 
fact follows. 


„Mi vanish for q > 1 and the 


Fact 2. If X “^X|'^ —J-X' is the natural factorization of the morphism / : X/A —)■ X'/A' 
then Rf^, ~ Rh^Ra^. 
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Let Ai be the discrete category underlying A and consider the following commutative 
diagram 


(28) 


Xi 


ai 


|Ai 

X - 


(^|a)|Ai 

/I 


X! 


|A 


X' 


Since the category of modules of the form /i *Mi with Mi injective is cogenerating in 

Mod{%of{X),Ax) 

morphisms: 


(see the proof of (iv)), it 
for Ml injective. 


is sufficient to check that i?/*/i_*Mi ~ 


This in turn is proven by the following series of iso- 


(29) 

(30) 

(31) 

(32) 




~ i?6*a*/i,*Mi 


(33) 




The isomorphisms fl2^ and fl5^ are due to the fact that /i^* preserves injectives (because 
fi : (T(Xi),24xi) —^ {T{X),Ax) is a flat morphism of topoi). The isomorphisms (1501) 
and fl52]) are by commutativity of the diagram fl28|) . The isomorphism flOTD proceeds from 
fact 1 since /( is a change of indices and a[ ^Mi has flasque components. 

Let us now prove that d-P-acyclics are /^-acyclic. Consider a diagram Xi whose type 
Ai is discrete and let /i : Xi —)■ X denote an arbitrary morphism. As before we have a 
natural diagram 


(34) 


A'l 


ai 


X! 


fi 


|Ai 

fi 


X 


X! 


|A 


X' 


Let Ml be a componentwise P-acyclic module on (Tcof{Xi), Ax^)- The following series of 
isomorphisms prove the /^-acyclicity of /i,*Mi: 


(36) 

i?/*/i,*Mi ~ Rb^Ra^fi^^Mi 

(36) 

~ Rb^a^fi^^Mi 

(37) 

- Rb*fl^ai^*Mi 

(38) 



The isomorphism fl35|) follows from fact 2. The isomorphism fl36|l follows from the fact 
that /i,*Mi has P-acyclic components and a induces the identity on A. The isomorphism 
(|37)l is obvious and (138|1 follows from fact 1 since f[ is a change of indices while ai,*Mi 
has P-acyclic components. 


2.2.4. Let us now discuss the functoriality of Mo(i(T“'^*“®(—), A) and derived categories 
with respect to (T, A). To state things precisely one should begin by observing that (pre, 
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quasi-) variable pretopologies and (weakly, pre, quasi-) variable topoi can be made into 
a 2-category in several manners. Let us review several possibilities for the definition of 
1-morphisms. 

Definition 2.12. ('i) ^ premorphism g : V ^ V between prevariable pretopologies 

on B is a collection of premorphisms gx '■ 'Pi.X) —)■ V\X) together with compati¬ 
bility isomorphisms gx'V^f) ~ 'P\f)gx satisfying the composition constraint. If 
the gx’s are guasi-morphisms (resp. morphisms) then we say that g is a quasi¬ 
morphism (resp. morphism^. 

(a) A weak morphism g : T ^ T' between weakly variable topoi on B is a collection 
of functors gf^ : T(X) T^X) having right adjoints together with compatibility 
isomorphisms f~^gf^ — Qfc f~^ satisfying the composition constraint. If the gff’s 
are exact we say that g is a morphism. 

If (P, A) and {V, A) are ringed prevariable pretopologies we define a premorphism 
(P, A) —)■ (P', ^4) as the data of a premorphism g : V ^ V' together with a ring morphism 
A' —)■ g^A. We use a similar terminology for weak morphisms between weakly ringed topoi. 


Lemma 2.13. (i) Any weak morphism (resp. morphism) g \ T T' of weakly 

variable topoi on B naturally extends to a weak morphism (resp. morphism) 
q-codiag '-j-/codiag weakly Variable topoi on Diag{B). 

(a) Consider a weak morphism g : (T,A) —)■ (T',A') of ringed weakly variable topoi 
on B. Then: 

- For any X/ A in Diag{B) one has a natural functor gx,* '■ Mod{%of{X), Ax) —^ 
Mod{Tf„j:{X),A'x) satisfying {gx,*M)s = gxs,*Ms- 

- If f '■ X/ A —)■ X'/ A' there is a canonical functoriality isomorphism gx',*f* — 

f*gx,*- These isomorphisms for varying f satisfy the composition constraint, ie. 
give rise to a pseudo-morphism g* : Mod{T^°'^''°‘^{—), A) —)■ ), W) 

of covariant pseudo-functors on DiagifB). 

(Hi) Consider a premorphism of ringed prevariable pretopologies (P, A) —)■ (P', A') on 
B and denote {T,A) —)■ (T',A') the associated weak morphism of ringed weakly 
variable topoi on B. Then: 

- For any X/A in Diag{B) the functor gx,* has a left adjoint g^ satisfying 

{g*xM')s = g*xM'- 


- If f : X/A —)■ X'/A' the functoriality isomorphisms of (ii) induce f*g*xi — 
9xf* by transposition. This defines a pseudo-morphism g* : ), W) 

Mod{T'^°'^^°'^{—), A) of contravariant pseudo-functors on Diag{B). 


Proof. 


is clear (define gx,* and gx^ componentwise) and (ii) follows. In 


define gx componentwise in the obvious way. 
Let us turn to derived categories. 


Ill 


we 


□ 


Lemma 2.14. Consider a morphism g : {T,A) —)• {T',A') between ringed variable topoi 

on B. 

(i) Let X/A in Diag{B). 

- The functor Rgx,* '■ D^{Tcof{,X), Ax) —)■ D^{Tcof{X), A'x) can be computed 
componentwise ie. {Rgx,*M)s — Rgxs,*Ms- 
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- The functor Lg*^ : A'j^) —)■ D~{Tcof{X), Ax) can be computed 

componentwise ie. {LgxM)s — Lgx^Ms. 

(a) Let f : X/A —)■ X'/A' be a morphism in Diag{B). 

- There is a canonical functoriality isomorphism Rgx',*Rf* — Rf*Rgx,*- When 

f varies, the resulting collection of isomorphisms satisfies the composition con¬ 
straint, ie. give rise to a pseudo-morphism Rg,^ '■ ), A) —>■ 

D+^'-j~'codiag^ A') betwccn covariant pseudo-functors on Diag{B). 

- There is a canonical isomorphism LgxLf* ~ Lf*Lg*^,. When f varies the 

resulting collection of isomorphisms satisfies the composition constraint, ie. give 
rise to a pseudo-morphism Lg* : ), A') —)■ ), A) be¬ 

tween contravariant pseudo-functors on Diag{B). 

(Hi) Consider another morphism g' : (T', A') —)■ (T", A") between ringed variable topoi 
on B. 

- There is a canonical composition isomorphism Rg(Rg^ ~ R{g'g),^. When g, g' 
vary the resulting collection of isomorphisms satisfy the associativity constraint. 

- There is a canonical composition isomorphism L{g'g)* ~ Lg*Lg'*. When g, g' 
vary the resulting collection of isomorphisms satisfy the associativity constraint. 


Proof, (i) The statement about Lg*x follows from 12.111 (i) The statement about Rgx 


follows from the fact that injectives are componentwise flasque fl2.11l|(v)'[). 


In 


11 , 


_ ^the statement about derived direct (resp. inverse) images can be checked using 

d-flasque (resp. flat) resolutions, see l2.1lf(iv) (v) (resp. 12.111 til (ii)[ ). Finally [(hi)] follows 
from ( 


□ 


Remark 2.15. Assume that T, T' are only prevariable and that g is induced by a pre¬ 
morphism (not necessarily a morphism) of prevariable pretopologies V ^ V where T — 7^ 
and T' ^ V'. 


(i) The statement about Rgx,* in \2.14\ (i) still holds since injectives are component¬ 
wise V-acyclic (v)). 

(a) The statement about Rgx,* in \2.14\ (H) still holds as well since d-V-acyclics are 
preserved by /* and gx,*- 

2.2.5. Let us discuss projective systems. 


Definition 2.16. Let N denote the set of positive integers viewed as a category with 
exactly one arrow k ^ k' if k > k'. Given a weakly fibered topos T over B we define 
as follows. For X in B, T^{X) is the category of projective systems k fk (we also use 
the notation {(^k) or indexed by N. For f : X ^ Y, f~^ : T^{Y) —)■ T^{X) is defined 
componentwise: {f~^f,.)k = f~^f,k- 

Note that direct images can be computed componentwise as well; {f*f,.)k = f*f,k- Here 
are some immediate properties of T^. 

Lemma 2.17. Consider a weakly variable topos T on B. 

(i) There is a natural isomorphism (7"f^)co<i*a9 ~ yariable topoi 

on DiagiB). 

(%t) If T is prevariable (resp. quasi-variable, variable) then so is T^. 

(Hi) The functor defines a morphism of weakly variable topoi ik ■ T ^ . 

21 











































(iv) The functor ^ i—)■ {k f) defines a morphism of weakly variable topoi I : —)■ T. 


Proof. Only (i) deserves an explanation. If T(X) ~ V{Xy then T(X)^ is naturally 
equivalent to the category of sheaves on V{X) x endowed with the pretopology for 
which Cov{U, k) is the set of families ((f/j, k) —>■ ([/, k))i with [Ui —>■ U)i in Cov{U). The 
statement results from this. 

□ 

The following lemma will often be used implicitly. 


Lemma 2.18. Let g : T ^ T' denote a weak morphism of weakly variable topoi on B. 
Consider rings A,, A' in the respective total topos of , T'^ and a morphism of rings 
A' —y g^,A^. 

(i) Consider a morphism f : X/A —)■ X'/A' in Diag{B). The functor Rf^, : 
D+{r^f{X),A,^x) ^ D+{rf^^f{X'),A,^x') can be computed k by k: q^RfM. ^ 

Rf*Mk- 

(a) Consider X / A in Diag{B). The functor Rgx,* '■ D~^{Tfff{X), A^^x) —> 
can be computed k by k: C^^Rgx,*M, ~ Rgx,*Mk. 


Proof. We may view T{X)^ as the total topos of the constant variable topos k ^ T{X) 

(resp. (ii)) is a formal consequence of 12.141 til (resp. 12.151 


on With this in mind 


i)) under the additional assumption that T is variable (resp. that T, T' are prevariable 


and that g is induced by a premorphism of pretopologies). The result still holds without 
this assumption however because the category X of modules M. with each Mk injective 
has the following properties: 1) it is cogenerating (use the monomorphism M ^ (fc i—)■ 
rifc'xfc ^k')) and 2) bounded below complexes with objects in X which are acyclic are sent 
by and gx,* to acyclic complexes. 

□ 


2.3. Usual sites for log schemes. 

2.3.1. Let top denote a property for morphisms of schemes which is a stable under iso¬ 
morphism, base change and composition. We say that top has fiber products if X Xy Z is 
top over S whenever X/S", Y/S, Z/S are top. 

We use the notation Sch^ for the category of hne log schemes as dehned in [Ka2j and 
we look at Sch as a full subcategory of Sch^ by endowing any scheme with the trivial log 
structure. For X^ in Sch^, we let X denote the underlying scheme. Finally we say that a 
morphism of Sch^ is top if the underlying morphism of Sch is top. 

Definition 2.19. Consider X^ in SchK 

(i) The tl-big top pretopology TOPfiX^) is the category Sch^X^ together with sur¬ 
jective families of strict top morphisms as coverings. The associated topos X^^^pj 
is called the jj-big topos of Xh 

(ii) The big top pretopology TOP(X**) is the full subcategory of Sch^/X^ formed by 
the strict Y^/XCg together with surjective families of strict top morphisms as 
coverings. The associated topos X^Qp is called the big top topos of X**. 

(Hi) The small top pretopology top{X'^) is the full subcategory of Sch^/X^ formed by 
the strict top Y'^/X'^ ’s together with surjective families of strict top morphisms as 
coverings. The associated topos Xf^p is called the small top topos of Xh 
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The jj-big and big (resp. small) top pretopologies are pseudo-functorial in the sense 
of morphisms (resp. qnasi-morphisms) with respect to X'^ and thus give rise to variable 
topoi (resp. a quasi-variable topos) T = (—)roptt, (— )top (resp. {—)top which is variable 
if top has fiber products) on = SchK 

The inclusions of sites viewed as continuous functors moreover give rise to 


(39) 


(“)TOPlt 


}TOP 


')top 


where the first p is a morphism (12.121 (ii)) and the second p is associated to a quasi¬ 
morphism (12.121 (i)). For a fixed both putt’s admit a right section r^ti (ie. = Px»,*)- 
It follows in particular that the functors p“J are fully faithful. The morphisms rxi are 
not pseudo-functorial with respect to X** however. 

If topi is finer than top 2 then we have the natural morphism 


(40) 


)topI 


Itopx 


The same holds for TO Pi and topi except that in the latter case e might not be a morphism 
if top 2 does not have fiber products (it is nevertheless associated to a quasi-morphism). 
The weak morphisms e and p canonically pseudo-commute to each other. 


2.3.2. The properties used most frequently as top in this paper are the following: 

- fl means flat, locally of finite presentation. 

- syn means of complete intersection |E(IA4-IVj 19.3.1, 19.3.6, 19.3.7, 

- et means etale, 

- zar means open immersion, 

Note that X\.^ is thus equivalent to the usual fppf topos of the underlying scheme as 
dehned e.g. in |SGA3-I] IV, 6.3. 

We have morphisms of topoi 

(41) (“)pLlt -^ {~)sYN‘i -^ (“)prtl -^ { — )zAR‘i 


and similarly for big strict or small topoi (except that (—)/; (~)syn is only a quasi¬ 

morphism) . 

2.3.3. If fl A top then 0 i—)■ T{U, Ou) naturally defines a sheaf of rings on TOP'^{Spec{'L)) 
(here Ou denotes the structural ring of the scheme U). We use the following notation. 

Definition 2.20. Let X'^ in SchK The ring of X^^p or xl^ obtained by restric¬ 

tion of the above sheaf of rings is called the structural ring and is denoted O. 

The quasi-variable topoi defined in 12.3.11 are naturally ringed by O and the qnasi- 
morphisms p, e are naturally ringed as well. 


2.4. Crystalline sites for log schemes. 

2.4.1. We review crystalline sites in the absolute case. Let denote Spec{fL/p^) if 

1 < k < oo and Spf0p) if k = oo. We denote Sch^/Too or the full subcategory 

of Sch'^ formed by the fine log schemes on which p is locally nilpotent. All divided powers 
and divided power envelopes considered are implicitly compatible with the divided power 
structure of (Zp, (p)). 
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Definition 2.21. Let X'^ in Sch'^/J^i, S = Sfc with 1 < k < oo. Consider top as in \2.3.1\ 
and assume fl ^ top ^ zar. 

(i) A dp-thickening in Sch^/E is a quadruple (f/**, T**, t, 7) where U^, T** are in 
Sch^E, i ■. 0 ^ is an exact closed immersion and 'j is a divided power 

structure on the closed immersion U ^ T underlying t. We often use simplified 
notations such as (0,0) or even TK A morphism of dp-thickenings is a couple 
f = ifu, / t ) where fu, fr are compatible morphisms of log schemes and fr is 
compatible with divided power structures. 

(a) We say that a morphism of dp-thickenings f : {0^,T'^) —>■ (0,0) is cartesian 
if the underlying commutative square 


l/'i _^ x'i 


fu 


It 


0 - ^0 


is cartesian in SchK We say that f is top cartesian if fr is moreover strict and 
top. 

(Hi) The ‘^-big crystalline pretopology CRY/E) is defined as follows. An object 
{0/X'^,0,'y, l) of the underlying category is a dp-thickening in Schf/E together 
with a morphism 0 —)■ XK A morphism is a morphism (/( 7 ,/r) of dp-thickenings 
such that fu is an X'^-morphism. A covering is a surjective family of top cartesian 
morphisms. The associated topos {XyE)uRYS^,top is called the (\-big crystalline 
top topos. 

(iv) The big crystalline pretopology CRYStop{X'^/E) is the full subcategory of 
CRYSl^{XyE) formed by the {0/X^,0,'y, t) ’s with 0/X'^ strict together with 
surjective families of top cartesian morphisms as coverings. The associated topos 
{XyE)cRYS,top is called the big crystalline top topos. 

(v) The small crystalline pretopology crystop{X'^/E) is the full subcategory of 

CRYSl^{XyE) formed by the T**, 7 , t)’s with 0/X'^ strict top together 

with surjective families of top cartesian morphisms as coverings. The associated 
topos {X'^/E)crys. top is called the small crystalline top topos. 


As in the case of usual topoi we have 


(42) {XyE)cRYSi,top -^ ^ (A^^/^)crys,top 


where the first p is a morphism, the second one is a quasi-morphism (exercise) and both 
admit a right section r. 

For 1 < k < k' < 00 the inclusion of CRYSl^p^X^Ek) into CRYSlop{X'^/E0 is 
cocontinuous and thus induces a morphism 

(43) {XyEk)cRYS»,top -^ {^y'^k')cRYS»,top 

We will also use the simplified notation Lk := Lk,oo- The same holds for CRYS or crys. 

If topi is finer than top 2 then we have a natural morphism 

{^/^iCRYSi ,topi ^ {^/0CRYS'i ,top2 
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The same holds for CRYS or crys except that in the latter case e might not be a morphism 
if top 2 does not have hber products (it is nevertheless always a quasi-morphism). The 
weak morphisms e and p canonically pseudo-commute to each other. 

2.4.2. The forgetful functor CRY TOP«(X«), T«, 7 ) ^ 0/X'^ 

is a morphism of pretopologies and thus induces a morphism of topoi i as follows: 


(45) 


/- 

TOP# 


u 


,top 


We do not know wether or not the forgetful functor is cocontinuous as well for an 
arbitrary top. When this is the case it also induces a morphism u as above which is a 
right retraction for i (ie. P = ui ~ id). The situation is similar for big and small 
topoi. 

Lemma 2.22. The forgetful functor is cocontinuous (and thus induces a morphism u) in 
the cases top = zar, et or syn. 


Proof. We only treat the case of jj-big sites. The other cases are similar. Consider the 
following property: 

(lift) For every in CRYSl^p{X^/T.) and every strict top morphism V'^ —)■ 

there exists a surjective family of top morphisms (Vj —)■ V) such that each Vi/U admits a 
lifting to a top morphisms Tj/T. 


Remark that if we set Tf := T** Xy R and Vf := V'^ Xy Vi and if we endow the closed 
immersions Li \ Vi ^ R with the divided powers extending those of R ^ T (using |BQ] 
3.22 and flatness of R/T) then the family {(yl,T^) (17**,T^)) is a covering in the sense 

The property (lift) would thus imply the desired cocontinuity: any covering 

in CRYSLJXC'E) under the 


of lT^Kiii) 

of TOP{X^) can be refined by the image of a covering 
forgetful functor. 

Let us check {lift) in each case. If top is zar then V/U itself admits a lifting to T 
namely the open subscheme of T which has the same underlying topological space as V. 
The case top = et is similar using the fact that the categories of etale schemes over U and 
T are naturally equivalent |SGA4-Ii] VIII, 1.1. Turn to the case top = syn. Recall that 
syntomic T-schemes are characterized by the property that any (one is enough) closed 
embedding into a smooth T-scheme is transversally regular relatively to T |EGA4-IV] 
19.3.7. Replacing T, U and V by open coverings we may assume that these are affine 
schemes and that R is a closed subscheme into an open of K dehned by a sequence 
X = {xi,... ,Xn) which is transversally regular relatively to U. Then any lift of the 
sequence x to the corresponding open of Ap is transversally regular relatively to T (use 
[EGA4-IV] 19.8.2 to replace U and T with a noetherian affine schemes and then apply 
[Milj I, 2.5, 2.6 (d)) and thus gives rise to the desired syntomic lift of V/U. 

□ 


Lemma 2.23. Let top = zar, et or syn then the functor Lk^k',* 
adjoint and is thus in particular exact. 


in (R&j admits a right 


Proof. It suffices to prove that the continuous functor R inducing ik^k' is cocon¬ 

tinuous as well. The proof is similar to 12.221 
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□ 


2.4.3. Keep the notations and assumptions of 12.211 If = ([/•*, T**, 7) is an object of 
CRY/Y,)^ we have natural quasi-morphisms of topoi 


(46) (X*l^)caysi.uv - - - -(A''/E)cRysMop/r'- 

The left morphism is sometimes denoted if ^ reference to is useful. It is 

the usual localization morphism. Recall that the topos on the middle naturally iden- 
tihes to the topos of sheaves on CRYSl^p{XyY)/T'^ (induced topology). Modulo this 
identification, the right quasi-morphism is induced by the continuous functor T''^ 1—)■ 
(17** X'Ttt T'**, T'**, 7,7') where i' is the base change of the l by the flat morphism T'^T'^ and 
7' is the unique divided power structure on i' extending 7 |BOj 3.21. Both frpt and A^^tt 
are pseudo-functorial with respect to T7 

In the case CRYS or crys we have similarly a morphism frpi and a quasi-morphism 
At’B • Both are pseudo-compatible with p in the obvious way. 

Definition 2.24. For T** as above and F in {XyY)cjiYs»,top (resp. (X^Y)crys, top, 
{XyY)crys,top) we use the following notations: 

- F\rpt := f~lF is the restriction of F to TK 

- Frpi ■= A'7’ti,*T'|7'B is the realization of F on T**. 

Some properties of these functors and their relation to the morphisms fH5|) will be 
explained in appendix 19.21 

2.4.4. The rules (f/**,T**) i-)- V{T,Ot) and (f/**,T^) i-)- V{U,Ou) naturally dehne two 
sheaves of rings on CRYS'^{Yi/Yoo). 

Definition 2.25. Let X** in Schf, 1 <k < 00 . 

(i) The ring of {X‘^/Yk)cRYsKtop, I'^k) crys, top or {X^/Yu)crys,top obtained by re¬ 

striction of the first sheaf of rings above is called the structural ring and is denoted 
O or Ox «/Sfc depending on the context. 

(li) The ring of {X'^/Yk)cRYSKtop, Z'^k) crys, top or {X^/Yk)crys,top obtained by re¬ 

striction of the second sheaf of rings above is denoted 


The weakly variable topoi {-/Yk)cRYsKtovj i-/^k)cRYS,top, {-/^k)crys,top (prop, 
and the weak morphisms p, e, i (prop. 19.31 (i)) are naturally ringed by O. The morphisms 
and and their big or small analogues are naturally ringed by O as well. 


Definition 2.26. Assume that the morphism u : {X'^/Yk)cRYSi,top exists. We 

set 

01^^^ := u ,0 

We use similar notations in the setting of big or small topoi. In the case k = 00 we also 
use the notation instead of . 


2.5. l-motives and p-divisible groups. 


We review some well known definitions and properties concerning finite locally free 
groups, p-divisible groups, abelian schemes and 1-motives. 

26 











2.5.1. Part of this reminder is devoted to put an exact structure on the relevant categories. 
The reader may consult |Buj for a reminder of basic facts concerning exact categories. 
Let us introduce a terminology which is adapted both for our present purpose and for 
later ones as well (14.hh . Consider a functor F between exact categories Ci, C 2 whose exact 
structures are both denoted e for simplicity. We say that F is e-exact if it sends short 
e-exact sequences of C\ to short e-exact sequences of C 2 . We say that it reflects e-exactness 
if a short sequence of Ci whose image by F is e-exact in C 2 is already e-exact. A fully 
e-exact subcategory of Ci is a full additive subcategory which is closed by extensions and 
equipped with the exact structure induced by e. 

If Cl and C 2 are abelian and e denotes their natural exact structure then F is e-exact if 
and only if it is exact in the usual sense (ie. if it commutes to finite limits). It moreover 
reflects e-exactness if and only if it is moreover faithful. A fully abelian subcategory of an 
abelian category is a full subcategory which is abelian, closed by extensions and which is 
such that the inclusion functor is exact. In other words it is a fully e-exact subcategory 
which is stable by kernels and cokernels. 

2.5.2. Let us fix some terminology. 


Definition 2.27. Let X be a scheme. 

(i) A hnite locally free group over X is an abelian group of Xp^ which is represented 
by a finite locally free group scheme. 

(a) A p-divisible group G over X is an abelian group of Xpp which is such that 
p : G ^ G is epimorphic, limindGpk ~ G and each Gpk is a finite locally free 
group. 

Remark 2.28. (i) Finite locally free is eguivalent to finite flat and locally of finite 

presentation. 

(a) Finite implies affine |E(IA2] 6 . 1 . 4 . 

The Cartier dual of a finite locally free (resp. p-divisible) group G is defined as follows: 

(47) G* :=Hom{G,G^) 

(48) (resp. G* := lim (Gpk)* ) 

—>k 

Using that Sxfl{G, Gm) vanishes for any finite locally free group G |SGA7-I] VIII, 3.3.1 
we find an exact sequence 

0 -- {Gpk)* {Gpk+i)* {Gpk+i)* -- {Gpk)* -- 0 

for G a p-divisible group. It follows in particular that {Gpk)* is naturally isomorphic 
to {G*)pk and that G* is a p-divisible group. This implies that the obvious biduality 
isomorphism G ~ G** for finite locally free groups naturally extends to p-divisible groups. 


Lemma 2.29. (i) Finite locally free groups form a fully e-exact subcategory of the 

category of abelian groups of Xpp. This is in fact a fully abelian subcategory if 
X = Spec{K) for some field K. 

(a) p-divisible groups form a fully e-exact subcategory of the category of abelian groups 
of XpL. 


Proof, (i) Let us prove the first assertion. Consider an exact sequence 0 —)■ G —)■ G' —?• 
G" —)■ 0 where G and G" are finite locally free groups. Looking at G' as an object of 
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Gp]^ ~ Xpi/G” we find that it is a torsor under the pullback of G to G". It is thus 
represented by a hnite locally free group scheme over G" in virtue of |SGAlj VIII, 7.9. 
We conclude by composition with the finite locally free morphism G" —?• X. The second 
assertion follows from [Gr3] 212-17, cor. 7.3. Statement 


follows from 


□ 


Lemma 2.30. Finite locally free groups are syntomic. 

Proof. Since finite locally free groups are flat and locally of finite presentation we 
may assume [EG A4-I V] . 19.3.6 that X = Spec{K) for some field K. By descent we 
may furthermore assume that K is algebraically closed |EGA4-IV] 19.3.9 (ii). In that 
case the category of hnite locally group is fully abelian in Ahi^XpL) 112.291 (i)). Each one 


of its objects admits moreover a composition series with simple quotients, those being 
isomorphic to either one of the groups /ip, ttp, Z// (/ any prime number) [Go] I, 2. We 
may thus conclude by devissage since the property of being syntomic is preserved by 
forming extensions (use the same arguments than in the proof of I2.29p . 

□ 


2.5.3. The following dehnitions are standard. 


Definition 2.31. Let X be a scheme. 

(i) An abelian scheme (or abelian variety if X is the spectrum of a field) is an abelian 
group of XpL which is representable by a proper smooth X-group scheme whose 
fibers are geometrically connected. 

(ii) A torus is an abelian group of Xpi which is representable and locally isomorphic 
to a finite direct sum of ’s. 

(Hi) A semi-abelian scheme is an abelian group of XpL which is representable by a 
smooth X-group scheme whose fibers are successive extensions of an etale finite 
locally free group, an abelian variety and a torus. 

(iv) A twisted constant group is an abelian group of XpL which is representable and 
locally isomorphic to a finite direct sum of Z ’s. 

(v) A 1-motive is a complex [T —)■ G] of abelian groups of Xpi placed in degrees [0,1] 
where V is a twisted constant group and G is the extension of an abelian scheme 
by a torus. 


Remark 2.32. (i) In virtue of |SGA3-II] X, f.5 (resp. |SGA3-II] X, 5.3) a torus 

(resp. twisted constant groups) in fact becomes isomorphic to a finite direct sum 
ofGm’s (resp. 1>’s) over a suitable etale covering. 

(ii) IfT is a torus and A is an abelian scheme then every morphism T A or A ^ T 
is trivial (use |SGA3-II] XV, 8.3, |Mi3] 3.1, 3.8 in the first case and |SGA7-I] 
VIII, 3.2 in the second case). 

(Hi) If G is an extension of an abelian scheme B by a torus T then G is automati¬ 
cally representable by a smooth group scheme [SGAlj VIII, 7.9. We know from 
PGAtti] XV, 8.17], |SGA3-II] XII, 7.1, b, that G admits a unigue maximal 
subtorus in the sense of |SGA3-II] XII, def. 1.3 (see also rem. l.f, a’ of loc. 
cit.). Using (ii) we find that this maximal subtorus is nothing but T and that it 
varies functorially with respect to G. 


Lemma 2.33. Assume that X is regular. The category JV[{X) of 1-motives is fully e-exact 
in the category of complexes of abelian groups of Xpp. 
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Proof. We have to show that A4{X) is stable by extensions. The category of twisted 
constant gronps is stable by extensions thanks to |SGA3-Il] X, 5.4. The only point 
deserving explanations is thus the following 

Claim. Consider an exact sequence 0 —)■ G' —)■ G —)■ G" ^ 0 of abelian groups in Xp^. 
If G', G" are respectively an extension of an abelian scheme B', B" by a torus T', T" 
then G is an extension of an abelian scheme i? by a torus T as well. We have moreover 
diruxT = diruxT' + dimxT" and dirrixB = diruxB' + dimxB". 

First we note that G is representable by a smooth group scheme (use |SGA1] VIII, 7.9 
to reduce to the case where G' is an abelian scheme and then conclude by |Ralj XIII, 
2 . 6 ). 


Let us now prove the claim assuming that G has a maximal subtorus, say T. In virtue 
of |SGA3-Il] XV, lem. 8.3 the kernel if' of T —)■ G" is a multiplicative subgroup of hnite 
type in G' |SGA3-Il] IX, 1.1, 1.2. It clearly contains T' and the quotient H'/T' is a 
multiplicative subgroup of hnite type in B' |SGA3-Il] IX, 2.7. It follows easily from 12.3^ 
(ii) that it is in fact hnite locally free. The image of T ^ G" on the other hand is a 
subtorus of G" |SGA3-II] XV, lem. 8.3 and is in fact equal to T" |SGA3-II] XII, 7.1, 
e). Forming cohomology of the vertical complexes in the following commutative diagram 
with exact lines: 


(49) 0-^ T -^ G' -^ B' -^ 0 

0-^ T-^ G-^ G/T-^ 0 

0-- T” -- G” -- B” -- 0 

produces an exact sequence 


(50) 0-- ^B' - ^G/T - ^ B" -^0 

Since X is normal a result of Grothendieck |Ral] XI, 1 ensures that B' is projective. 
It thus follows from [Ra2] 5. thm 1, applications (a) (iii) that the quotient of B' by 
the hnite locally free group H'/T' is an abelian scheme. As a result B := G/T is the 
extension of two abelian schemes and is thus an abelian scheme as well (using |Ral] XIII, 
2.6 again). The assertion about dimensions is clear from the exact sequence (l5n|l since 
dimxH'/T' = 0. 

The above proof applies in particular to the case where X is the spectrum of a held. 
If now X is regular we have to show that G has a maximal subtorus. This follows from 
|SGA3-Il] XV, 8.17 thanks to the dimension formulae in the hbers. 

□ 


Lemma 2.34. (i) Consider abelian schemes A, A' and an isogeny f : A ^ A' (ie. 

f is a finite faithfully fiat morphism of group schemes |SGA3-III] XXII, f.2.9). 
The kernel of f is a finite locally free group. 

(ii) If M = [F —)■ G] is a 1-motive then Mpoo := Qp/Zp<^^M is concentrated in degree 
0 and is a p-divisible group. If X is regular the resulting functor 

(-)pco : M{X) ^ pdiv{X) 
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is e-exact in the sense of \2.33[ 

(Hi) Consider a semi-abelian scheme A. Its connected component (see |S(]A3-I| 
VIB def. 3.1) is semi-abelian as well. Multiplication by p on A is flat locally of 
finite presentation and locally quasi-finite. It is moreover surjective if A = A^. 


Proof, (i) Since / is finite and flat the same is true for ker f. The latter group scheme 
is furthermore locally of hnite presentation since the unit section X —)■ A' is a closed 
immersion (thanks to A'/X being separated) whose ideal is hnitely generated. 

(ii) The case where M = [0 —>■ A] with A an abelian scheme follows from (i) thanks to 
the well known fact that p : A ^ A is an isogeny m- The general case proceeds from 
there by devissage using 12.291 

According to |SGA3-I] VIB, thm. 3.10 A° is representable by an open subgroup 


111 , 


scheme. The hrst statement follows from this and the dehnition. The other statements are 
follow easily from (ii) applied to the connected components of the hbers (use |EGA4-IIT] 
11.3.10 for flatness). 

□ 


Remark 2.35. In fact a result of Raynaud ensures that every finite locally free group 
arises as the kernel of an isogeny between abelian schemes after suitable Zariski localization 


on X / ]BBM] 3.1.1). 


Let us hnally discuss the group of components when the base is a curve. 


Lemma 2.36. Assume that X is locally noetherian of dimension 1. Let z : Z ^ X denote 
the inclusion morphism of a reduced closed subcheme and let U denote its complement. 
Consider a semi-abelian scheme A/X whose restriction to U is abelian. Its component 
group $ := A/Zfi verifies the following. 

(i) The sheaf z~^^ is representable by an Stale group scheme. 

(ii) The adjunction morphism <I> —)■ is invertible. 


Proof. Under our assumptions Z is a discrete scheme. Statement 


thus follows simply 

from the fact that the formation of A^ is compatible to base change (see |SGA3-I] VIB 
prop. 3.3). 

Gonsider the following diagram commutative diagram with exact lines in Ab{Xpif)\ 
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0-^ ^ A -^ ^^ 0 

0 -^ z^z~^A^ -^ z^:Z~^A -^ z^z~^^ 


It follows immediately from the dehnition of A^ (see [SGA3-I] VIB def. 3.1) that the 
kernel of the middle vertical morphism is contained in A^. It thus remains only to observe 
that the right vertical morphism is epimorphic thanks to (i) and |SGAlj . I, prop. 8.1. 


□ 


2.6. Technical remarks on certain sheaves. 


We review basic facts about constant sheaves and p-divisible groups viewed as top 
sheaves on usual or crystalline sites. 

2.6.1. Let us begin with constant sheaves. 
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Lemma 2.37. Assume that fl ^ top ^ zar. 

(i) Let X'^ in Sch^ and let us (temporarily) denote M in X^^p^ the constant sheaf 
associated to a set M. Then M is representable by the X^-scheme consist¬ 

ing in a direct sum of copies of X'^ indexed by M. The same is true in the setting 
of big or small topoi. 

(a) Consider the morphism i : ^ {^y^)cRYSi,top- Then i^X^’^^l is the 

constant sheaf (rep. sheaf of groups) associated to M. The same is true in the 
setting of big or small topoi. 

(Hi) The formation of constant sheaves is compatible with: 

- the restriction functors p^ between the ^-big, big and small crystalline or usual 
top topoi (note that compatibility with p~^ is tautological). 

- the change of topology functors e* (compatibility with is tautological as 
well). 

- the functor i^ from usual to crystalline topoi (compatibility with i~^ is tauto¬ 
logical as well). 


Proof. We only prove (i) since (ii) is similar and (iii) follows from (i) and (ii) Let 
—) denote the Cech functor associated to a covering U = {Ul —)■ of some f/« 

in Sch'^ and let H^{U, —) denote the direct limit of the previous functors for U running in 
the category of coverings of UK If Mq denotes the constant presheaf associated to M then 
Ml := 0 Mq) is the separated presheaf associated to M and 0 H^{0, Mi) 

is the sheaf M associated to M. These may be computed as follows. The value of Mi 
on 0 is 1 if t/ is the empty scheme and M otherwise. Next H^{U,Mi) is a product of 
copies of M indexed by the quotient A of A by the equivalence relation A ~ A' 3n > 1, 
3Ao,..., A„, Ao = A, A„ = A', VO < fc < n — 1, [7^*. Xc/ 7^ 0- Consider A G A with 
equivalence class A in A. Dehne U'^ as the open sub log scheme of whose underlying 
topological space is the union of the images of the UyA with A ~ A. This dehnes an 
open partition Vu of 0. A morphism f : 0 ^ on the other hand dehnes an 

open partition Vf of 0 as well. With this in mind we hnd that the natural morphism 
H^{V(,Mi) —)■ Hom{U'^, is injective and that / is in its image if and only if Vf 

is rehned by Vu- The result follows since every open partition is of the form Vu for an 
adequate covering U. 

□ 


In view of this lemma the constant sheaf on a usual or crystalline site represented by a 
set or group M will simply be denoted M from now on. 


2.6.2. It is sometimes useful to view locally free groups or p-divisible groups as sheaves 
on big or small top (crystalline or usual) sites rather than on the big //-usual site. The 
following lemma will be helpful. 

Lemma 2.38. Assume that fl ^ top ^ top' ^ zar and let X'^ in SchK The functors 
e* : XpQp^ —>■ Xp^p,f and A : ^Topt /^)cRYSKtop commute to filtrant inductive 

limits. The same holds in the context of big or small sites. 

Proof. Consider a hltrant inductive system (T)) in (resp. {X‘^/'E)cRYsKtop)- Let 

F denote the direct limit computed in the category of presheaves and let G denote the 
associated sheaf for the zar topology. 
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Fact. The presheaf G on TOP#(X«) (resp. CRYSlp{Xyj:)) is in fact a sheaf (for top) 
It is in particular the direct limit computed in (resp. {XyT,)Q^YS^,top)- 

We may use the characterization of top sheaves given in |SGA3-Ij IV, 6.2.1, 6.2.3 in 
the following situation (with the notations of loc. cit.): C is the category underlying 
TOF**(X**) (resp. CRYSf^p^XyE)), C is the full subcategory of C formed by the U^X^^s 
where U is an affine scheme (resp. the (t/t*/X^,T^, t, 7 )’s where T is an affine scheme), P 
is the set of open coverings, P' is the set of hnite surjective families of top strict morphisms 
(resp. of cartesian top strict morphisms) of hnite presentation in C. We must check that 
G satishes the descent condition for the families which belong to P or P'. To start with 
we notice that F verihes the descent condition for the families which are elements of P'. 
Indeed in the category of sets, hltrant inductive limits commute to hnite projective limits. 
The fact will thus be proven if we check that F and G coincide on the objects of C'. Now 
F is clearly a separated presheaf for zar and G can thus be computed from F by applying 
the Cech functor only once. The Cech computation in question can be done using only 
hnite families thanks to quasi-compacity and the fact follows. 

It follows immediately from this fact that e* commutes to hltrant inductive limits. The 
case of A follows easily as well using moreover that the continuous functor inducing P is 
cocontinuous in the case top = zar. 

The same proof holds verbatim if TOP^ and GRYS'^ are replaced respectively with 
TOP and GRYS or top and crys. 

□ 


Corollary 2.39. Assume that fl Y top ^ syn. Let flf{X) and pdw{X) respectively 
denote the full subcategory of Abi^Xph) formed by finite locally free groups and p-divisible 
groups. Consider the functor e* (resp. Pe*, i^.p*e*) from Ab^Xpif) to Ab{XTOp) 

(resp. Ah{Xtop), Ah{{X/T) crys, top), Ah{{X/T) crys, top))- We denote flfropi^) 

pdivTOp{X) (resp. flftop{X) and pdivtop{X), flfcRYS,top{X/Y) and pdivcRYS,top{X/T), 
flfcrys,top{X/T) and pdiVcrys,top{X/T,)) the essential image of flf{X) and pdiv{X). 

(i) Let G in pdiv{X). Multiplication by p is epimorphic on e*G (resp. p*e,^G, i^e,t,G, 
i^p*e^G). 

(a) The restriction of the functor e,^ (resp. Pe*, to flf{X) or pdiv{X) 

is fully faithful and e-exact. 

(Hi) Assume now that fl Y top' Y top Y syn. The adjunctions (e“^,e*), (p“^,p*), 
{i~^,i*) induce eguivalences as follows: 


flftopfX) 


f I f crys,top' 


(X/E) 















and similarly for pdiv. 


Proof, 
and i^e^G. 


Since p* preserves epimorphisms it is snfficient to consider the case of e*G 
We may fnrthermore assnme that top = syn. In that case preserves 


epimorphisms as well and it snffices to look at the case of e*G. Now the resnlt follows 
immediately from the fact that the morphism of gronp schemes representing p : e*Gpfe+i — >■ 
e^Gpk is snrjective and syntomic (indeed Gpk+i —)■ Gpk is a torsor of {Gpk)FL nnder the 
syntomic gronp scheme Gp fl2.30p h 

(ii) Let V denote either one of the qnasi-morphisms of topoi e, pe, ie, ipe. Let ns explain 
fnll faithfnlness. It is snfficient to show that the adjnnction morphism v~^v^G —)■ G is 
invertible whenever G is in flf{X) or pdiv{X). Thanks to 12.381 it snffices to consider 
the case of flf{X). Now the fnnctors e* : Ab^Xpi) —t Ab{XTOp), i* ■ Ab{XTOp) 
Ab{{X/T?)cRYS,top) and i^ : Ab{Xtop) -)■ Ab{{X/E)crys,top) being fnlly faithfnl themselves 
we are rednced to the case of p* : flfTOp{.X) —)■ flftop{X). The resnlt then follows from 

lOnl 

Let ns explain e-exactness. Consider a short e-exact seqnence 0 —)■ G' —)■ G —)■ G" —)■ 0 
of flf{X) or pdiv{X). We have to show that the image of G —)■ G" by n* is epimorphic. 
Passing to p*^-torsion points in the case of pdiv{X) we are rednced to the case of flf{X). 
Since p* : Ab{XTOp) -t Ab{Xtop) and p* : Ab{{X/Y)cRYS,top ^ Ab{{X/T.)c.rys,top are exact 
we may restrict onr attention to big topoi. We may then assnme that top = syn. The 
case V = e resnlts from 12.301 and the case v = ie follows by exactness of i* : Ab{XsYN) 

^ ) CRYS,syn ) • 

(hi) It remains to show that the fnnctors e~^ : Ab^Xrop) Ab^Xph), P~^ ■ Ab{Xtop) 
Ab{XTOp), P~^ ■ Ab{{X/'E)crys,top) —^ Ab{{X/'E)cRYS,top), '■ Ab{{X/'E)cRYS,top) —^ 
Ab^Xxop) and i~^ : Ab{{X/Yi)crys,top) Ab{Xtop) preserve the corresponding categories 

of hnite locally free gronps and p-divisible gronps. Let v denote one of the hve qnasi- 
morphisms e, p, i involved. We have to check that the adjnnction morphism n“^n*G —?• G 
is invertible when G is a locally free gronp or a p-divisible gronp. By 12.381 we may 
assnme that G is a hnite locally free gronp. Aside from the cases already treated in 

{X/E)cRYS,top 

G~z*G 


(ii) it remains to explain the case v = p 
flfTOp{.X) we will show that p~^" 




)■ (^^/^)crys,top* For G in 
We may always assume that S = with 


1 < A; < oc and that X (hence G) is an affine scheme. Choose a closed immersion G '^Y 
where Y = Spec{'L/p^[{xi)i^i\) (/ possibly inhnite) and let {G,T), (G,Td)) respectively 
denote the divided power envelope of G into Y, Y x Y. The resnlt follows from the 
observation that AG (resp. pA*G) may be described as the cokernel of the conple of 
morphisms (G, T^)) {G,T) (indnced by projections) in the topos {X/Yl)cRYS,top (resp. 

i^^/^)crys,top) • 

□ 


3. Devissage of flat cohomology 

The pnrpose of this section is to prove that the hat cohomology of the Neron model of 
an abelian variety can be recovered from a snitable diagram of p-divisible gronps. This 
will be achieved in 13.261 

3.1. Functorial mapping fibers in derived categories. 
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We explain a basic construction designed to avoid the difficulties caused by the lack 
of functoriality of mapping cones and mapping hbers with respect to morphisms in the 
derived category. 

3.1.1. Let [1] denote the category {0 —)■ 1}. If C is a category is thus the category of 
arrows of C. Given an abelian category A we have an obvious functor 

(51) D(.AW)- 

This functor is not an equivalence in general. The objects of the source category will be 
called true arrows. Consider the mapping fiber functor 

(52) iLom(^)[il-- Kom{A) 

taking a morphism of complexes f : A ^ B to the simple complex associated to / viewed 
as a double complex placed in degrees [0,l]x] — oo,+oo[. The functor fl5^ does not 
induce a functor Z1(^)I^1 D{A). We can nevertheless make the following definition. 

Definition 3.1. The functorial mapping fiber 

MF : D(^W) ^ D{A) 

is the functor deduced from / f5^) by the universal property of derived categories. 

By dehnition we thus have a tautological distinguished triangle 

(53) MF{f) --A- 

for any true arrow f : A ^ B. Assume now that A has enough injectives. Consider left 
exact functors Fi : A ^ A!, i = 1,2 and a natural transformation f : Tj —)• F 2 . The 
triple F = (Fi,F 2 ,t) can be viewed as a left exact functor A —)• Deriving, we get 

RF : D~^{A) —)■ I1+(A'[^1). Now (l5^ yields a distinguished triangle 

(54) MF{RF{M)) -^ RFi{M) -^ RF 2 {M) 

which is functorial with respect to M in D~^{A). 

Lemma 3.2. Let A, F as above and consider moreover left exact functors F^ : A' A", 
F 4 : A'" —A where A! and A!” have enough injectives. 

(i) The functor —)■ induced by F 3 is right derivable. The derived 

functor RF}^^ can be computed componentwise. There is a canonical isomorphism 

FF3(MF(/'))^MF(FfW(/')) 

which is functorial with respect to the true arrow f. 

(a) Assume that Fi and F 2 send injectives of A to F^-acyclic objects. There is a 
canonical isomorphism 

RfI^^ o FF ~ F(Fj^' o F) 

(Hi) Assume that F 4 sends injectives of A'” to Fi-acyclic objects i = 1 , 2 . There is a 
canonical isomorphism 

RF o RF 4 ~ F(F o F 4 ) 
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Proof, (i) The first statement follows from the fact that there are enough injectives in 


The second and third statements follows from the fact that if f \ A' ^ B' is an 
injective object of the category then both A' and B' are injective as well. 


11 , 


This follows from the fact that can be computed using true arrows whose 

source and target are acyclic for RF^. 

This follows from the fact that Tj-acyclicity for i = 1, 2 is equivalent to F-acyclicity. 

□ 
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3.1.2. Let us discuss an alternative point of view on the distinguished triangle fl5T|) . 

Lemma 3.3. Let A, F = {Fi,F 2 ,t) as in \3.2\ and set Fo{M) := Ker{Fi{M) —)■ F 2 {M)). 
The functor Fq is right derivable and there is a natural transformation 

RFq MF o R{Fi — )■ F 2 ) 

This natural transformation is an isomorphism if the following holds: 

(Condition) If I is an injective object of A then Fi{I) —)■ ^ 2 ( 1 ) is epimorphic. 

Proof. The first statement is clear since Fq is left exact and A has enough injectives. 
The claimed arrow is induced by the obvious isomorphisms RFq ~ MF o R{Fq —)■ 0) 
and the natural transformation R{Fq —)■ 0) ^ R{Fi —)■ F 2 ). If the condition holds then 
0 —)■ Fo{I) Fi(/) —)■ ^ 2 ( 1 ) ^ 0 is exact for / injective and we may conclude. 

□ 


3.2. Some useful diagrams and functors. 

3.2.1. The following notations will be used from now on. 

Z„ C„ G', U, 

(55) 

i-Zv I i-Cv I I mv 


C ^ 


C" y- 


U 


- C is an irreducible smooth curve over Si = Spec{¥p). 

- Z is a smooth effective divisor on C. In other terms Z is a disjoint union of Spec{ky)^s 
with V running through a finite number of closed points of C. 

- C** is the log scheme {C, Z) and U is the complementary open subscheme of Z in C. 

- For each point u of Z we let Zy = Spec{ky) denote the corresponding reduced closed 
subscheme, as well as Cy = Spec{Oy), Cl = {Cy, Zy) and Uy = Spec{Ky) where Oy is the 
completion of the local ring Oc,v and Ky is the fraction held of Oy. 

- The arrows i, j, o, iy, Oy, iy, lz^ , iCv ; are the obvious ones. 


3.2.2. Let us introduce notations for some variants of the diagram (l55|) . We consider star 
shaped diagrams J, J** in which U is the central vertex while the branches are indexed by 
V running through the points of Z and have the following form (we only draw one branch 
for convenience): 


:= (Cy 


jv 


jv 


Uy 

Uy 




'-c/„ 


(56) 


J 
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Let us consider moreover the discrete diagram 
(57) Zj := (Z,) 

whose vertices are indexed by the points of Z (this discrete diagram should not be confused 
with the punctual diagram Z itself). With these notations we have a natural commutative 
diagram as follows in the category Diag{Sch^/T ji). 


(58) 


mz 





3.2.3. Let us discuss Mayer Vietoris functors and triangles which are relevant to comple¬ 
tion at points of Z. Recall that an object of the topos Jet is a diagram of the form 




^iv p ^'■Uv p 

-^ ^--T/ 


U 


in {—)et,cof above Af. In other terms Fu is an object of Uet and for each v in PCv (resp. 
FuJ is an object of C^^et (resp. Uy^et) while Fj^ : ^ Fu, and F,^^ : l^IFu Fu„ 

are morphisms of Uy^et- 

Lemma 3.4. (complete Mayer Vietoris functors) Consider the natural morphism 

rn : {J«,Z/p) ^ (Cl,Z/p ) 

(i) For M = {Mc^ —)■ Mu^ ^ Mu) in Mod{Jf^,Z/p-) we have canonically 


m*M ~ Ker ( (JJ x j^Mu JJ 


vez 


vez 


(a) For M = (Mc„ —)■ Mu^ •(— Mu) in Tijp-) we have a canonical isomorphism 


Rm^M ~ MF{R 


f (Jl ''C„,*(-)cJ X j*{-)u -t I (M)) 

V vez vez / 


where MF is the functorial mapping ftber \3.1[ Whence in particular a canonical 
distinguished triangle 


RmM -^ iUvGZ X Rj^Mu - ^ Uvgz 


+1 


Proof, (i) This is nothing but the projective limit formula (l27)l . 

The claimed isomorphism will follow from lemma 13731 once proven that 


iiiv&z ^ J*^u -^ 


is epimorphic when M is injective. Here M'{jy) : Mc^ jy^^^Mu^ denotes the morphism 
deduced from M{jy) : j^Mcv Mu^ by adjunction and similarly for M'{lu^). Let | J| 
denote the discrete diagram underlying J and / : | J| ^ J denote the obvious morphism. 
By injectivity of M the natural monomorphism M —)• splits and it is thus suffi¬ 

cient to prove that (n„ Wv,*^'Uv)) °Pi- {N'{LuJ)y op 2 is epimorphic for N = f^f~^M. 
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Now we are done since N'{j^) (or alternatively N'{lu^)) is a split epimorphism as shown 
by the explicit formula 


fJ-^M = {Mc^ X 


P2^ P,"°P1 

-^ < - 


^■Uv,*MUv) X Mu) 


v&Z 


The distinguished triangle follows by 
{—)uv send injectives to flasque modules bv I2.11l[(v 


since the component functors (—)c„, {~)u, 

□ 


Remark 3.5. (i) The lemma \3^ has been stated for "L/p'-modules for convenience 

of later reference. It would clearly work for arbitrary rings. 

(a) Restricting \3.Ji\ (ii) to the k-th component yields a similar isomorphism and a 
distinguished triangle in D~^{Cet,'Tj/p^). 

3.2.4. In practice the following lemma will be useful to compute 


Lemma 3.6. The following functors are exact: 

t'Uv,* ■ I^biUv,et) ^hiJJet) 
t'Cv,* • ^b{Cv,et) —t Ab{Cet) 

Proof. Let us explain the case of since the case of is easier (or alternatively, 
follows formally). We will check that for any geometric point T of C the functor F 
{lCv,*^)x is exact. Obviously we can assume that C is affine, say C = Spec{A). With our 
usual notations K is thus the fraction held of A. 

Consider a closed point w of Spec{A). Let A^, denote the completion of A at tc and 
Ku, its fraction held. Let us hx a separable closure (resp. of K (resp. K^f) 

as well as an embedding —)■ for each w. We denote G the galois group of 

/K and (resp. Iw^^p) the decomposition (resp. inertia) group of inside G. 

By Krasner’s lemma |La] II, 2 prop. 4 D^o^p thus identihes to Gal{KffP/K^). 

Let C denote the ordered set of subalgebras A of K^'^p of hnite type over A such that 
the ring A is integrally closed. For A in C we identify the set of closed points of Spec{A) 
with a subset of the set of places of the fraction held K' of A. We use the notation 
w' to designate either the place K' induced by tffP or, when it exists, the corresponding 
point of Spec{A). The completion of A (resp. K') with respect to w' is denoted A^, 
(resp. K'^,). We use respectively the notation G' (resp. D'^,, 1^,') for the galois group 
of K'!K (resp. the image of I^sep inside it). If if is a subgroup of G' we have a 

pseudo-commutative diagram of topoi 

Spec{Kv)et 


Bi,^^o',/Spec{KG) —^ BK,,G'/Spec{K^ ®k K') - Bk..,h tSpeRK^ ®k K') —^ Spec{K„ ®k K'^)et 

v' 


Bou -^ Bg' - Bh -^ Set 

which is moreover pseudo-functorial with respect to Spec{K') (or Spec{A)) in the obvious 
way. Here we have used the notation Bh (resp. Br^h) for the topos of left H-sets (resp. 
left iL-objects in Spec{R)et) and the schemes Spec{K^ K') are endowed with the left 
action of G obtained by inverting the natural action of G on K'). All the arrows of the 
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diagram are simply obtained by functoriality of classifying topoi |SGA4-Ij IV, 4.5 and 
localization. Let ns only mention that in the bottom line the direct images fnnctors are 
respectively indnction from D'^, to G', from H to G' as described e.g. in |Se2] and hxed 
points (—)'^. The sqnares of this diagram are snbject to obvions base change isomorphisms 
expressing that the inverse image fnnctors of the horizontal arrows psendo-commnte to 
the direct image fnnctors of the vertical arrows. 

If now K'IK is galois then Spec{K^<^KK') is a G'-torsor in Spec{K^)et- In this sitnation 
the arrows indicated with a * are eqnivalences and Bk^^qi/ Spec{K^ K'^,) is natnrally 
eqnivalent to Spec{K^^et) ■ Via these eqnivalences the direct image fnnctor of the hrst 
(resp. second) vertical arrow simply sends F G Spec{Ky^f,t) to the set T{K'^,,F) (resp. 
T{K^ K',F)) endowed with the left action of H (resp. G') indnced by the natnral 
action of G' on K' (resp. D'^, on 

We are now in position of proving the exactness of the fnnctor F i-G- {lcv,*^)x- We 
consider the following cases. 

Case 1. The geometric point x lies above the generic point rj oi G: x : Spec{K^^P) — )■ G. 
Consider the following hltrant snbsets: C^cC contains only the A'’s which are etale over 
A, (Z Cx contains only the y4'’s whose fractions held K' is galois over K and whose 
spectrnm has no point above v. We have a series of fnnctorial isomorphisms 


(59) 

{k^,*F)x ^ lim T{Ax®aAIF) 

(60) 

- lim T{Kx(^kK',F) 

^AZCL 

(61) 

~ lim T(IndK'KCF) 

(62) 

~ lim Ind^fT{Kl,,F) 

(63) 



where fj^ : Spec{KI^P) Spec{Ay) is the geometric point satisfying = x and 

means discrete indnction. The hrst isomorphism comes from the fact that CL is 
cohnal inside C^. The second one occnrs since Spec{A') has no points above v. The third 
one is indnced by the isomorphism 

(64) Kx®kK' ~ Ind^f K^, 

(65) a®b !-)■ {g {gh)) 


The fonrth one is by psendo-commntativity of the hrst sqnare in the above diagram of 
classifying topoi. Since discrete indnction commntes to hltrant indnctive limits the hfth 
one comes from the fact that the fnnctor CL ^ Cy; , A' i—)■ K', is cohnal if denotes 
the set of etale snb algebras of The desired exactness follows from the fact that 

is exact. 

Case 2. The geometric point x lies over a closed point w ^ v. Consider the following 
hltrant sets: C^ C C contains only the etale A'/AA whose spectrnm contain w', C2 z C 
contains only the A'’s satisfying 1) A'/A is etale ontside w, 2) K'/K is galois and 3) A' 
is the integral closnre of A[l/s] in K' for some s satisfying w{s) = 0, n(s) > 0. We dehne 
a fnnctor : CL —)■ C^, A' i—)■ A” := where the valnation of t is zero at w' 
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and places which are not above w and is non zero at the other places above w. We have 
a series of fnnctorial isomorphisms 


( 66 ) 

it'C^,*F)x ^ lim T{Ay(^AA'fF) 

^AZCL 

(67) 

~ lim r((/nd5'<')^“b^) 

^A'&CL 

( 68 ) 

~ lim (Jndf^fT(iC',,F))0 

(69) 



where is as in Case 1. The hrst isomorphism holds because the functor (—)" is cohnal. 
The second one follows from (l64ll since A^®a^'' = and Spec{A') has no points 

above v. The third isomorphism follows from the diagram of classifying topoi by pseudo¬ 
commutativity of the hrst and third squares together with the base change isomorphism 
in the second square. The last isomorphism is similar to case 1. Exactness follows using 
that Dysep intersects trivially the conjugacy class of Ip^sf^p (by Krasner’s lemma and weak 
approximation |Sel] I, 3). 


Case 3. The geometric point x lies above v. Consider the following hltrant sets: C-^ C C 
contains only the etale A'/AA whose spectrum contain v', CA (Z C contains only the W’s 
satisfying 1) A' is etale outside v, 2) K'/K is galois and 3) A' is the integral closure 
of A[l/s] in K' for some s satisfying v{s) = 0. We dehne a functor (—)" : C^, 

A' I—)■ A” := A'^v' [1/t] where the valuation of t is zero at v' and places which are not above 
V and is non zero at the other places above v. We have the following series of fnnctorial 
isomorphisms 


(70) 

(71) 

(72) 

(73) 




~ lim r( 74 „ (g)^ A”, F) 

~ lim T{{Ind^fK)xK,^A''A,F) 

—^AZCL 


where is as in Case 1 and is the geometric point of Spec{Ay) inducing x. The hrst 
isomorphism holds because (—)^^ is cohnal. The second isomorphism is deduced from fIMD 
by taking hxed points under /', and imposing integrality at v' (note that the hber product 
is taken with respect to the adjunction map, explicitly described as / /(I) on the left 

and the inclusion map on the right). The third isomorphism is obtained by descent along 
the surjective etale morphism 


Spec{Ind^y'Ky,) U Spec{AlA) -A- Spec{{Ind^YK'^,) Xk\ 



The last isomorphism holds because Ch —)■ A' i—)■ A'^, and Ch —)■ A' i—)■ A",, are 

cohnal if nj 7 ^ n' is a place of K' above v and C C contains only the etale A'/AA 
whose spectrum contains v'. Exactness then follows using the isomorphism 

Fr^J Xi7_^ F^^ ~ Cont{Dysep\{G - Dysep), F^J x F^^ 

If, a) ^ if °s, a) 
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provided by a continuous section s of G —)■ f |Se2j 1.2, prop. 1). 


□ 


3.2.5. We now introduce some ad hoc functors designed to neglect the generic fiber of Cy. 
Recall the well known equivalence between Cy^et and triples {Fi,F 2 ,f) where Fi G Zy^et, 
F2 e Uy^et and f : Fi^ z~^jy^^F2 |Milj II, 3.10. 

Definition 3.7. (Smashing functors) 

(i) The functor 

SmOy . (^Cy i Uy'^et ^ (^Cy i Uy^ 

is defined by sending Fi —)■ F2 to F3 —)■ F2 where F3 corresponds to the triple 
{Zy ^Fi, F 2 , ^Fi —)■ ^jv,*F2). 

(a) The functor 

Sma Jet —y Jet 

is defined by sending (Fc„ -t Fu^ t- Fu) to (Gc„ -t Fu^ ^ Fu) where (Gc„ -t 
Fuy) = Smay{Fcy ^ Fufi). 

These functors just defined have the following properties. 

Lemma 3.8. (i) The functor SmOy (resp. Sma) is exact. It induces in particular an 

endofunctor of the categories Mod{{Cy t— f/^)gj,Z/p-) and D{{Cy ^ f 4 )g^,Z/p-) 
(resp. Mod{Jf^,'Z/p') and D{jf^,Z/p'). 

(a) The morphisms F{jy) : jj^Fc^ — )■ T[/„ for variable F induces natural transforma¬ 
tions Smoy —Id (resp. Sma —)■ Id). If F{jy) (resp. each F{jy)) is invertible 
the previous natural transformation induces an isomorphism: 

Smay{F) ~ F 
(resp. Sma{F) zz F) 

(Hi) Consider an object M = (Mc^ Mjjfij (resp. M = {Mcy —)■ Mjj^ t— Mu)) of 
D{{Cy^Uy)l,Z/p-) (resp. D{Jf,,Z/p-)). Then 

Smay{M) = 0 
(resp. Sma{M) = Oj 

if and only if Mu^ = 0 and zJ^Mq^ = 0 (resp. {Mu = 0 , Mu^ = 0 and zJ^Mc„ = 

0 ; 

Proof. Everything follows directly from the definition of Sma and Smay. 

□ 


Corollary 3.9. Consider a morphism f : M ^ N in D(J^, Z/p'). The induced morphism 
Sma{M) —)■ Sma{N) is invertible if and only if the following morphisms are invertible: 
fu ■ Mu Nu, fuv ■ FIu„ —t Nu„ and zj^fc^ : zJ^Mq^ zJ^Nc.„. 


Proof. Apply [23] (hi) to a cone of the morphism /. 


□ 
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3.3. Vanishing cohomology. 


We define vanishing cohomology in a general setting and study its behaviour when 
changing the topos. 

3.3.1. We begin with simple diagram theoretic constructions regarding a morphism of 
diagrams i ■. Y X. In the applications i will be taken either as the closed immersion 
z : Z ^ C, the closed immersion zj : Zj ^ J or slight variants of these. 

Definition 3.10. (i) We say that a functor i : A' ^ A is extremal if it is injective 

on objects, fully faithful, and if A'/6 is empty for S ^ i{A'). 

(a) Let i : A' ^ A be an extremal functor. We denote A+ the full subcategory of 
A X [1] formed by the (5, 0)’s with 6 G i(A') and all (5,1)’s. Here [1] denotes 
the category {0 —)■ 1}. We denote : A' —)■ A+, 6 ' i-)- (z(5'),0), a : A —)■ A+, 
6 I—)■ {6,1 ) and p : A+ —)■ A, {6, n) i—)■ 6 . 

(Hi) We say that a morphism of diagrams i : Y/A' ^ X/ A is of extremal type if the 
underlying functor A' —)■ A is extremal. For i of extremal type we denote 

A+ = (V ^ X) 

the diagram of type A+ having XW, g = Vy (5' in A') and = Xs (6 in A) as 
vertices and whose edges are the following: 

- X+mn id„) : X+ ii,„ ^ V+„ is Y(n a y m AV, 

- A+(/, idi) : ^ —)■ A/'j^ is A(/) (f : 6i ^ 6 in A) and 

- X+{tif),0 ^ 1) : A+,’ g ^ A+,)^^ zs o y(f) (f 5' tn A'). It ts 

also egual to A(i(/')) o iy. 

The injections A —)■ A"*" and A' —)■ A"*" extend naturally to morphisms of 
diagrams: a : X ^ A+, Xs —)• A/"^ and H : Y ^ A+, Ys' —?• Xps'),o- We define 
furthermore p : A+ X as the unigue retraction of a factorizing i as follows. 


a 



i 


Lemma 3.11. Consider a ringed variable topos {T, A) on B h2.^ (ii)). Let i of extremal 


type as in \3.10\ (Hi) 


(i) The direct image functors induced by i : Y —)■ A and : A —)■ A+ have the 
following description: 

- i* : Mod{T{Y), Ay) — )■ Mod{T{X), Ax) satisfies {i,,M)s = is'^^Ms' if i{d') = 
6 and {i^M)s = 0 if 6 ^ K^')- ^ module M is acyclic for i* if and only if each 
Ms' is acyclic for iS',*. 

- if : Mod{T{Y), Ay) —)■ Mod{T{X~^),Ax+) satisfies {itM)ys'),o = Ms', 
{itM)ys),i = i 5 ',*Ms' and {ifM)s,i = 0 is 6 ^ K^')- ^ module M is acyclic 
for if if and only if each Ms' is acyclic for if, 

(ii) There is a natural isomorphism a~^Ax+ — Ax- The functors a~^,p* : 
Mod(T{X~^), Ax+) Mod(T{X), Ax) are naturally isomorphic. In particular 
they commute to arbitrary limits. The functors a* and p* are fully faithful. 
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Proof, (i) The calculation of and is immediate from the projective limit formula 
flTr|l . Since injective modules of (T(F), Ay) have flasque components bv l2.11l[(^ a similar 
formula holds for and Ri't ■ The acyclicity statements follow. 


11 , 


Here again the calculation of p* in 
formula. The last statement of 
pa = idx- 


11 , 


ii) is straightforward from the projective limit 
follows from the isomorphism a~^ ~ p* given that 


□ 


In l3.11l we have used the simplified notation T(X) instead of ^x) or Tcof{X). We 

will continue to do so from now on. We will sometimes use the suggestive notation (—)|x 
(resp. (—)|y, (—)|v+) instead of a* (resp. i* or p*) when no danger of confusion 

arises. 


3.3.2. We are now ready to dehne the functors of vanishing sections and study their 
elementary properties in the general context of hbered topoi. 

Definition 3.12. Let T, B, A, i : Y ^ X, X^ as in \3.11[ 

(i) We define the following functors for modules on {T{X),Ax): 

- The functor of global sections vanishing at Y, 

r^{X,-) : Mod{T{X),Ax) ^ Mod{T{X),Ax) 

IS defined as r^(X,M) := Ker{V{X,M) V{Yfi*M)). 

- The functor of local sections vanishing at Y, 

r^(-) : Mod{T{X),Ax) ^ Mod{T{X),Ax) 

is defined as ifi'(M) := Ker{M ifi*M). 

(ii) We define the following functors for modules on (T(X+), Ax+): 

- The functor of sections on X vanishing at Y, 

r^(X,-) : Mod{r{X+),Ax+) ^ Mod{T{X),Ax) 

IS defined as r^(X,M) := Ker{V{X,a-^M) V{Yfi+'-^M)). 

- The functor of local sections on X vanishing at Y, 

T^{X, -) : Mod{r{X+), Ax+) ^ ModinX), Ax) 

is defined as r^(X, M) := Ker{a~^M —)■ ifi'^~^M) where the arrow is defined 
using the adjunction morphism id —)■ ifW'* and the isomorphisms a~^ ~ p*, 
pfif ~ i^ (explicitly the arrow is thus described on component 6 as Ms^i —)■ is'^^Ms^ 
if 6 = i{6') and Myi —)■ 0 if S ^ i{A')). 

Let us emphasize that even in the case of punctual diagrams the functor T^ should not 
be mistaken for a functor of the type “sections with support in Y” whose usual notation 
is Ty. It will be useful to consider the following condition for a morphism of diagrams 
/ : Xi/Ai ^ X2/A2: 

opimm{f,T,A): the morphisms of ringed topoi (T{Xi^s), Ax^^s) (T{X 2 j{s)), Ax^^^g-^) 
induced by fs are open immersions for all h in Ai. 

Recall that by definition an open immersion of ringed topoi is the morphism of localization 
attached to an open of the target topos. When this condition is realized one finds easily 
that i : TiY) —)■ T(X) and R : TiY) 'T{X^) are open immersions as well. In that 
case: 

42 













can be interpreted as 


- The morphism a : T (X) —)■ T(X+) is a closed immersion complementary to and the 
functors (i) (sections vanishing at Y) can be interpreted as follows: r^(X, —) = T^^(—), 

r^(x,-) = rx(x+-). 

- If there exists ^ X in B inducing a closed immersion TiY'^) —)■ T(X) comple¬ 
mentary to i (this is not always the case) then the functors of 
follows: (r^)|Yc = r^c, r^(x, -) = ryc(x, -). 

Let us gather some properties of the derived functors -Rr^(—) and -Rr^(X, —). 

Lemma 3.13. Keep the notations and assumptions of \3.12[ 

(i) There are canonical isomorphism and distinguished triangle 


Rr{X,M) ~ MF{R{a-^ Ri 


+1 


Rr (X, M)-- M|X-- RRMiy 

which are functorial with respect to M in D'^{T{X~^), Ax+)- If M is a complex 
such that the objects of M\y are acyclic for i^ (e.g. if the objects of M have 
flasgue components, 1,9.111 (i)) then the right hand side in the above isomorphism 
is canonically isomorphic to the mapping fiber of M\x —t 
(a) Assume that opimm{i,T, A) holds. There are canonical isomorphism and distin¬ 
guished triangle 

RT^{M) ~ MF{R{id Ri-^){M)) 

, .r TT ,1 .r +1 


Rr{M) 


M- 


Ri*M\ 


\y 


which are functorial with respect to M in D^{T{X),Ax). If M is a complex 
such that the objects of M\y are acyclic for (e.g. if the objects of M have 
flasgue components, 15'. Ill (i)) then the right hand side in the above isomorphism 
is canonically isomorphic to the mapping fiber of M ^ l*M|y. 

(Hi) Assume that opimm{i,T, A) holds. There is a canonical isomorphism 

RY^{X,p-^M) ~ RT^{M) 


which is functorial with respect to M in D~^{X, Ax). 

(iv) Consider another morphism ii : Ti/A'^ —)■ Xi/Ai of extremal type. Assume given 
morphisms of diagrams / : Xi — >■ X, /y : Yi ^ X satisfying fR = i/y and 
denote f~^ : X^*" —)• X"*" the induced morphism. There is a canonical isomorphism 

RT^iX, RffM) ~ RRRT^^ {X,, M) 

which is functorial with respect to M in D^{T{Xf),A;^+). 

(v) Let g : {T,A) —)■ {T',A') be a morphism of variable topoi. There is a canonical 
isomorphism 

RTfi{X, Rg^M) ~ Rg^RTf{X, M) 
which is functorial with respect to M in {T{X^), Ax+). 


Proof. [^Let / : |X’''| —)■ X^ denote the inclusion of the discrete diagram underlying 
X"*". As in the proof of l3.4((II)] the isomorphism will follow once checked that M\x AM|y 
is epimorphic for M = /*X. If 5 = i{5') we have natural isomorphisms 


{f*N)s,o 




Y[{g' ■.s[^S')€A'/S' fido) 
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We see on this description that {f*N)s^i -» is split epimorphic. The distin¬ 
guished triangle and the last assertion follow from the isomorphism since ~ 


^ (note that ^ sends injectives to componentwise flasques bv 12.111 hence 


z+-acyclic bv 13.111 (I)| . 

(ii) Let / : |X| —)• X denote the inclusion of the discrete diagram underlying X. Once 
again it suffices to check that M —)■ iR~^M is epimorphic for M = with N injective. 
Using [SGA4-Ii] V, 4.7 this follows from opimm{i, T, A) thanks to the fact that each 
is flasque fl2.11l (v)). The distinguished triangle and the last assertion follow as in 
(here preserves injectives thanks to opimm{i,T, A)). 

identifies to a~^p~^ we have a natural isomorphism 

In order to pass to derived functors we need to know that 


(hi) Since id —)■ iR 


-1 


T^p-H-)) ^ r(-). 

p ^ sends injectives to r^(X, —)-acyclics. Consider an injective module M over (X, Ax). 
M has flasque components and a~^p~^M —)■ iA'^~^p~^M (ie. M —>■ 


Then p~^ 

epimorphic as already observed in the proof of 
r^(X, — )-acyclic as desired. 


It thus follows from 


M) is 
that p~^M is 


IV 


For any module M over (T(X]^), the left commutative diagram below 


*1 






pi 






(74) 


Iy 



/+ 

f 

1 


- 1 - p 








Ui+’-7+M -- pJ+M 


induces the right commutative square in Mod{T{X), Ax) (use formula fl271) and the fact 


that ii is extremal to check the base change isomorphism fy^A] 








/+ underlying 


the hrst vertical isomorphism). Deriving the bottom arrow with respect to M gives 



send injectives to /*-acyclics. The latter claim deserves an explanation. The functors 
and U,* both preserve d-injectives. Since ii is of extremal type it may be checked easily 
that preserves d-injectives as well. In particular both pi^* and send injectives 

to direct factors of d-injectives (hence /^-acyclics I2.11l|(vi)] ). The desired isomorphism 
comes by functorial mapping fibers. 

(replace / with 


V , 


The construction of the morphism is similar to the first part of 


IV 


g) using only that ^ sends injectives to componentwise flasques (hence p*-acyclic 


[2Tl(i)) 


□ 

Let us emphasize the following result which justifies the introduction of X^ and deh- 
nition 13.121 1 


11 , 


In practice it will be applied when g is the morphism e : {—)fl —t (— ) et - 
Corollary 3.14. Keep the notations and assumptions of \8.1‘A Consider g : {T,A) 


{T',A') as in \d.RJ\\(v) If opimm{i,T, A) holds there is a canonical isomorphism 

Rg.RT^iM) ~ Rr^{X,Rg,M\x+) 

which is functorial with respect to M in D'^{T{X), Ax) ■ 
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Proof. This is a repetition of 13.131 (hi), (v) 


□ 


Lemma 3.15. Leti : X ^ Y, B, T as in \3.1S\ and consider the variable topos of projective 
systems together with a ring A, in r(S°^,T^). Let Lk : {T,Ak) —)■ {T,A,) denote the 
natural morphism (so that = Mk). 

(i) There is a canonical isomorphism 

~ R^{X,Mk) 

which is functorial with respect to M in D~^{T^{X^), A^^x+) ■ If opimm{i,T, A) 
holds there is also a canonical isomorphism 

i(:^RVf^{N) ~ RVf^{Nk) 

which is functorial with respect N, in D'^{T^{X), 

(a) Consider a subcategory Ai of A and set A[ = A' Xa Ai. Let Ai/Ai (resp. 
Yi/A'^) denote the restriction of X (resp. Y) to Ai (resp. A[) and denote 
/ : Ai —)■ A, : Xf —)■ A"*" denote the inclusion morphisms. There is a 
canonical isomorphism 

which is functorial with respect to M in (T^{X~^), A^^x+) ■ If opimm{i,T^ A) 

holds there is also a canonical isomorphism 

f-^Rr^{M,) RT^^if-^M,) 

which is functorial with respect A in D'^(T^{X), A^^x) ■ 


Proof. Thanks to 13.131 |(iii)| it suffices to establish the first isomorphism in (i 

using the following remark. 


(ii)[ Now both cases follow from 13.131 

in Mod{T^{Y), A,^y) then each Mk^s' is flasque (use 12.111 (v 
topos T“(—) on X N°^). In particular is acyclic for i 


and 

If M, is injective 
applied to the variable 
: Mod{r{Y),Ak,Y) ^ 


Mod{T{X), Ak,x) and/ is acyclic for i* : Mod{T{Yi)^, A,yf) —)■ Mod{T{Xi)^ , A^^xf 

dnafaii ETHfgi). 


□ 


3.4. Complete Mayer-Vietoris for semi-abelian schemes over C. 


We establish a Mayer Vietoris isomorphism (and triangle) relatively to the complete 
neighborhoods of the points oi Z <Z C. We begin by recalling an acyclicity result with 
regards to the morphism 

e : (-)fl ^ (-)et 

Lemma 3.16. Consider a morphism of extremal type i : Y/A' ^ A/A between diagrams 
of schemes and assume that each i^ : Y^ Xs is a closed immersion. Consider an 
abelian group M in XpL (resp. a module M on (A^^,Z/p-)j and assume that M = i^N 
(resp. M, = where each Ns' (resp. each N^^k) is representable by a smooth group 

scheme. 

(i) The group M (resp. the module MJ is acyclic for e^. The group N (resp. NJ is 
acyclic for e* and i*. 
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(ii) BothRV^{M) and RV^{X,e^M\x+) (resp. RT^{M,) and RT^{X, eM,,ix+)) are 
zero. 


11 , 


Proof. Using [2?T^ fiV 13.11] fp and I3.15l fp 
X and Y are schemes fie. punctual diagrams) and M is an abelian group. 


it is sufficient to consider the case where 


) We know from [Mil] III, 3.9 or |Grlj Brauer III, 11.7 that N is acyclic for e*. Since 
moreover the functor z* : Y^t —)• X^t is exact we hnd that N is acyclic for the functor 
U : YpL Xpi as well (sheahfy the isomorphism Ri'^N') ~ z'^e^iV') 

for X' varying in the big flat site oi X, i' : Y' ^ X' the base change of z to X' and 
N' = N\y')- Finally the acyclicity of M = i^N for e* results from the isomorphisms 
Re^M ~ Re^Ri:.N ~ Ri^^Re^N ~ . 


(ii) We remark that the assumption opimm{i, (—)^^,Z/p ) holds since arbitrary sub¬ 


schemes give rise to open subtopoi in the big top topos for as long top is coarser than 
or equal to fl. It thus follows from 13.131 (ii) that i?r^(M) is the mapping hber of 
M —)■ Now the latter arrow is invertible since M is in the essential image of 

the fully faithful functor U- We have thus proven that i?r^(M) = 0. The case of 


RIj (X, e*M|x+) follows by 13.141 


□ 


We can now establish the following result which states that the diagram Re^.A\j+^p. is 
sufficient to retrieve the projection of RYf^Ap.) to the small etale topos of C. 

Proposition 3.17. Consider a semi-abelian scheme A/C whose restriction to U is abelian. 
Recall the closed immersions of extremal type z : Z ^ C and zj : Zj ^ J occurring in 
(Eg). There is a canonical isomorphism 

Re^RI/^Ap. ~ Rm^RT^-^{J, Re^A^j+^p.) 

in D~^{Cf^,'Z/p'). Moreover either side of the isomorphism remains unchanged if Ap. is 
replaced by Ap. orTL/p' A. 

Proof. Consider the commutative diagram 


(75) 



For any M in D+{C^p,Z/p-), D+{Cpl 

(76) Re,RT^{M) ~ 

(77) 

(78) ^ 

(79) ~ 

(80) ~ 
(81) 


,Z/p^) or D~^{Cpl) we have canonically 

Re,RT^{C, p-^M) 

RT^{C, Re,p-^M) 

RT^{C, Re.Rmfm+'-^p-^M) 
Re^Rm^RT^'' {.J, m'^~^p~^M) 
Rm^Re^RT^-^ {.J, pf^m~^M) 

Rm^RYf-’ {J, Re^p/j^m~^ M) 


is 13.131 (iv^ 


V, 


where fl76|) is 13.131 (hi) fl77)) is 13.131 (v), (iTHj) is the adjunction morphism for m+, fl79D 


is clear and flHTj) is 13.131 (v) It thus remains to prove that (I78|) is 


invertible for M = Ap. or equivalently for M = Apk 03.151 (i)). 
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Claim. Consider N = {Nz ^ Nc) in Mod{Cpj^, Z). If Nc = A oi Nc — z^z ^Nc then 
the following natnral morphism is invertible: 

(82) Re^N —)■ Re^,Rrri^mA~^N 


Let us hrst explain why the claim implies the proposition. The hrst case of the claim 
applied to iV = p~^M shows that (ITS]) is invertible for M = ^4 G D{Cfl), and thus 
also (by scalar extension via Z —)■ Z/p^) for M = Z/p^ (8)| A G Since 

multiplication by p^ is epimorphic on A^ (see 12.341 (iii)) we have a long exact sequence in 
the hrst line below where <I> = A/A^ denote the group of components of A. The second 
line is the tautological distinguished triangle of truncation in D{Cfl,’^/p^)- 


41° 


A-pk 




A/p’^ 


$/p^ 


' ^jp^ ^ A/p^[—l] 


1+1 


11 ) 1 ) the second case of the claim implies that fl78|) is invertible 
Using the distinguished triangle we conclude that dTHj) 


A-pk 

Since <I> ~ z^,z~^^ 
for M = $/p*^ ~ A/p’^ or 
is invertible for M = Apk and hnally for A^,, as well using the exact sequence. The last 
statement of the proposition follows from tfie above proof together with the vanishing of 
RT_^{^/p^) and K^^{^pk) (|2.36l[(I)j IMbj[(ii)|. 

Let us now prove the claim using the conservative couple of functors —?• 

: D^{C'^^) —?• Some preliminary observations are in order. First 

we note that and cr“^ both commute to (because z'^ and a are inclusions 

of diagrams, see 12.141 (i)). Next we observe that the natural base change morphisms 


z~^~^Rm'^ —>■ * 2 ;j’~^~and a~^Rm'^ —)■ are both invertible (use the projective 

limit formula for note that is exact and that a~^ = p* preserves injectives). 
With these observations in mind one may check without difficulty that the image of the 
morphism fl82p under z~^’~^ and respectively identihes with 


(83) 

(84) 


Re^z^’ —)• Re^mz^*Tn^^z~^’ 

and Re^,a~^N —)■ Re^Rm^m~^a~^N 


On the one hand fl8^ is clearly an isomorphism since mz is in fact an equivalence of 
topoi. It thus remains to prove that the morphism 

Re^Nc —)• Re^Rm^m~^Nr 


(85) 

is invertible. Let us investigate the target of 
guished triangle 




By I3.4l|(ii)| and 13.61 we have a distin- 


Re^Rm^m 


( n I'Cv ,*R^*{Rc ,\Ct,)) ® Rj*R^*{Rc,\u) 

v^Z 


■ n Rj*‘'Uv,*R^*iRc,\Uv) 

v£Z 


+1 


In the case Nz — z^z~^Nc the third term and the second summand of the middle term 
vanish and the claim follows immediately. Let us now explain the case Nc = A. By 
|Ra4] and the previous case we may (and will) assume that A is the Neron model of its 
generic hber (note that the quotient Q of the component group of the Neron model by $ 
satishes Q ~ z^z~^Q thanks to 13.161 (i)). Recall from 13.161 that A is acyclic for e* as well 
as its restriction to U, Cy or Uy. Thus we only have to show that the above distinguished 
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triangle induces an exact sequence 


(86) 0-^ e^A -s- ( i.Cv,*^*Acv) (B j*e^Ai[/ -H /'Cv,*jv,*^*(A)iu^ -^ 0 

vez vez 

and isomorphisms 

(87) ^ ])([ tCv,*^'^Jv,*G*Aj[/^ 

vez 

for g > 1. The exactness of fl86|) follows from the Neron extension property which implies 
that e^A —)■ j*e*y4|;7 and e^,A\Cv 3 v,*^*A\u^ are invertible. Let us now investigate the 
stalks of the morphism flHTI) at a geometric point x of C. Both sides give zero unless x 
lies above a point v E Z. In the latter case we have on the one hand 

{Wj^e^A\u)x ^ H‘i{K^^,e^A\Ksh) 

~ lim H'^{K'^,e^A\j^ih) 

— >K' 

where both isomorphisms follow from [SGA4-II] VI, 5.7. Here denotes the fraction 
held of the strictly henselian ring Oc,x (with the notations of 13.61 
K'/K runs through hnite subextensions of /K and K'^ = jg fraction 

held of the corresponding henselian ring. On the other hand we have 

~ lim H'>{K'^,,e^A\K>,) 

where /Ky denotes the maximal unramihed subextension of K^^'P/Ky. Here the hrst 

isomorphism follows from case 2 in l3.6l (note that {R^jv,*)r)y = 0)) and the other ones follow 
from |SGA4-Il] VI, 5.7. The morphism fl87p is thus the direct limit of the morphisms 

H%K'\e,A\K,u) -E 

for K' as above. We may now conclude using |Mi2j I, 3.10 (a) if g = 1 and loc. cit. HI, 
6.10, 6.13 if g > 2 (in that case both sides are in fact trivial), recalling that the etale 
cohomology of A^j^ih (resp. A\k',) in degree > 1 identihes with the direct limit of the flat 
cohomology of its torsion points. 

□ 


3.5. Rigid uniformization around semi-stable fibers. 


3.5.1. For the purpose of this paragraph, let R denote a complete discrete valuation ring, 
t a uniformizer and k = R/{t) (resp. K = R[j]) its residual (resp. fraction) held. As 
explained in |Be2] 0, one has a diagram of functors 


( 88 ) 


(—)for 

Schift/R —^ For/R 


(-)ii 


-(-) 


(-) 


Schift/K^—^ Rig/K 


where we have used the following notations: 

- Schift/R (resp. Schift/K) denotes the category of S'pec(i?)-schemes (resp. Spec{K)- 
schemes) which are locally of hnite type. 
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- For/R denotes the category of t-adic formal schemes over Spf{R) which are locally 
of hnite type over Spf{R), and (—is the functor of (f-adic) completion defined in 
[ECfAlj 10.8. 

- Rig/K denotes the category of rigid analytic spaces over the t-adic field K and the 

functors (—)|a', are respectively defined in [Be2j 0.2, 0.3. 

This diagram is not commutative. Instead for X/R in Schift/R, there is a functorial 
morphism —)■ which is an open immersion if X/R is separated an an 

isomorphism if X/R is proper [loc. cit., 0.3.5]. 

3.5.2. Start with a semi-stable abelian variety A/K. Let A/R denote the Neron model 
of A/K and A^/R its connected component. There is an essentially unique pair (G, e) 
where G/Ris a. smooth algebraic group scheme which is the extension of a torus T/Rhy 
an abelian scheme B/R and 

(89) e : ~ {Ay°^ 

is an isomorphism of groups in For/R (note that e is not algebraic in general). We refer 
to |SGA7-I] IX, 7 for the construction of (G, e) and simply refer to G/R as the Raynaud 
group attached to A/K. 

The next result is originally due to |R a3] . Here we slightly reformulate the statement 
given jBLj where the reader is referred for a proof. 

Proposition 3.18. (Raynaud’s uniformization) |BLj thm. 1.2. 

(i) There exists a unique arrow e' making the following diagram commutative: 

(90) ^ {A^’y\K 

w , , 

(G|k)“” ^ A^'^ 

(a) The kernel of e' computed in the category of groups in Rig/K is of the form 
for some group T in Schift/R which is etale locally isomorphic to a constant free 
abelian group of rank dimxT^K- 

(Hi) If the torus T is split then T is constant and F induces a surjection 

{G\K)yS)^A^^{S) 

for any S in Rig/K verifying H^{S, Z) = 0. 

Proof. This is |BL] 1.2 modulo the following remark. In loc. cit. {b) and (c) it is stated 
(using their notations) that Kerp is a lattice and that the rigid analytic quotient of E by 
Kerp is isomorphic to A. Now looking into the construction of the quotient by glueing 
affinoids etale locally one hnds easily|(i)|and|(ii)| An example of this construction is given 
in ^ 6.4. 

□ 

Corollary 3.19. (i) Let Fin/R denote the category of finite Spec{R)-schemes. The 

isomorphism e of 123) induces an isomorphism of abelian presheaves on Fin/R: 

G-^AO 
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(ii) Let Fin/K denote the category of finite Spec{K)-schemes endowed with any topol¬ 
ogy which is finer than (or egual to) the etale topology. The morphism e' of \3.18\ 


(i) induces an exact seguence of abelian sheaves on Fin/K: 


0 


r 


\K 


0 


(Hi) The morphisms (i) and (ii) are compatible, ie. the following sguare 
(91) G'(^)-^v40(5) 


G\k{S\ 


K 


A{S\ 


K 


commutes for any S in Fin/R 


Proof. 


it suffices to notice that for any H in Schift/R and S in Fin/R the func¬ 
tor (—identihes H{S) with (just because hnite i?-algebras are t-adically 

complete). 

(ii) Similarly for any H in Schift/K and S in Fin/K the functor (—)“’^ identihes H{S) 
with (because hnite it'-algebras are complete for the t-adic topology). 


Ill, 


is a straightforward consequence of the dehnition of the analytihcation functor. 


□ 


3.5.3. In order to collect the sheaf theoretic consequences of 13.191 it will be useful to 
introduce some intermediary sites. We use the general conventions of 12.3.11 for big and 
small pretopologies. 

Definition 3.20. Let X be any scheme. We will consider the small (resp. big) top 
pretopology of X top{X) (resp. TOP{X)) and the associated topos Xtop (resp. Xtop) for 
top = qff, ff, or fet defined as follows: 

- qff stands for locally of hnite presentation locally quasi-hnite and hat, 

- // stands for hnite and hat, 

- fet stands for hnite and etale. 

The various inclusions of sites viewed as continuous functors give rise to quasi-morphisms 
of topoi htting in the following pseudo-commutative diagram. 


(92) 


e 



0 




Wet 


Xff -^ Xfet 


It might be useful to point out that the topologies generated by QFF{X) and FL{X) 
coincide, ie. Xqff = Xfl- The morphism a is thus nothing but the projection morphism 
p : Xfl ^ Xfi. In particular a* commutes to arbitrary limits. Here is an alternative 
description of the topos Xqff which will be useful for our purpose. Let top stand for 
separated, of finite presentation, quasi-finite and flat. Then it follows from |Ar] 3.1.3 and 
[EGAlj chap.l, 5.5.1, |EGA4-I] chap 4, 1.6.2, |EGA2j 6.2.4 that Xqff is equivalent to Xtop- 
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Let us finally point out the equivalences Xqff ~ and Xf^t — X^t in the particular 
case where X is the spectrum of a held. 

Let us go back to our situation, using the notation X = Spec{R) and 
(93) X = Spec{k) —^ X — rj = Spec{K) 


Lemma 3.21. (i) The continuous functor ff{X) —)■ qff{X) (resp. fet{X) —)■ 

et{X)) inducing the left (resp. right) vertical premorphism in is cocontinuous 
as well. Whence a morphism of topoi in the opposite direction 


i-.Xff^ X 


qff 


(resp. l: Xfet^ X^t) 


(a) The morphism i defined in (i) is a closed immersions of topoi. The complementary 
open immersion is the morphism denoted j in the top (resp. bottom) line of the 
following pseudo-commutative diagram of topoi 


(94) 


X 


// 


X 


qff 


Vqff 


^et 



0 

0 

r\.j __ 

i 

j 


^fet 


X 


et 


Pet 


(Hi) Smooth group schemes over X are acyclic for the functor /3*. 
Proof. 


(i) In view of the above comments it is sufficient to prove that the inclusion of 


fin{X) into the category of separated quasi-hnite hat X-schemes admits a right adjoint 
which is continuous (recall that quasi-hnite implies of hnite type, hence of hnite presen¬ 
tation since X is noetherian). If U/X is separated and quasi-hnite there is a disjoint 
decomposition U = U U 2 where /X is hnite and x Xx t /2 = 0 |Mil] I, 4.2 (c). 
Note that if U'/X is hnite then Homx{U', U 2 ) = 0 (since Homx{U', r/) = 0). It follows in 
particular that varies functorially with respect to U/X. Whence the desired functor 
qff{X) —)■ //(X). This functor is easily seen to be continuous (use that the hnite part 
is a direct sum of spectrums of local rings |Milj I, 4.2 (c)) as well as right adjoint to the 
inclusion. 

Let us explain the hrst line of fl94)) since the second is similar (and well known). 


11, 


The fact that l is an immersion follows from the fact that the inclusion //(X) —)• qff{X) 
is fully faithful. According to |SGA4-I] IV, 9.3.4 we have to show that the following 
properties (a), (6) are equivalent for any sheaf F on qff{X): (a) F —)■ i^i~^F is an 
isomorphism, (6) j~^F = 1. Now this equivalence is clear from the fact that l*l~^F{U) = 
F{Uf^^). 

We already know that smooth group schemes are acyclic for e* fl3.16p and that a* 


111, 


is exact. The result follows formally. 


□ 


In view of the next proposition let us emphasize that 13.211 (ii) implies an equivalence 
between Ab{Xqff) (resp. Ab{Xet)) and the category of triples {Fi,F 2 ,f) where Fi G 
Ab{Xff) (resp. Ab{Xfet)), F 2 E Ab{pqff) (resp. Ab{pet)) and / : Fi -)■ r^j^F 2 |SGA4-Ij 
IV, 9.5.4. These equivalences (and thus also the functors j\ of extension by zero) are 
clearly compatible via the restriction functor /3*. 

3.5.4. Let us come back to the devissage of A^oo. We begin on the qff topos. 

51 































Corollary 3.22. (i) The projections of \3.19\ (i) and (ii) to Xff and pff ~ rjqff glue 

into an exact sequence as follows in Ab{Xgff): 


0 




Oi*G 


a.. 




0 


(ii) Applying (8)| 

0-^ 

Proof. 


to (i) gives an exact sequence in Mod{Xqff,Z/p^ 


cr ^ djl pk 


a-. 


<^0 


■jia^{T\p/p'^ 


0 


We use the interpretation of Ab{Xqff) in terms of triples recalled after 13.211 
The sheaf a^G corresponds to the triple {L~^a^,G, j~^C(*G,nat : L~^a^G —)■ 

Explicitly for S/X in fin{X) (resp. S/rj in fin{r])) we have i~^a^,G{S) = G{S) (resp. 
j-AMS) = G\k{S)), r^j.j-A*G{S) = G\k{Sik) and nat is the left vertical arrow 
in 13.191 (iii) A similar interpretation holds for A^. The desired exact sequence is thus 


nothing but a reformulation of 13.191 (i^ 


11 , 


11 , 


(iii) 


Exactness on the right follows from the fact that multiplication by p^ is epimorphic 


on G (12.391 (i)) and thus on a^,G too. 


□ 


Remark 3.23. From lSTT^ and \3.2P\ one can go back to the big flat site as follows. 

(i) Since T]^ is representable by a group of qffijf) (ie. a locally finite group scheme) 

the adjunction morphism — »■ Ti^ , is invertible. In particular the first 

arrow of \3.22\ (i) (or equivalentlv \3.19\ (ii)) defines a morphism 

(95) in Ab{T]FL) 

(ii) Similarly it follows from the fact that Gpk is representable by a group of qff{X) 


({2.341 i^hat the first arrow of \3.22\ (ii) defines a morphism 


(96) 


Gr. 


^Al¬ 


in Ab{X 


FLJ 


(iii) We may view the exact sequence of \3.1tA (ii) as a quasi-isomorphism [Ti^ 


-)■ 


G\p] —)• Alp in the category of complexes of abelian groups of rjqfj. Applying 
Z/p- (—) and pulling back to the big flat topos yields an isomorphism of exact 
sequences in Ab^rjpfl)- 


(97) 0-^ ^ '^/pA[T\p —)■ G\p] -^ hi^/p'-^ 0 

i i i 

0 ^ Gipp. ^ ^ Tj^y/p 0 

where the bottom left arrow is compatible with 
Proposition 3.24. The image of the morphism [9R) under the functor 
RW{X,Re,p-^) : D-^iXpL^^/p) -> /^+(Xei, Z/p') 
fits into a canonical distinguished triangle 

Rr{X,ReM\xr,p) - ^Rr{X,Re,A^^.,^^.) -- j!e,(r|^/p') 
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Proof. The restriction of the morphism dehned in 13.231 (ii) to FL{x) (resp. qffiX)) 
clearly coincides with the natural isomorphism of group schemes G^^ pk ~ ^^^pk induced 
by (j8^ (resp. coincides with the first arrow of 13.221 (ii)). If X~^ denote the diagram 
{x ^ X) as in 13.101 the exact sequence of 13.221 (i) can thus be completed into an exact 
sequence 


0 


{oi^G\x,p- ^ a^Gp.) 




(0 ^ jia^Pi^/p* 


0 


over {X^jjr ,Z/p-). Apply now the functor : Zi)+(Xj).y , Z/p-) —)■ Zi)+(X^’ ,Z/p-) and 
then RT^{X, —) ; D~^, Z/p-) —)■ D~^{Xf^,Z/p-) to get a distinguished triangle 


(X, Rl3,aM\x+,p ) -- Rnx, -- Rl3,pa,Tip/p- 


+1 


(use e.g. 13.131 til for the third term). The announced distinguished triangle follows since 

□ 


a* is exact and j\a^,T\p/p- is /?* acyclic (use 13.161 to check this). 


3.6. Devissage in p-divisible groups. 

3.6.1. We are now in position to define a p-divisible group H over the diagram J~^ which 
will serve as a replacement for A\j+^poo. By a p-divisible group H over J~^ we mean an 
object of pdiv{J^) where pdiv denotes the cohbered category of p-divisible groups over 
Sch°P (here we use the conventions of 12.1.41) : in other terms, if is a group in whose 
components are p-divisible groups. 


Definition 3.25. Let A/G be a semi-abelian scheme whose restriction to U is abelian. 
We define a p-divisible group H over J~^ = (Z„ —)■ tA —)■ U): 

H . (yGu^^^^pCC i GypOO ^ A^l/^^pCO i A|f/^pOo) 

where G^/G^, is the Raynaud group attached to A\u^/U.u as in I J. 5.^1 and jfi^G^^p^ 
^\Uv: pOO is the arrow induced bu \3. 2d[ 

The following result is the final stage of our devissage. It states that Re^Hp. is sufficient 
to retrieve the projection of Rlf{Ap.) to the small etale topos of G. 

Proposition 3.26. Recall the functor Sma : D( Z/p) —D( Zjp) from \3. A There 
is a canonical isomorphism 

Re^RVf Ap. ~ Rm^Sma RVfi-’ [J., Re^Hp.) 


(ii) 


Proof. According to 13.171 it suffices to build an isomorphism between the right hand 
side and i?m*i?r^‘^( J, p.) in Z1(C'^, Z/p ). Consider the morphism Hp. ^{j+p- 

and which is the 


11 , 


on the vertices G„ 


in Mod{Jpf ,Z,/p ) which is induced bv 13.231 1 _^ 

identity on the vertices U, Uy. This and the natural transformation Sma —)■ id fl3.8l|(ii)[ ) 
induce morphisms: 


(98) Sma RT^^ {fi Re,Hp.) Sma RT^^{fi Re,A^j+ p.) 

(99) ^ RT^^{fiRe,Al+^p.) 


in D{Jf^,Z/p). We will prove that (1951) and fl99]) are invertible. 
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In order to prove that 
for the morphism 


is an isomorphism it suffices to check the conditions of 13.91 


( 100 ) 


Rr^-'{J,R£.Hp) Rr^^URe.Alt ) 


Let us examine the component U. By 13.151 (ii) there is a functorial isomorphism 

- RT\U,M\u+) 

for M in ^'L/p'). Here 0 denote the diagram of empty type and the right hand 

side is thus naturally isomorphic to Mu- It follows that the morphism fllOOp n identihes 
to {Re^,Hp.)u —)■ |j+)r/. It is an isomorphism since can be computed compo¬ 

nentwise on J~^. The same arguments show that fllOOD rr is an isomorphism. Let us now 
examine the component C,^. By 13.151 


again we have 


The image of the morphism fllOOp r',^ by z~^ thus identihes to 

z;^RT^-iC,,Re,H 


■,\c+. 


z. 


-1 


RT^-iC,,Re,Al 


and is an isomorphism by 13.241 

In order to prove that fl99p is an isomorphism it suffice to check the conditions of 13.81 
(ii), ie. that 

:i-\RT^^(J,Re.A«,,J)c. {RT^^URe.A’fj.pU, 

is an isomorphism. This in turn follows immediately from 13.151 (ii), 13.131 (i) and the fact 
that i~^Re*A^(j^^, —)■ Re^A^jj^^, is invertible (because jy is etale). 

□ 


4. Preliminaries (part II) 

4.1. Projective systems and p-divisibility over a Z/p -algebra. 

4.1.1. Consider a ringed variable topos on k i—)■ Ek, {k < k') i—)■ {ik,k' '■ {Ek,Ak) —)■ 
{Eku Ak')) and let {E,, A) denote the associated ringed total topos. A module M on the 
latter ringed topos is thus a projective system (in the sense of the appropriate cohbered 
category) whose term Mk is in Mod{Ek, Ak) and whose transition morphisms are 
Mk •(— i*i^j^,Mk', k < k'. In what follows transition morphisms will often be implicit. 

Definition 4.1. If j >1 we define an endomorphism {j) of the ringed topos {E ,A ) by 
the formulae {{j)~^E,)k = tkl+j^k+j (k > 1) and (0%F.)fc = Lk,k+j,*Ek-j (k > j + 1), 
{{j)*E.)k = 1 (I ^ k < j) together with the natural morphism —)■ A,. 

We note that there is a natural isomorphism (j) ~ (l)-^ as well as a natural morphism 
id —)■ (j) (given by {{j)~^E)k = L'j^\_^_jEk+j —)■ Ek). In the following dehnition we make 
use of the derived functor L{j)* for unbounded complexes |KSj 18.9.6. 

Definition 4.2. (i) We say that M, in Mod{E , A ) is normalized if (1)*M ~ M, 

(ie. if tl^k+i^k+i ^ Mk for all k > 1). 

(ii) We say that in D{E^, A) is L-normalized if L{1 )*~ M (ie. if ~ 

Mk for all k >1). 
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The following lemma will be used to “divide the Frobenius” by p in the dehnition of 
syntomic complexes. For z > 0, we use the notation (F^.+j, ^,+i) for the ringed total 
topos associated to fc i—)■ {Ek+i^^k+i), {k < k') i—)■ Lk+i^k'^i- The morphisms {Ek,Ak) 
{Ek+i, Ak+i) for varying k and i give rise to natural morphisms denoted as follows: 

{Ek, Ak) -(E+,, A.+,)- 

V_ A 

^.+i,-+i+3 


Lemma 4.3. Assume that each one of the morphisms of topoi Lk,k+i '■ Ek —^ Ek+i is an 
equivalence and that A is a flat normalized "L/p'-algebra. Consider modules L , M,, iV. 
over {E,, A). 

(i) The module M is L-normalized if and only it is normalized and 'L/p'-flat. 

(a) For j > 1, there is a functorial exact sequence 




M 


■+j 




0 


of modules on {E .^.j, A^^fl. If is T./p--flat the exact sequence can be extended 
with a 0 on the left. If M is normalized then the last term can be replaced with 

(Hi) If N, is normalized and M, is L-normalized then the group Hom{N,, M) of A^ 
linear morphisms is p-torsion free. 

(iv) Consider an exact sequence 0 —)■ iV. ^ M, —)■ L. —)■ 0 of modules on {E,, A) where 
L is normalized and M is L-normalized. If L is killed by then {j)*N^ and 
T>_iL{j)*L are L-normalized and fit into a canonical distinguished triangle of 
D{E,,A,): 

(101) {jAN -- {jflM, - ^t>_,L{j)*L, -^ UrNfl] 

The associated long exact sequence of cohomology is 

( 102 ) 0 - ^L' -- ^0 

where L' denote a projective system where L). = Lk if k > j and lI j^iL'^, —)■ Lk is 
zero if k' >k + j. 


Proof. The morphisms Li^k '■ Ei ^ Ek for varying k induce an equivalence E^ ~ E,. 
We may thus assume that (F^., A ) is of the form (F^^, A ). 

(i) Since A, is flat and normalized over Z/p-, Torq'^^flAk, —) and Torq^^ '^\Z/p^,—) 
coincide. Using this we find that M is F-normalized if it is Z/p'-flat and normalized. The 
other implication follows from the fact that Mk is Z/p^-flat if and only if Torj(Zi/p, Mk) 
vanishes for q > 1. 

i) The claimed exact sequence in {E^, A^^fl boils down to 


M.+j/p- M,+j -^ M,+j/p> -^ 0 


which is straightforward from 0 —?• Z/p' —)■ Zfp’^^ —>■ Zjpp —>■ 0. 

Recall that {{j)*{j)^M)k — Mk/p^~^ if F > j + 1 and 0 otherwise. Multiplication 
by on M, thus factors through {j)*{j)^,M. Since M, is Z/p-flat the resulting morphism 
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—)■ M is a monomorphism. We conclude by the following commutative square 
where the top arrow is an isomorphism because M is normalized: 


or 


Hom{{j)*N,{j)*M.) 


IV 


Hom{N,,M) 

r 

Hom(N ,p^) , 1,1 1 

Hom{N, M) ^Hom{N, 0%(j)*M.) 

Applying L{j)* to the given exact sequence gives a distinguished triangle 
L{j)*N -- L{jyM, -- L{j)*L, -- {jrN[l] 


The claimed distinguished triangle follows by truncation since the second term is con¬ 
centrated in degree 0. Let us prove that {j)*N^ and r>_iL(j)*L are L-normalized. By 
the distinguished triangle it suffices to prove this for r>_iL(j)*L . Since A, is fiat and 
normalized over Z/p' we may furthermore assume that A, = Z/p'. Since L. is normalized 
and killed by p^ it is of the form Z/p' L for some L killed by pL But then 

(103) T>-iL{j)*L, ~ r>_iZ/p-{8)z/p.+,Z/p-+^ L 

(104) ~ T>_iZ/p-<^z/p-+iL 
in D, h/p'). Consider the natural morphism 

L L 

(105) ZIp'^zL -)■ Z/p-(8)z/p.+jL 

in D{E^,Z/p'). We claim that this morphism becomes invertible after r>_i. To check 
this it is sufficient to look at the fc-th component and restrict scalars to Z. The morphism 
(11051) becomes 

(106) [L^L]^[ - >L^L^L\ 

and our claim results from the fact that p^ is zero on L. The right hand side in (11041) 
is thus isomorphic to the left hand side of (I105p . It is in particular L-normalized. The 
description of L' in the long exact sequence of cohomology is obtained by letting k vary 
in the righthand side of (11061) : in D{E ,Z) we have an isomorphism 

r>_iL(jrA^[L'^L] 

Let us emphasize however that such an isomorphism certainly does not hold in general at 
the level of D{E,,Z/p'). 

□ 

Assume now given a ringed topos {E, A) together with a morphism of variable ringed 
topoi on N°^: tk '■ {Ek, A^.) {E, A), k > 1. In this situation we have a morphism 

1-.{E„A,)^{E,A) 

and the typical example of normalized module (resp. an L-normalized complex) is l*M 
(resp. Ll*M). 


Lemma 4.4. Assume that each Lk '■ Ek ^ E is an equivalence. Assume that A is a flat 
Zp-algebra and A ~ Z/p' 0 l~^A. The restriction of the functor 

Rh : D+(E,A,) ^ D+(E,A) 
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to the full subcategory of L-normalized complexes is fully faithful. 

Proof. Since LI* preserves it suffices to prove that the adjunction morphism 
Ll*Rl^M, —)■ M is invertible for M L-normalized. As in the proof of 14.31 we may as¬ 
sume that E, = and A = Zp. Then we invoke |Ek] 2.2 (i). 

□ 

Example 4.5. Let E, = E = Xgyn, A = Zp and G G pdiv{X). 

(i) The projective system Gp. is L-normalized. 

(a) The isomorphism LI*RUGp. ~ Gp. means that the sheaves RH^.Gp. are uniquely 
p-divisible (but not necessarily trivial) for q > 1. For instance z/X = Ei then the 
restriction of R^WL/p' to the small Stale site is Qp. 

4.2. Limits and quasi-coherence on p-adic formal schemes. 

4.2.1. We adopt the following conventions regarding p-adic schemes, p-adic hue log 
schemes and their associated sites. 

Definition 4.6. ('1) p-adic scheme X is an ind object of the category of schemes 

which is isomorphic to the inductive system of schemes X, = {Xk)k>i arising from 
a p-adic formal scheme in the sense of |EGAlj . The category of p-adic schemes 
is denoted Schp. The category Schp^nii of schemes where p is locally nilpotent is 
identified to a full subcategory of Schp in the natural way. 

(a) A p-adic log scheme X** is an ind object of the category of log schemes which 
is isomorphic to an inductive system of log schemes X** = {X\)k>i satisfying 
xl ~ Sfc X X|_(_^ and such that the underlying ind-object of the category of schemes 
is in Schp. The category of p-adic log schemes is denoted Sch^p. The category 
Schf of fine log schemes and Schp are identified to full subcategories of Sch^p in 
the natural way. 

We note that no information is lost by passing from the inductive system X^ to the 
associated ind-object X^ since X| ~ x X** (product computed in Sch\f). 

In virtue of |EGA1] chap. 0, 10.6.2, 10.6.4 the category Schp is equivalent to the usual 
category of p-adic formal schemes (without any noetherian assumption). The category 
Schl on the other hand is probably too large to be a good category (see the remark after 
IM] below). 

Definition 4.7. Let top be as in \2.3.1\ and X** in Schfp. 

(i) The pretopology TOP'^{X'^) is iSch^/X** endowed with the pretopology for which a 
covering {Ul —)■ U) is a family whose reduction modp’^ is a covering in TOP^X'^) 
for all k > 1. The associated topos is denoted X^„pj. The pretopology TOP{X'^) 
(resp. fop(X**) ) is the full subcategory ofTOPUX*) formed by the f/**/X** ’s whose 
reduction mod p^ is in TOP(X^) (resp. top{x\)) for all k > 1 and where cover¬ 
ings are defined as in TOP'^{X^). The associated topos is denoted X^Qp (resp. 

(a) The topos X*^^pj is the i-big top topos of X^ viewed as a diagram of type 

Explicitly an object of X^^^p^ is thus a collection (Pfc), Ej. G together 

with transition morphisms Fk+i —t tk,k+i,*Ek (here Lk,k+i denotes the inclusion 
X^ —)■ X\p.^). The topoi X'^pQp and X)|^op are defined similarly. 

57 











The functoriality properties of these topoi with respect to X'^ and top are similar to the 
case of hne log schemes. We have moreover a pseudo-commutative diagram of topoi 


(107) A'J 

,TOPi IX. ^ ^.,TOPi I ^ ^TOPi 

where the morphisms Lk^. and I have the following explicit description (as usual the de¬ 
scription of transition morphisms are implicitly left to the reader). 

- The functor takes F to Fk. The functor tk,.,* takes F to F' where Fk, = XkF if 
k' > k and 1 otherwise. 

- The functor takes F to F' where = X^F. The functor takes F to limprojkik*Fk. 


When X** varies, (11071) is a diagram of morphisms between variable topoi on iSch^. In 
the case of big and small topoi it has a weak analogue. These diagrams are pseudo¬ 
compatible with the premorphisms of projection between jj-big, big and small topoi and 
with the quasi-morphisms of changing the topology. 

Definition 4.8. Let top be as in \2.3.1\ and X'^ in Sch'^p. 

(i) The structural O ring of X'^j.^p is defined as O := O. where Ok denotes the 
structural ring of Xl^Qp. The structural ring O of X\pQp is defined as O : = 
1^0.. The structural ring of the small topoi are defined by restriction. 

(a) Consider the morphism of monoids Mx^, Ok of Xk^et defining the log structure 
of x\. Letting k vary defines a monoid Mx,. in and a morphism Mx,. O. 
The monoid Mx of xl^ is defined as Mx '■= UMx,.- 

It does not seem clear to us wether or not Mx —)■ (9 is always a hne log structure in 
the sense of [Sh] , This won’t be a problem for us since in practice our p-adic log schemes 
will always have nice charts (see 14.4.11) . 

4.2.2. Before discussing quasi-coherence over p-adic schemes, let us recall a possible def¬ 
inition for quasi-coherent modules on the usual sites of a hne log scheme. Log structure 
play essentially no role in the following discussion. In particular jj-big topoi could be 
replaced by big topoi in 14.9114.101 and 14.121 below. 

Definition 4.9. Consider X'^ in Schf. Let prop & {qcohfiffif ft}. Let Modprop{Xl^^,0) 
denote the category of quasi-coherent modules (resp. locally free, locally free of finite type) 
on the scheme X if prop = qcoh (resp. If, If ft). Consider the projection morphism p 
from the (\-big to small topoi. We define ModpropiX'^^^p^, O) as the essential image of the 
functor 

p* : Modprop{Xlr. O) ^ Mod{Xl^p„0) 

A reasonable dehnition of quasi-coherence on the other usual sites requires the following 
lemma. 


Lemma 4.10. Let top be as in \2.S.l\ and let prop be as in j.Q . 

(i) If M is in Modqcoh{X^^^pf^, O) then it is in fact a sheaf on TOP'^{X^). We may 
thus define 

Modprop{XpQpij, O') '.= Modprop{X^^p^, O) 

58 



















(ii) Let e denote the morphism of change of topology. The essential images of the 
following functors coincide: 

p* : Modp^op(X“ pd, O) Mod{Xl^p, O) 
e* : Modprop{X^^.^^ O) —>■ Mod{Xl^p, O) 

We define Modprop{Xf^p, O) as the essential image in guestion. 

(Hi) Consider the following pairs of adjoint functors 

{p*,p.) : pd, O) ^ ModiXlp, O) 

( 6 ^ 6 ,) : ModiXlp, O) ^ ModiXl^, O) 

Each one of these four functors preserves prop. The induced adjunctions on 
Modprop are eguivalences. 

(iv) The contravariant pseudo-functors Modpropii—)TOPh^) and Modpropii—)top, 0 ) : 

Sch'^ —)■ Cat are stacks for fl (ie. verifies fl descent). 

(v) A module M of O) or (Xlp, O) verifies prop if and only if its restrictions 

to the elements of a surjective family of top morphisms do. 

Proof. Recall the following fact from sheaf theory. Let C denote a full subcategory of 
Schf /X'^ such that f/** G C and R**/f/** G topiUl imply V'^ G C. Consider on the one hand 
the ringed site {{C, zar),0) (resp. iiC,top),0)) obtained by endowing C with the zar 
(resp. top) topology and the structural ring. Consider on the other hand Modi{—)zar, O) 
as a bihbered category over 0°^. Sending a module F on {{C, zar), O) to the collection 
^ of its restrictions ^(17**) := F^zar(ut) together with the natural base change morphisms 
^(/) : f*F\zar(U'i) zar{u'i)^ / : 1/7 jjl realizes an equivalence of categories between 
the modules over ((C, zar), O) and a full subcategory, say Xzar, of the category of sections 
of the cohbered category Modi{—)zar, 0 )/C°p. Explicitly a section ^ of the latter cohbered 
category is in Xzar if and only if ^(/) : f*f,iUl is invertible for every open 

immersion /. Under this equivalence the category of sheaves of modules over ((C, top), O) 
corresponds to a full category, say Xzaryop, of Xzar- Explicitly a section ^ in Xzar is in fact 
in J-zar,top if and only if it satishes the following property (top descent); if (/* : Uf —)■ Ul 
is a top surjective family then 

e(t/») ^ iLer(n ^ Ul)) 

i j,k 

Apply this to the case where C is either Sch^X^ or the category underlying topiX^. 
Starting from a module M of C>) the pullback of M to iiC,zar),0) corresponds 

to the collection ^ of pullbacks = f*M, f : ^ X^ endowed with the obvious 

base change (iso)morphisms. If M is quasi-coherent then it follows from descent theory 
that f automatically verihes the property of top descent. In other terms the pullback 
of M to iiC,zar),0) is already a sheaf for top, and thus coincides with the pullback of 
M to {{C,top),0). All statements are straightforward from this remark. We take the 
opportunity to mention that the claim of |SGA4-Il] VII, 2.1, c (which would imply full 
faithfulness of the functor e* on the whole category of modules) is incorrect (counter 
examples already exist for top = et). 

□ 

Remark 4.11. (i) The category ModqcohiXlp,0) is abelian and the inclusion func¬ 

tor into ModiXlp, O) is exact. In the case top = zar this follows from |EGAlj 
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chap. 1, 1.3.9, 1 . 4 . 1 . In the general case this follows from the flatness of the mor¬ 
phism e : O) ('u^hich in turn results from the interpretation of 

e* in terms of collections of small Zariski sheaves as in the above proof). 

(a) Consider a subsheaf F of a module M in {Xf^p, O). We may form the submodule 
< F > of M generated by F (ie. the image in M of the free module with basis 
F). It is not always the case that < F > is guasi-coherent even if M is. This is 
the case however if M is guasi-coherent and F is a constant sheaf. 

Lemma 4.12. Consider a guasi-coherent module M on {Xf^^p^^O) (resp. {xf,^,0)). 

(i) Consider top' between zar and top and let e denote the morphism X^^p^ —)■ Xp^p,^ 
(resp. Xf^p —)■ Xf ,J. Then M is acyclic for e*. 

(ii) Let f : X'^ —>■ X ** denote a morphism in Sch'^ whose underlying morphism of 
schemes is affine. Then M is acyclic for /*. The module f^M is moreover guasi- 
coherent. 


Proof. We only explain the case of small sites since the case of jj-big sites is similar 
(or alternatively follows formally). Let C{X^,top) denote the full subcategory of top{X'i^) 
formed by the U^X^^s with U affine. Endow C{X^, top) with the pretopology of surjective 
families of top morphisms. The associated topos is thus equivalent to Xf^p (see [Arj 
3.1.3). It follows from faithfully flat descent theory that the Cech cohomology of a quasi- 
coherent module for an arbitrary covering in C{X^,top) is trivial in degree >1. In 
other terms quasi-coherent modules are C(Xl*, top)-acychc. Statement (i) (resp. the hrst 
statement of (ii)) thus follows from the fact that e (resp. /) arises from a premorphism 
C{X‘^,top) —)■ C(Xt*,fop') (resp. C{X^,top) —)■ C{X'‘^,top')). The second statement of 


11 


follows from |EGA2] 1.2.6, 1.5.2 together with the characterization explained in the proof 
of 14.101 for quasi-coherent modules as cocartesian sections of the cohbered category of 
quasi-coherent modules on the small Zariski site of a variable base. 


□ 


4.2.3. We discuss briefly a hrst candidate for the notions of quasi-coherence on a p-adic 
log scheme Xh Logarithmic structures are left aside from the discussion since X^^p — X^op 
and X^^^^p ~ X^^top- We restrict furthermore to the etale topology which has the advantage 
that the morphisms tfc.fc+i : X^^^t and Lk '■ X^ et —t X^t are equivalences. 


Definition 4.13. Consider X in Schp. 

(i) We say that a module M, of (X,_eo C>) is quasi-coherent if each is guasi- 
coherent in the sense of \4.1(^ 

(ii) Let M denote a module on (Xet,C>). We say that M is quasi-coherent ifl*M is 
guasi-coherent in the sense of (i) and M —)• lfl*M is an isomorphism. 


Remark 4.14. By definition a p-adic scheme admits a covering by open sub p-adic 
schemes which are affine. Since guasi-coherent modules are acyclic on affine schemes 
the Mittag-Leffler criterion of ra 7.20 ensures the following: 

(i) The natural morphism jp^ —?■ Ok is invertible. 

(ii) More generally if M, is a normalized guasi-coherent module of (X.^et, C^) then 
Mk ~ i*kUM ~ L^^CMjp^. 
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(in) The functor is in particular fully faithful on the category of normalized quasi- 
coherent modules. Whence a tautological equivalence 

]\T OdTnoj.jyi^ qcoh{X,^et, O) -^3-^ Modqcoh{Xeti O) 


We say that X is flat over if each is flat over We say that X —)■ F is a 

closed immersion if each Xk ^ W is a closed immersion. 


Lemma 4.15. Consider X in Schp. 

(i) The structural ring O of X^^ is "Lp-flat if and only if X is flat over Sqo. 

(a) Assume that X is flat over and consider a closed immersion Y ^ X. Then Y 
is flat over Soo if and only if the corresponding quasi-coherent ideal / of O) 

is normalized. 


Proof, (i) follows from |MW] lem. 2.1 and (ii) is straightforward. 


□ 


4.2.4. A drawback of the category of quasi-coherent modules in (X^t, O) as defined in 
14.131 is that it fails to be abelian. This may justify the following alternative definition. 


Definition 4.16. Consider a flat p-adic scheme X over Eoo- 

(i) Consider M, in We say that M, is quasi-coherent if its cohomology 


modules are quasi-coherent in the sense o flf.l^ (i). 

(ii) Consider M in O). We say that M is L-quasi-coherent if Ll*M is quasi- 

coherent in the sense of (i) and M —)■ RCLl*M is an isomorphism. 

(X O) -)■ (Xei, O) verifies the 


Remark 4.17. In virtue of 4-14 (i) the morphism I 
assumptions of \4-4\ Whence a tautological equivalence 

(Ll*,RU) 


^ Lnorm^qcoh (A'„a,C>) 




A drawback of the category is that it is not stable by truncation. This 

issue might probably be resolved as in |Ek] . We do not pursue this however since in 
practice the result 14.31 will be enough for our purpose. 

4.2.5. The notions of quasi-coherence fl4.13p and L-quasi-coherence fl4.16p do not seem 
to be simply related. We will content ourselves with the following lemma. 


Lemma 4.18. Assume that X is flat over Sqo- Consider a module M of {X^t, O) which 
is such that each l^M is quasi-coherent. 

(i) Assume that M is Zp-flat. Then M is quasi-coherent if and only it is L-quasi- 
coherent. 

(ii) If M is killed by p^ for some k > 0 then it is quasi-coherent and L-quasi-coherent. 


Proof. Let us denote M = l*M. 


Since M is Zp-flat the module M is both normalized and L-normalized. Thus it 
suffices to observe that /*M ~ by Mittag-Leffier f |BO] 7.20). 

(ii) We have to prove that the morphisms M —)■ lfl*M and M —)• RCLl*M are invertible. 
This is clear for the first one. To deduce it for the second one it suffices to check that 
/*M ~ RflM and RCt<_iLI*M = 0. The first condition follows from the fact that M 
is constant from ra nk k (ie. ik,k',*XIk — My for k' > k). The second condition follows 
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by [Ek] 1.1 thanks to the fact that t<-iLI*M = N\l] where is essentially zero (ie. 
^k' k"^k" N^i is zero for k” » k') as seen using the natural Zp-flat resolution of 'L/p'. 

□ 


4.3. Limits and quasi-coherence on crystalline sites. 

4.3.1. Consider X'^ in Sch^T^i. Letting k vary in dehnition 12.211 dehnes a variable topos 

on k /'^k) cry si,top-, < k') i-)- ik,k' '■ {X'^ /Tjk)cRYsi,top (-^V^fc')ci?ys«,top- 

The same is true for big and small crystalline top topoi. 

Definition 4.19. The topos {X^/T,) CRY si,top is the total topos associated to the above 
variable topos. Explicitly an object is thus a collection {Fk), Fk G {XyT,,)cRYsi,top, 
together with transition morphisms —)■ ik,k+i,*Fk- The topoi {X'^/T,)cRYS,top o,nd 

{X'^/'F)crys,top are defined similarly. 

The functoriality properties of this topos with respect to X'^ and top are similar to the 
case where k is hxed. We have moreover a pseudo-commutative diagram of topoi 




(108) {X‘^ /Yi]fi)(jRYSi,top - ^ {X'^ /'F)cRYSi,top -^^ {X'^/'Loo) cry si, top 

The formulae describing fll07p describe (11081) as well. When X'^ varies, fll08p is a diagram 
of morphisms between variable topoi on Sch/. In the case of big and small topoi it has 
a weak analogue. These diagrams are pseudo-compatible with the weak morphisms of 
projection between jj-big, big and small topoi and with the weak morphisms of changing 
the topology. 

The morphisms i, u of (1451) naturally induce morphisms 

U 

(109) "^Toptt- 'i -^ {X'^ /L) CRY si, top 

and similarly for big and small topoi. The functoriality properties of these morphisms are 
similar to the case where k is hxed. 

Assume now given T** in Scfi/p as well as an exact divided power immersion {U\ T\ c, 7 ). 
In {XyLk)cRYSi,top we have natural isomorphisms {0,tI) —)■ t-kl+iiU^Tl^^). Let us 
simply denote T)* the object {XyL )cRYSi,top obtained by inverting these isomorphisms. 
Then (14^ naturally induces a morphism and a weak morphism as follow: morphisms of 
topoi 

( 110 ) (xyE,)cRYs'.„r - -^- {xy^)cRYS<fop/T> -^ 

Generalizing 12.24] we dehne the restriction F^j-i := ffi/F of F to T^ and the realization 
Fj-i := of F on TK Similar observations and notations hold with CRYS or crys 

instead of CRYSK 

4.3.2. We discuss limits in crystalline topoi. The relevant morphism of ringed topoi is 

I : {{X'^/L,)cRYSi,top,C)) —)■ {{X'^/Loo) CRY Si,top, C)) 
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where both (9’s denote the structural ring, ie. O := I ^O. The following lemma shows 
that the situation is much simpler here than in 14.2.3114.2.51 

Lemma 4.20. Consider X'^ in SchK 

(i) Let us say that M in Mod{{XyT, )QjiYs»,topy normalized if — Mk 

for all k > 1. The morphism I induces an equivalence of categories 


Modnorm{{X'^/Ti,)cjiYSi> ,topi O) 


{i-\Q 


Mod{iXyE^)cRYs»,top,0) 


(a) If M, is a normalized module on {X'^/T)cry s^,topi O) then it is acyclic for /*. 
(Hi) Statements (i) and (ii) hold verbatim if CRYis replaced with CRYS or crys. 

Proof, (i) For M in {{Xy'L)cRYSi,topi^) (17**, T^) in C'7?yS'**(X**/Soo) we have 

/*M(17«,T») ~lim Mk{U\Tl) 

<—k 

This formula immediately implies that M IJ~^M (resp. —)■ M) is invertible 

for any M (resp. any normalized M). 

(ii) It is sufficient to show that {RR^,M)rpi = 0, g > 1, if T** = (17**,T**) is an object 


of CRYStop{X'^/'Lp) where p is nilpotent, say p^° = 0. First we notice that (—)rti ° Rl* 
coincides with the derived functor of (—)t« ° h- Now (—)r# o h — h o (“)r# where 
{—)t» = ^Ti,*fT^ s-s in flllOp . Next we claim that 7?(1*o(—~ RCoR(^—)rp»- This claim 
simply results from 12.151 fii) applied to the following variable pretopologies on {oo}: 
V : k CRYSl^p{XyT.k) , V k ^ top{Tl), the premorphism of pretopologies g :V ^ 
V' given by T'^tI i-)- (t/** x^# T'**,T'**) (note that g^op ,^ — (“)Ttl) and the morphism of 

k 

diagrams / : —)■ {cxd} (note that /* = Z*). Now (—jr# is exact (see appendix) and 

we are thus finally reduced to check that R'^CMrpi vanishes for g > 1. We conclude by 
observing that the transition morphisms 


are invertible for k > ko. (hi) The proofs of (i) and (ii) work as well for CRYS or crys. 


□ 


Remark 4.21. (i) The statements of \4-2(j\ would hold verbatim for modules over an 

arbitrary ring. 

(ii) The functors C and l~^ clearly preserve the crystal condition. The equivalence 
\4.2(]\ (i) thus induces an equivalence (with obvious notations) 


I^^y-^normi{2 C'^/Yj( jcRYS^yopi 


Crys((X^/Y(^)cRYsti,topi 


(Hi) Let prop as in \4-lIh We say that a module M has prop realizations if each 

is prop. This condition is clearly preserved by C and . Whence (with obvious 
notations): 


Mod. 


norm,prop 


{{XyY)cRYSKtopi 




( ( W** / Sqo ) gtt ,top: O) 
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(iv) The above remarks (ii), (in) hold as well for CRYS or crys. Let S = S. or S/; 


k < oo and let p denote the premorphism of projection from the (\-hig crystalline 
topos. The adjunction {p*,p*) for O-modules induces an equivalence 

CrysiiXyj:)cRYsKtop, O) - CrysiiXyT),rys,top, O) 


This equivalence clearly preserves the property of prop realizations. In the case 
S = S. the property norm is preserved as well. Similar remarks hold with CRY 
or crys instead of CRYS. 

Lemma 4.22. Let S denote either S. or k < oo and consider 
e : {{X‘^/YI) CRY si, top'll) l'^) cry si, topi O) 


(i) The adjunction 


for O-modules induces an equivalence 




CrySqcoh{{XyY)cRYsi ,top'} O) 


CrySqcoh{{XyY)cRYsi ^top' 1 O) 

(ii) Modules with quasi-coherent realizations are acyclic for e^,. 

(Hi) Statements (i) and (ii) hold verbatim if CRYS^ is replaced with CRYS or crys. 


Proof. 


e* is fully faithful. We need to 
) preserves the condition of being 


(i) We may assume that S = Recall that 
check the following: a. (resp. b.) the functor e* (resp. 
a crystal with quasi-coherent realizations and c. if M is a such a crystal then M ~ e*e*M. 
By abstract nonsense it is in fact sufficient to prove a. for arbitrary top and top' and b., 
c. for top = zar. 

Let us prove a. Consider M in CrySqcohi.i.X'^l'SL)cRYSi,top') and let us check that e*M 
is a crystal with quasi-coherent realizations. Since e* pseudo-commutes to the realization 
functors, we only have to check the crystal condition, ie. that for all h ■. tI ^ T^, 
h*{e,t,M)j,(i —)■ (e*M).ptt is invertible. Since both the source and the target are quasi- 
coherent Ihis is equivalent to —)■ being invertible. Now the latter 

morphism identifies to —)■ Mrpt (recall that by quasi-coherence — Mrpt). It 

is thus invertible indeed by the crystal condition for M. 

Let us prove c. in the case top = zar. Consider M in CrySqcohi.i.X'^ l'SL)cRYSi,zar)- 
The corresponding section of Mod{{—)top'i over CRY verihes that ^{f) is 
invertible for any top cartesian / (and in fact for any /). Now it follows easily from this 
and |SGAlj VIII, 1.1, 1.6 that the descent condition of 19.41 (iv), 19.51 (iv) automatically 
holds, ie. that M is in fact a sheaf for top'. In other terms M —)■ e*e*M is invertible. 

Let us now prove b. in the case top = zar. Consider M in CrySqcohi.i.X'^ /'SL)cRYSi,zar) 
and let us check that h*{e*M)rp'i —)■ {e*M)rpi is invertible. This will result from the crystal 
condition for M if we show that e*{Mrpi) —)• {e*M)rpi is invertible. Let us interpret the 
latter morphism in the category top'defined during the proof of Id.lOl for C = top'{Tl). 
By c. above the source of the latter morphism identifies to (/ : —)■ Tf) i—)■ M-p/ji whereas 

the target identifies to (/ : t T/) f*Mrpi by quasi-coherence of We may thus 

conclude by the crystal condition for M. 

The cases CRY S and crys follow formally from the case CRY S'** by I4.21l |fivl[ 
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(ii) Thanks to 12.151 fi) it suffices to treat the case S = here as well. Now since (—)Ttt 


and e* are induced by commuting continuous functors we have the following isomorphisms: 


( 111 ) 

( 112 ) 

(113) 


(i?6*Tf ) j'B 


~ i?((-)rti o ejM 
~ i?(e* o {-)rpt)M 

~ o 


We conclude bv I4.12|[(T)| The case CRYS or crys is similar (or alternatively follows from 
the case CRYS'^). 

□ 


4.4. Local p-bases and local embeddings. 

4.4.1. We recall the notion of p-bases for morphisms of schemes introduced by Kato in 
|Ka3j as well as a simplified notion of p-bases for morphisms of (p-adic) log schemes. 

Definition 4.23. (i) ^ morphism f \ X ^ Y between schemes of characteristic p 

is relatively perfect if the relative Frobenius morphism 

f(^/c ■ X —)■ 

is invertible. 

(ii) A morphism f : X ^ Y between p-adic schemes is relatively perfect if each 
fk ■ Xk ^ Yk is formally etale and if /i : Xi —)■ Yi is relatively perfect in the 


sense of (i) 


(Hi) A hnite p-basis (of cardinal d) for a morphism f : X ^ Y of p-adic schemes is 
a d-uple s G r(X, OxY such that the induced morphism 

(s,/) X W 

to the affine space (of dimension d) over Y is relatively perfect for each k. 

(iv) A hnite p-basis (of cardinal (d, e)) for a morphism of p-adic log schemes / : X** —)■ 
Yi is a couple (s, f) where s G V{X,OxY, f ^ r(X, Mx)® such that the induced 
morphism 

to the affine space of dimension d + e over Yk with log structure induced by MY^. 
and the canonical one on is strict and relatively perfect for each k. 

(v) A morphism of p-adic log schemes / : X** —)■ F** has local hnite p-bases if there 
exist strict etale coverings (Yf —)■ Yi), {Xf^ —)■ X** x^tt Yf) such that each Xfj has 
finite p-bases over F/. 

Remark 4.24. In US] i.4, the author defines a p-basis for a morphism f : Xi —)■ Yi 
of fine Tik-log schemes as a set of elements (&a)a r(X, Ox) together with a chart ch 
for f having certain properties. If {s,t) is a finite p-basis in the sense o/ |^.^3| (iv) then 
t can be viewed as chart ch for the morphism f and the couple {{si)i,ch) is a p-basis in 
the sense of loc. cit. Our definition is more restrictive however since we only consider 
log structures of the type N®. 

Let us gather some known useful properties which will be used freely in the text. We 
begin with facts about relative perfectness. 

Lemma 4.25. (i) If a morphism of p-adic schemes is etale (ie. if its reductions 

modp^ are etale) then it is relatively perfect. 
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(ll) 

(in) 


(%v) 


Relative perfectness as defined in (i), (ii) is a Zariski local notion on the 


source. It is moreover stable by base change and composition. 

Consider a relatively perfect morphism X over Ei. If Spec{A) is an affine 
open subscheme of X, I is a finitely generated ideal in A and A is the I-adic 
completion of A then Spec{A) is relatively perfect over Y. 

Consider a commutative sguare in Schp: 


U --X 

. 

T -— 


If f is relatively perfect and if i is a nilimmersion of order n (ie. if each t/fc —)■ 
Tfc is a closed immersion defined by an ideal whose sections on every open are 
nilpotent of order n) then there exists a unigue arrow h making the full diagram 
commutative. 

(v) Let X in Schp. The category of relatively perfect p-adic schemes over X and Xi 
are naturally eguivalent. IfY/X is relatively perfect then Y^/Xk is flat if and only 
ifYi/Xi is flat. 

(vi) Consider a relatively perfect morphism f : X ^ Y over Ei. IfY is regular then 
f is flat. If Y is regular and X is locally noetherian then X is regular. 


Proof. Statement (i) 
particular case of BUT 


is proven in jK^ 1.3 and |(ii)| is elementary. Statement 
1.1.3. Let us briefly indicate the proof of 


IV 


111 


IS a 


By formal etaleness 


of Xk/Yk we are easily reduced to the case where Y = Yi. But then the result follows 
from the fact that for p'’ > n, X) ^ j' X ~ X^C/y)_ both statements 

follow from Ea lem. 1 together with |(iv)| The hrst statement of |(vi)| is a particular case 
of [Ka4] 1.5 (whose proof refers to |Kal] 5.21 
formal smoothness over Ei 


The second statement is a consequence of 
|E(1A4-Tj chap. 0, 22.5.8. 

□ 


Now some facts about hnite p-bases. 

Lemma 4.26. (i) Consider a log scheme of the form X'^ = {X,Z) where X is smooth 

over El and Z is a normal crossing divisor |Ka2j (1.5) (1), (2.5). Then both X 
and X'^ have local finite p-bases over Ei. 

(ii) Morphisms of p-adic log schemes having finite p-bases or local finite p-bases are 
stable by composition and base change. 

(Hi) Consider a commutative sguare in Sch^p 

-r 

h / 

y, / 

^ ytt 

If f has local finite p-bases and if i is an exact nilimmersion of order n (ie. its 
reductions are exact nilimmersions of order n) then after replacing by a strict 
etale covering one can find h rendering the diagram commutative. 

(iv) Consider a p-adic log scheme F** and a morphism X^ —)■ F/ with p-basis {s,t). 
Up to canonical isomorphism there exists a unigue triple (X**, / : X** ^ F**, (5, t)) 
where f ■. X'^ ^ Y'^ is a lifting of f and (5, t) is a p-basis for f lifting {s,t). 
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(v) If {s,t) is a p-basis for a morphism of p-adic log schemes / : X** —)■ F** then the 
module of logarithmic differentials is free: 

(114) VLxi/Yt' liiflx'i'/Vi ~ © {(Bi=iOd\ogti) 

(vi) Consider a p-adic log scheme X'^ and (s, t) G V{X,OxY ^ ^xY such that 

(si,ii) is a p-hasis for Xl/T^i. Then {s,t) is a p-basis for X^T^k (resp. X**/Sooy^ 
if and only if X is flat over S*. (resp. T^oo)- When this is the case the morphism 
Xk —)■ induced by (s, t) is flat (resp. for any k>l). 

Proof. [(i)|Up to etale localization we may assume that X is noetherian and that Z is a 
strict normal crossing divisor l [dJ2j 2.4), ie. Z = (reduced scheme structure) with 

each Zj := fligjZj smooth over Si and of codimension ffj in X for each J C {1,..., e}. 
By Zariski localization and induction on e it suffices to assume that F{i e} is non empty 
and to hud p-bases at the neighborhood of each point of F{i e} (by convention Z{i e} = 
X if e = 0). Consider a closed point x of and choose for each i a generator f 

of the ideal of Spec{Ox,x) Xx Zi in Spec{Ox,x)- Since Spec{Ox,x) 'Xx is regular 


of codimension e in Spec{Ox,x) it follows from [S^ chap. Ill prop. 15, chap. IV prop. 
22 ] that (ti,... ,te) can be completed into a system of parameters generating mx.x, say 
(ti ,... ,te, si,..., sfj. The resulting morphism {s,t) : Spec{Ox,x) extends to a 

morphism U —?• which is etale at x |EGA4-IV] 17.5.3 for some open neighborhood 

U of X. Shrinking U if necessary we may assume that this morphism is etale everywhere 
|EGA4-IV] 17.11.4 and that ZDU = Uf^iV(ti). Then {s,t) is ap-basisfor 0 := U 
and the proof is hnished. 

Statement 


Km 


VI 


IV 


(v) 


11 , 


is immediate from the dehnition and 


111 , 


4v) respectively follow from 


Statement (v) follows from |EGA4-Ij chap. 0, 20.7.7 and [Ka2] 3.12. In 


the equivalence follows from |Ka4] 1.4 (whose proof rely on |Kal] 5.2 and |Ka] lem. 


1) together with the fact that i.i,fc,*(Afxi/Gm) — Mx^./Gri 


□ 


Remark 4.27. Consider a perfect field k. Here are some basic examples of a p-adic log 
scheme X** = X** with finite p-bases over Sqo. 

(flY, = Spec{W,{k)[SY...,Sd,TY...,Te]) or Apec(lT.(fc)[[Ai,..., Ti,..., Tj) 
and = (F, (N® —)■ (P, e, i—)■ Tj)). A p-basis is given by {s,t) where Si = Si 
and ti = Ci. 


(li) Y, = Spec{W{k)[Si, ...,Sd,Ti ,... ,Te][(S'i - ai) ^ ..., {Sd - ad) ^]) with a* e 
lF(fc)x or Spec{W.{k)) [[Ai,..., Ti,..., Te]]), F« = (F, (N^ ^ (P, ^ T^)). 

A p-basis is given by (0,t) where ti = Si — ai, i < d and ti = Ci-d, i>d + l. 

(Hi) Example (i) can be covered etale locally by example (ii) (enlarge k if necessary 
and choose ai = ■ ■ ■ = ad = a for d + 1 values of a whose reduction mod p are 
distinct and non zero). As a result ifY^ is an arbitrary p-adic log scheme with 
local finite p-bases then they can in fact always be chosen of the form (0,f). 


4.4.2. We dehne categories of embeddings using the notion of hnite p-bases introduced 
in 14.4.11 

Definition 4.28. (i) We define the category Emb'^ and a full subcategory Emb'^'W^ 

Emb^ as follows: 

- An object of Emb'^ (resp. Emb'^'W^), called a local (resp. global^ embedding, 
is a triple (f/**/X**, F**, l) where 0 and X** are fine separated 'Ei-log schemes, F** 
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is a p-adic log scheme with local finite p-bases over Ti^o, is strict etale 

surjective (resp. 0 = and i : U'^ ^ Y'^ is a closed immersion (ie. U‘^ —)■ 
is a closed immersion in the sense of log schemes). 

- A morphism f : {U'^/X'^,Y'^,l) —)■ {WyX''^,Y'^, d) consists in a triple of 
compatible morphisms {fx^fuifr)- 

(a) The category Emb^ (resp. is viewed as a Schf/T^i-category via the 

forgetful functor {Uyx'^, Y'^, t) XK The fiber above X'^ is denoted Emb^X'^) 
(resp. [X'l')) and its objects are called local (resp. global^ embeddings 

for Xb Id^e say that X^ is locally (resp. globally^ embeddable if EmbfiX'l^) (resp. 
Emb^'^''°^{X'^)) is non empty. 

(Hi) A morphism f = {fx,fu,fY) in Emb^ (resp. Emh^’^’‘°’^) is said to be above fx, 
or to extend fx locally (resp. globally^. We say that f lifts fx locally (resp. 
globally) if the commutative square 


is moreover cartesian. 




fu 


U'i 


Y» 


fv 


yd 


We often use simplified notations such as (f/**,y**) or even Y'^ to designate an object 
of Emb"^ or Emb^'^^°^. In practice it will also be useful to consider the following smaller 
categories. 

Definition 4.29. (i) Let /Ti (resp. /'Ll) denote the category of 

separated log schemes with local finite p-bases over Si (resp. and whose log struc¬ 
ture is trivial). 

(a) Let Emb'^’^^°^’^hpb denote the respective full subcategories of Emb^’^^°^ 

and Emb^ defined by the condition that X^ (hence 0) has local finite p-bases over 
Si. 

(Hi) Let Em¥^°^, Emb, Emfihpb denote the respective full subcategories of 

Emb'^’^’'°’^, , Embfi Emb'^’^^pb defined by the condition that X'^ (hence 

0) and F** have trivial log structures. 

Remark 4.30. If X = X^ then X is locally (resp. globally) embeddable if and only if 
Emb{X) (resp. Emb^^°^{X)) is non empty (just forget log structures on Y^. 

Lemma 4.31. Let X'^ be a separated fine log scheme over Si. Let * c {jj, Ifpb}. 

(i) The categories Emb*'^^°^{X^) and Emb*{X'l^) have products. 

(a) Consider a morphism fx '■ X''^ —)■ X'^ and assume that Emh*{Xy is non empty. 
For any Y'^ G Emb*{X'^) there exists F'** G Emb*{Xy and f : Y'^ —)■ Y^ in Emb* 
above fx- 

(Hi) If Xy^i has finite p-bases then the category Emb*'^^°^{X^) contains liftings (ie. 
objects satisfying X^ ~ Yf). Closed subschemes of X'^ are in particular globally 
embeddable. 

(iv) The category Emh*{X'^) is non empty in the following cases: 

1) X**/Si has local finite p-bases. 

2) X/Si is of finite type. 

3) X = Spec{A) where A is the completion of a ¥p-algebra of finite type. 
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In the latter two cases, the category Emb^{X'l^) contains objects {U^/X^,Y'l^) 
with U affine and = {Spf{Zp{W}),W) for some e > 0. 

(v) If X^ has local finite p-bases and F** G Emb^{X'i^) then its logarithmic divided 
power envelope := D{X'^, Y^) is flat over Soo- 


Proof. 


The product {0/X'^,Y'^, l) x F'**, d) is represented by 

{0 Xxi 0yx\ F“ X F'«, i” :0 Xxi 0^ ^ F“ X F'“) 


where l” is natural morphism deduced from lx d. It is indeed a closed immersion thanks 
to X** being separated |EGAlj chap. 1, 5.4.2. 

Let us begin by choosing an arbitrary (t/'**, F'**, d) in Em&**(X'**). Observe that 


U^Xxi 0 — 0^ Xjsf'tt (X't* x^it 0) is a strict etale surjective X'**-scheme via the hrst 
projection and that the morphism l” : U'^ Xxi0 -tt Y'^ x FMs a closed immersion. 
Projecting on second factors, we get the desired morphism above fx- 

f : {0^ Xs» 0, F'“ X F“, l") {0, F«, l) 


111 , 


The hrst statement follows from 14.261 (iv) and the second statement follows from 


the hrst one. 

Case 1 follows from 


IV, 


111 


Case 2: Note that if a local embedding of the claimed 
type exists for each X^ in a hnite family then it also exists for the disjoint union of 
the X^. Replacing X'^ with a strict etale covering if necessary we may thus assume 
given a hne chart P —)■ Mx ■ Choosing a surjection W ^ P and a closed immersion 


X —>■ S'pec(Fp[N“]) gives a closed i 


immersion 


t : X** —)■ S'pec(Fp[N'^+'^], N®). Replacing X** 


with an open covering and composing l with an appropriate translation we may assume 
that this closed immersion factors through 5'pec( Fp[N^ '*~'^], and the result follows. 

Case 3 is deduced from case 2 by completion (14.251 (iii)). 


(v) Since the question is etale local on T and since the etale sites of T and X are 
naturally equivalent we may assume that X** is separated and has hnite p-bases. But 
then we can hnd a lifting X** in and it follows from |Ts2] 1.8 that : = 

D{X^, Ffc x_X^) is simultaneously an algebra of divided power polynomials above x! and 
T^. Since X| is hat over the result follows by faithfully hat descent along 

□ 


4.5. Exactness for crystals. 


The purpose of this paragraph is to discuss some exactness properties of the categories 
of crystals over {X'^/'L)crys,et or {X^/Tioo)crys,et and of the realization functors attached to 
local embeddings. 


4.5.1. We use the terminology of 12.5.11 


Lemma 4.32. Let X** in Sch^/'Ll, S = S. or Sqo and prop C {qcohflfflfft,norm}. 
The full subcategory CrySprop{{X'^/Tj)crys,euO) of Mod{{X'^/J2)crys,et,0) is closed by ex¬ 
tensions. The induced exact structure will be denoted cm (^exactness of modules/ 


Proof. This is clear from the exactness of the realization functors (19.41 (ii)). 


□ 


In practice the exact structure cm is not very useful. In the subsequent paragraphs we 
will review another (weaker) canonical exact structure. 
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4.5.2. We begin with a preliminary result concerning the exactness of the pullback functor 
for modules with connections. 


Definition 4.33. Consider a morphism fx ■ —)■ X’'^ between fine separated Si- 

log schemes. We say that fx admits flat liftings to local embeddings if there exist 
{Uyxf l) m EmhfiX^), (U'^X'f Y'f d) m EmhfiX’'^) and a morphism f = {fx, fu, fv) 
between them which lifts fx locally \f.28\ (Hi)) and which is such that each one of the mor- 
phisms Yfc —>■ Y). underlying fy is flat. 


Lemma 4.34. If X'^ is locally embeddable and fx '■ X'^ —)• is a strict etale morphism 

between separated T^i-log schemes then fx admits fiat liftings to local embeddings. 


Proof. Replacing by an etale covering if necessary we may assume given a global 
embedding (X't*, W**, d). We conclude using |SGAlj I, 1.8.1. 


□ 


Consider a global embedding Y'^ of X** with logarithmic divided power envelope denoted 
TK In this situation we may dehne the category of module with quasi-nilpotent integrable 
connection over as in 19.191 This category will sometimes be denoted 'V-Mod(f{Xf X**) 
instead of X-Mod{Tl) in order to emphasize the dependance in YK We also denote 
X-Mod^‘^{Xf Y^) the category obtained by letting k vary. Note that these categories are 
clearly abelian. 


Lemma 4.35. Consider a morphism f = (/x,/y) : {XfYfi) —>■ (X'^,X'^,d) inEmh^'^^°^. 
If fx admits flat liftings to local embeddings then the pullback functor 

f* : V-ModP^{X'fY'^) V-ModP\XfY^) 

described in h9.21\) is exact. 

Proof. Denote and T'^ the respective logarithmic divided power envelope of i and i. 
Since ef(X**) ~ et{T'^) and ef(X'**) ~ ef(T'**) we hnd that the problem is etale local on X' 
and X. We may thus assume given a morphism /i = {fx, /i,y) : (X«, yI) (X'«, X/“) in 
such that the /i,y,fc’s are flat. Letting Y 2 (resp. Y 2 ) denote the product X** x X/) 
(resp. X'l* X Y^)) computed in (resp. and /2 = / x /i we 

get from 19.201 a pseudo commutative diagram 


V-ModP‘^(X«) V-Mo<(X2“) V-ModPflY}) 


r 

X-ModP^{Y'^) 


E 

^ V-ModP'^{Y)^) 


/i‘ 


where horizontal arrows are equivalence. We are thus reduced to the case where f = fi 
but then the statement follows from 19.211 since the logarithmic divided power envelope T** 
of X** is flat over the logarithmic divided power envelope T'^ of Y'f 

□ 


4.5.3. We are now in position of discussing the case of crystals over (Xt*/S.)crys,en 

Proposition 4.36. Consider X'^ in Schf /T^i which is locally embeddable and letT'^ denote 
the logarithmic divided power envelope of some local embedding Y'^ for X^. 
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(i) The category Cry/T)crys,etI O) is abelian and 

(-)r« : Crys{{X^/TXrys,en O) ^ O) 

is an exact faithful functor. 

(a) Crystals with quasi-coherent realizations form a fully abelian subcategory 
CrySqcoh{{XyT,,)crys,et, O) of Crys{{XyT,,)crys,et, O) . 

(Hi) If prop C {norm,qcoh,lf,lfft} then CrySprop{{XyT)crys,et,C)) is closed by ex¬ 
tensions in the abelian category Crys{{X^/T)crys,et) O). The induced exact struc¬ 
ture will be denoted e (^exactness of crystals^. 


Proof, (i) Let A denote the category whose objects are [n], 0 < u < 2 and whose 


arrows are the strictly increasing maps. Consider the diagram of type A°p whose vertex 
Y\t] = ^ fold product of F** computed in the category Emb'^{X'^). 

It follows from l9.20] and 19.101 fiiii that Crys{{X'^/'E)crys,et, O) is equivalent to the category 
rcart(-^/A) of cartesian sections of the cohbered category over X/A given by [z/] 
X-ModP'^{Y,^(), (/ : [u] [C]) /*. The result now follows by exactness of the functors 

Using the crystal condition we hnd easily that the conditions of having quasi- 


11 , 


coherent realizations can be tested by realization on the given Th The result follows by 

is similar. 


exactness of the realization functor (—)rti of (i) The proof of (iii^ 


□ 


Remark 4.37. (i) Concretely, a short sequence of crystals T : 0 —)■ Mi^, —)■ M 2 ,. —)■ 

^ 3 ,. —)■ 0 zs CM-exact (resp. e-exact) if all realizations of the £k’s are exact (resp. 
if the realization of Sk o-t tI is exact for each k, being fixed as in 14-36] ). The 
exact structure cm is thus stronger than e. This may be reformulated by saying 
that e is not induced by the inclusion of the category of crystals into the category 
of modules over ((X**/S.)crys,et, C’)- Instead it is induced by the inclusion into 
the category of modules over a suitable variant of the restricted crystalline site of 
[Bil] IV, 2. 

(a) If a cofibered category has a cleavage by functors commuting to direct limits then 
its category of sections has the same exactness properties than its fibers. It thus 
follows from \4.36\ (ii) that the category Crys{{XyT,)crys,et,0) is abelian as well 
when X'^ is a diagram whose vertices are locally embeddable (no condition is needed 
on the edges here). 

4.5.4. Let us turn to the case k = 00 . As a preliminary observation let us notice that the 
equivalence 14.141 (iii) endows Modqcoh{Tl^,0) with a canonical exact structure which will 
be denoted e. 


Proposition 4.38. Let A**, Y^, T** as in\4.36 


(i) The fully faithful functor 


I ^ : Crys{{xyj:^)crys,eu O) ^ Crys{{X^/T,)crys,eU O) 


induces an exact structure on its source which will be denoted e (exactness of 
crystals^. 

(ii) If prop G {qcoh,lf,lf ft} then CrySpropiiXy'Eao)crys,et, Ct) is a fully e-exact sub¬ 
category of Crys{{XyToo)crys,et, O). 
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(in) Consider the realization functor {—)Tt '■ Mod{{XyTjoo)crys,et, O) ^ Mod(Tt„0) 
defined by the formula Mj-t = This induces a functor 

(-)t# : CrySgcohiiXyToc)crys,et, O) Modqcoh{Tlt, O) 
which is faithful e-exact and reflects e-exactness. 


Proof, (i) This follows from the crys variant of the equivalence 14.211 (ii) together with 


the case prop = norm in 14.361 (iii^ 


This follows from 14.361 (i) thanks to the fact that the functor 

I . Cr’ySp)'op((^^/Soo)crj/s,et) t CrySprop,norm(^^X^(Ti) Q.rys,et'} C') 


is an equivalence (14.211 (ii) 


111, 


111, 


:iv)). 


We have a pseudo-commutative square as follows: 

CrySqcoh{{XyE^)crys,et, O) CrySqcohflX'^l'C^)cTys,et-, O) 
(-)ytt (“It# 

Modq,,^{Tl O) -^-- Mod{Tl,, O) 


Indeed if M is a crystal with quasi-coherent realizations in ((W**/Soo)crys,eo O) 
{I ^M)rpi is normalized and quasi-coherent, hence verihes l*C{l — {I 

the statement follows formally from the fact that the horizontal arrows and the 
vertical one are faithful e-exact and reflect e-exactness (14.361 (i)). 


then 

Now 

right 


□ 


4.5.5. If one is interested only in crystals with locally free realizations the situation is 
simpler. 

Proposition 4.39. The exact structures cm cind e coincide on Crysif{{X'^/Yioo)crys,et^ O) 
and Crysif{{Xy'L)crys,eu O). 

Proof. In both cases one is reduced to prove that a sequence of locally free crystals 
0 ^ M' ^ M ^ M" ^ 0 in {{X^/T.k)crys,en O) which is e-exact is e^^-exact as well. Let 
T** be as in 14.361 and consider an arbitrary T'** in crySefiX'^/Yik)- Replacing T'^* with a 
covering if necessary we may always assume that there exists a morphism g : T'** —)• T^. 
Consider the following commutative diagram 

0-^ ^ Mrpii -^ ^ 


0-. g*M' -- g*M^, -- g*M'' -- 0 

-'fe -'fe 


The vertical arrows are invertible by the crystal condition and the bottom line is exact by 
local freeness of M". The top horizontal line is thus exact as well and we are done (see 

WMM- 


Remark 4.40. 

k < oo. 


Statements 4.35, 4-36 and 
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□ 

4.39\ have obvious counterparts over if 































































4.6. Twists by effective logarithmic divisors. 

4.6.1. We recall the basics of twisting in a general setting. Let {E, A) be a ringed topos 
and assnme given an integral log strnctnre a : Me A (ie. Me is a monoid of i?, a is a 
morphism of monoids, M^ := a~^A^ is sent isomorphically to A^ by a and the natnral 
morphism oi Me into its fraction gronp M|f is monomorphic). 

Definition 4.41. Let {E, A, ME.,a) as above. 

(i) An effective log divisor h is a section of the monoid Me/M^,. 

(a) If h is an effective log divisor, the associated line bundle 

A{-h) := Ph A 

is defined as follows: Ph is the Mf-torsor determined by h (ie. Ph := q~^{h} 
where q : Me —)■ ME/Mf) and A{—h) is the quotient of Ph x A by the action 
of Mf given as m.{p,a) = {pm~^,a{m)a) endowed with the addition {p,a) + 
{pm, h) = {p,a + a{m)h) and the action of A given as a.{p, h) = {p, ab). 

(Hi) If M is a module of {E,A) and h an effective log divisor we set 

M{-h) := M ®AA{-h) 


We make some remarks about these dehnitions: 

- if h G T{U,Me) is a preimage of h for some U in E then it induces a trivialization 

A{—h)\u — {mh,a) i—)■ ma. 

- the twisting functor {—h) : Mod{E, ^4) —>■ Mod{E, A) is exact since A{—h) is locally 
isomorphic to A. 

- the twisted module M{—h) can as be described as a contracted product as well; 
M{-h) ~ Ph M. 

Lemma 4.42. (i) Let h G r{E, Me/M^) and assume given a factorization h = 

hi + h 2 . Then we have canonical isomorphism and morphism of A-modules as 
follow: 


A{—hi) (8a A{—h 2 ) —>■ A{—h) nat : A{—h) —)■ A{—hi) 

(a) If f : {E',Me' — )■ A') — )■ {E,Me A) is a morphism of integral log ringed topoi, 
h G T{E, ME/Mf) and h' = f~^h there are canonical isomorphisms 

nM{-h)) zz {rM){-h') and {fiM'){-h) ^ ffiMfi-h')) 

which are functorial with respect to M ^ Mod{E, A) and M' G Mod{E', A'). 


Proof, (i) The isomorphism is given by the formula (mi, af) ® {m2, 02) (—)■ {mim2, 0102). 


The second morphism is induced by the morphism 


A{-h2) = Ph2 A^^' A ^ A A^" kl ^ kl 


where the hrst arrow is induced by a and the second is multiplication in A. 

i) Since A{—h) is locally isomorphic to A both isomorphisms follow formally from the 


more obvious isomorphism f*{A{—h)) ~ A'{—h'). 


□ 


4.6.2. We explain briefly the relation between log divisors and effective Cartier divisors. 

Definition 4.43. Consider a scheme X and let top between zar and fl. 
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(i) Let U/X in top and f G T{U,0). We say that f is a non zero divisor if mul¬ 
tiplication by f on the structural ring of Utop is monomorphic. Let us denote 
StopifJ) C r(t/, O) the monoid of non zero divisors so that S : Lf/X i—)■ StopifJ) is 
a sheaf of monoids on top{X). 

(a) The top sheaf of effective Cartier divisors on X is the quotient sheaf Stop/Gm- A 
top effective Cartier divisor on X is a global section of this sheaf. 

For top = zar this dehnition agrees with the one explained in |K1] . 

Lemma 4.44. Let e : Xtop X^ar denote the natural morphism. There is a natural 
isomorphism e^{Stop/Gm) — Szar/^m- The notion of top effective Cartier divisors is in 
particular independant of top. 

Proof. Note hrst that by flatness of the morphism e : {Xtop, O) {Xzar, O) we have 
^*Stop = Szar- The point is thus to prove that e^Stop/e^^Gm — ^*{Stop/Gm). If Stop was a 
group then we could conclude directly from the fact that Gm is e*-acyclic. We may still 
conclude however thanks to the following fact (whose proof is straightforward and left to 
the reader). 

Claim. Consider a pretopology (C, Cov). If G is a sheaf of groups acting freely on a sheaf 
of sets F then for any Lf in C there is a monomorphism F{Lf)/G{Lf) —)■ F/G{U) whose 
image coincides with the preimage of zero under the boundary map F/G{U) —)■ H^{U, G). 

□ 


Definition 4.45. Consider a fine log scheme X^ over S^.. 

(i) A flat hne chart for X'^ over Efc is a strict flat morphism 
X** —)■ {Spec{'L/p^[P]), P) with P a finitely generated integral monoid. 

(a) We say that X**/Sfc has local flat hne charts if there is a surjective strict etale 
family Lf\ —)■ X** where each has a flat fine chart. 


Let us point out that in virtue of l4.25f(^ a hnite p-basis over automatically induces 
a hat hne chart over S^.. 


Lemma 4.46. Assume that X^ has local flat fine charts over 

(i) The logarithmic structure a : Mx O on {Xet,0) induces monomorphisms 
Mx ^ Set o.nd Mx/Gm ^ Set/Gm- 

(a) Assume that X** has a p-basis {s,t). Then Mx identifies to the submonoid sheaf 
of Set generated by Gm and the U’s. In particular if Zi : Vx{ti) —)■ X denote the 
inclusion morphism of the divisor defined by U then Mx /Gm ^ Yli 


Proof. The proof of (i) and the hrst statement of (ii) is given in |Ka2] 1.5.3, 1.10. For 


the proof of the last statement we may assume that X is an affine space as in 14.271 
We have to describe the sub monoid sheaf of Set/Gm generated by the tfs. Consider an 
etale X-scheme Lf and denote Zt^jj : Vu{ti) Lf. Since Lf is regular the Zariski sheaf of 
its Cartier divisors identihes to its sheaf of Weil divisors and we hnd that the sub monoid 
Zariski sheaf generated by the t/s identihes to The resulting collection of 

Zariski sheaves for variable U clearly verihes the etale descent condition and corresponds 
to the etale sheaf Hi as claimed. 

□ 


Remark 4.47. (i) Consider an arbitrary fine log scheme XK We know that the set 

of points where the log structure is non trivial is closed (see e.g. |Sh] 2.3.1). The 
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corresponding reduced closed subscheme will be denoted Supp{Mx). Using \4^T0 


(iv) and\4.11\ (ii) we find that the ideal generated by the image of Mx into O is 


guasi-coherent. It thus defines a closed subscheme which we denote Center{Mx) ■ 
Note that if X'^ is a strict morphism then Supp^My) =Y Xx Supp{Mx) 
and Center{MY) = Y Xx Center{Mx) 


fit) If X^ has ap-basis {s,t) then\4f4^implies that the closed subschemes defined in\fif 


have the following explicit description: Supp{Mx) = Yx(Wti) andCenter{Mx) = 
Vxfii,, te). Note in particular that the latter is reduced too. 


4.6.3. Let in Schp. The collection of log structures Mx^ O defines an integral 
log structure Mx, O on the ringed topos C>). Note that by exactness of the 

Li^k ■ —)■ Xl the logarithmic divisors on Xk are in bijection with those of Xi. In 

particular r(X,et, ) ~ T{Xi,MxJGm)- 


Lemma 4.48. Let h G r(X /M^ ). 

fi) The twisting functor can be computed componentwise: if.^{M,{—h)) ~ Mk{—hk). 
(a) The image of the canonical morphism nat, : 0{—h) O is the ideal generated 
by a{h). If Xl has flat fine charts over then nat^ is a monomorphism in the 
category Mod{Xl O). 

(Hi) The twisting functor {—h) : Mod(X**gj, (9) —)■ Mod(X*|gj, (9) is exact and pre¬ 
serves the properties norm, qcoh, If, If ft. 


Proof. Statement (i) is a special case of 14.421 (ii) In (ii) the hrst assertion follows from 


the fact that etale locally natk can be described as multiplication on O by a{hk) with 
hk a preimage of h giving a trivialization as explained after 14.411 The second assertion 

Statement 


follows from 14.46] fi 
are etale local. 


iii) is clear from the fact that the properties in question 


□ 

Consider X** in Sch/Ti. The collection of log structures My —)■ O for = {U‘^,T\ l) 
in CrySefiX^/Tk) dehnes an integral log structure Mx/y, Ox/y on the ringed topos 
((XVS)e.,.,et,0) (S = S, or Tk, 1 < k < oo). Note that a logarithmic divisor h of X** 
induces canonically a logarithmic divisor hyi of T'^ by exactness of i. Whence in particular 
a bijection TfiX^/Tl)^rys,eo Mx/y/Of.i^) - T{X,Mx/Gm)- 

Lemma 4.49. Let Xfi Tfi h as above. 

(i) The twisting functor (—h) : ModfiX/T,)crys,et,0) Mod{{X/Yl)crys,et-,0) is 
pseudo-compatible with the realization functor (—)rtt; M{—h)x\i ~ Myi^—hy). 
In particular it preserves crystals. 

(ii) If X** is locally embeddable then nat : 0{—h) O is a monomorphism in the 
category of crystals. 


Proof. Statement (i) follows from 14.421 tip Statement (ii) is a consequence of 14.361 fi' 

KM 


11 


□ 


5. Twisted syntomic complexes for Dieudonne crystals 
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The purpose of this chapter is to dehne and relate several variants of the syntomic 
complex functors announced in ([2]), ([S]). On the etale site we carry on three parallel 
constructions of a twisted syntomic complex which are shown to be isomorphic (I5.38[ 
15.50115.5ip . Then we give two constructions on the syntomic site in the case of trivial log 
structures and we relate them to the previous ones (15.59115.63115.65p . 


5.1. The category of (1, (;/))-modules. 


Roughly speaking (each variant of) the syntomic functor will be defined as the mapping 
hber of 1 — 0 where 1, 0 are morphisms to be defined. The purpose of this section is to 
summarize some basic facts about the category keeping track of 1, (j) themselves (rather 
than their mapping hber). 


5.1.1. It will be convenient to dehne the category of (1, 0)-modules as a category of 
modules on a suitable ringed topos. The following constructions will be used e.g. when 
E = etc. in sections ESI ESI 

Lemma 5.1. Let E denote a topos and consider the category E^’'^ of E-valued presheaves 
on the category 1 |= 0. Explicitly: 

- an object is a guadruple X = (Xi, Xq, lx, 0x) where Xi, Xq are objects of E and 
fx, 4>x are morphisms Xi —)■ Xq in E. 

- a morphism X Y is a couple of morphisms Xi Yi, Xq —)■ Yq which are compatible 

with lx, ly as well as (fx, 4 >y- 

(i) The category is a topos. 

(a) There are two morphisms of topoi 0,1 : E ^ such that l“^(Xi,Xo, 1,0) = 
Xi, 1*X = (X, 1,1,1), 0“^(Xi, Xq, 1, 0) = Xq, 0*X = (X X X, X,pi,p2) 

(Hi) There is a morphism of topoi tt : —)■ E such that 7i~^X = {X,X,idx,idx), 

7r*(Xi, Xq, 1, 0) = Xer(l, 0). One has in particular vrol ~ ttoO ~ idE canonically. 

(iv) The topos and the morphisms 1, 0, tt are canonically pseudo-functorial with 
respect to E. 

(v) The functors 1“0 0“^, have left adjoints, Iq, Oq, xq satisfying lo(2f) = 
(X,X UX,ii,i 2 ), Oo(X) = (0,X,0,0), 7ro(Xi, Xq, 1, 0) = Cofcer(l,0). 


Proof. 


is clear from Giraud’s criterion and the remaining statements are immediate. 

□ 


The following lemma explains how the topos gives rise to (1, 0)-modules. 


Lemma 5.2. Assume now that {E,A) is a ringed topos and that A is eguipped with 
a given endomorphism E. Let (E) denote the endomorphism of the ringed topos {E, A) 
which is the identity of E together with E. Let us consider the category Mod}'’l‘{E, (A, E)) 
(or simply Mod^’^{E, A) if there is no ambiguity about E) where: 

- an object is a guadruple M = (Mi, Mq, 1m, 0m) where Mi, Mq are modules of {E, A) 
and 1 m '■ Tfi —)■ Mq, c^m '■ Mi —)■ (F)*Mo are morphisms in Mod{E, A). 

- a morphism M ^ N is a couple of morphisms Mi —)■ Ni, Mq —)■ Nq in Mod{E,A) 
which are compatible with 1 m, Itv cis well as with 0^, (fx- 

(i) The category Mod}''l’{E, A) is canonically isomorphic to the category of modules 
of the ringed topos (i?^’'^, {A, A,idA, E)). 
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(a) The morphisms 1, 0, vr induce tautological morphisms of ringed topoi 


(E,A}^ (£■•♦. (A, A. td_,, F)) ^ (E, 

0 

where := ti^A denotes the subring of fixed points of the endomorphism F. 
(Hi) The pullback functors for modules 1*, 0*, vr* have left adjoints, li, Oi, 7i\, satis¬ 
fying 1\{M) = (M, M© {F)*M,ii,i 2 ), OfM) = (0,M, 0,0), ^(Mi, Mq, 1, 0) = 
Coker{l — fi). The second one is exact and the other two ones are left derivable. 
There is moreover an exact seguence in Mod}''l’{E, A) 


OiiWn 


M 




which is functorial with respect to M = (Mi, Mq, 1m, 0m) in Mod^’‘l’{E, A), 
(iv) In D+{E,A^=^) one has a canonical distinguished triangle 


Rtt.M -- Ml > Mo-- R7i,M[1] 


which is functorial with respect to M = (Mi, Mq, 1m, 0m) ^n D+{Mod^A^E,A)). 


Proof. In (i) it suffices to observe that a module action 


{A, A,idA, F) X (Ml, Mo, 1 m, 0Ar) — t (dPi, Mq, 1m, 0m) 


is equivalent to the data of module actions A x Mj —)■ Mj for which 1 m is linear and 0 m 
is F-linear. The proof of 


11, 


111 , 


is routine. Let us explain 


IV 


By scalar restriction to 


A^^^,idAF=i,idAF=i) we can assume that A^^^ = A (recall that i?7r* commutes to 
restricting scalars |SGA4-Il] V, 5.1, 2). But then the result will follow from 13.31 applied 
to the case where the functors Fi, F 2 , F and Fq respectively send M = (Mi, Mo, 1m, 0m) 
to Ml, Mq, 1m — 0M and vr^M once checked that 1m — 0m is surjective as soon as M is 
an injective object of ModfA(^E, A). This in turn results from the fact that 1 m' ~ 4>m' is 
surjective for M' = (Mi x Mq x Mq, Mq,P2,P3) together with the fact that the natural 
embedding f ■. M ^ M' (built from the adjunction map between the forgetful functor 
M I— >• (Ml, Mo) and its right adjoint) splits (by injectivity of M). 

□ 


5.2. Local embeddings with Frobenius and cohomological descent. 


In this section we dehne several categories of semi-simplicial local embeddings with 
additional structures which are adapted to the constructions we have in mind. We also 
prove that they satisfy the assumptions of a categorical lemma providing a canonical way 
of gluing local constructions. 


5.2.1. As a motivation let us begin with two applications of cohomological descent in the 
small etale crystalline topos. Let X'^ in Sch^/Ti and consider a semi-simplicial p-adic 
dp-thickening = (17j*j/X**,Tj**j). Denoting = limindkT^-^ the associated semi 


simplicial crystalline sheaf we have the following pseudo-commutative diagram 09.61 (ii)): 
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frpi 


r 


4# 


4“ /c/f- 


(115) O) ^ {{Ul/T.),rys,eU O) 


(x“f, 

_ 


4?, 


(f^['i"i. Of'®') 


(T« O-I”) 


4# 


Here we have used the simplified notation instead of where l : —)■ 

the following we refer to |SGA4-Il] V, 7.3.1.1 for the notion of hypercovering in a topos. 

Proposition 5.3. Let X'^ in Sch/Tji. 

(i) Assume that is a hypercovering of (X**/Soo)crys,et- For any M in 
{{XyT,)crys,et, O) thc adjuncUon morphism M, —)■ Rfj,t M, is invert¬ 

ible and induces an isomorphism 


(116) 


RuM, ~ M ^n D+{Xlf, 


(a) Assume that is a hypercovering of Xl^ and that Th is the logarithmic divided 
power envelope of some semi-simplicial object (f/j*j, yj**j) of . For any 

module M on ((X**/E.)crys,et, C>) the adjunction morphism M. —)■ Rfjji M 

is invertible. If is a crystal this isomorphism together with the Poihcar&res¬ 


olution (see\9f3M (i) and\9.34^ induce 


(117) 


Ru,M,c^RU (M.) m D+{Xlf,0<:^y^) 


'4..'* Xi.. 


Proof. The first statement of (i) (resp. (ii)) is an easy consequence of |SGA4-II] V, 7.3.2 


applied to the hypercovering ^ (resp. i^ff) of the topos {Xy'Ek)crys,et- The second 


statement of 
statement of 


11, 


[.],fc 

follows by pseudo-commutativity of (11151) . Let us now explain the second 
Using [2311 we get a semi-simplicial version of the Poincare lemma 15.321 


/-/A/ ~ (Af I , )) in £>+((yV^ 


Using l273T]|(ii)| as in the proof of I9.32l[(l)] we get 


Ru.fpM ~ (Af I ,) in 


and the result follows by (I115p . In the statement of the proposition we have used the 
simplified notation 

n;, (A/):=ji;, (at, ,) 

and we will continue to do so in the rest of the text. 


□ 
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Remark 5.4. Assume that satisfies simultaneously the conditions of 1 5. 31 (i). (ii) and 
let M denote a crystal. Consider the following morphisms in 


(118) 


[9:W^ 




m), 




lOf l 


m 


where the middle arrow is deduced from \9.m (ii) as follows: 
(119) —)■ L^,U^,frp<i ^/*jt Xj.» ^f* 




On the one hand it follows easily from U15\) and the proof of \5.3[ (i), (ii) that the middle 
arrow of U18\) in question becomes invertible after applying 

RU ^: zi+(tJ ^^ D+iixlf,o^^y^)). 


M-i.- 


Stupid truncation on the other hand provides a morphism from the last term of H118\) to 
the first one. As explained in m, one can prove that the image of the latter morphism 
under is also invertible. We have not tried to compare these two isomorphisms. 

In view of constructing twisted syntomic complexes above fine log schemes or diagrams 
of such it will be convenient to introduce the following variants of the categories of em¬ 
beddings dehned in 14.28114.291 

Definition 5.5. Consider * C {ififph}. 

(i) Let Emb*p (resp. Emh*fiy^°^) denote the following category. An object (JJ'^l, F) 
is an object of Emb* (resp. Emb*’y’'°^) together with a Frobenius lift F on Fh A 
morphism is a morphism of Emb* which is compatible with Frobenius lifts. 

(ii) Let HR*jf^ (resp. HR*/''^y^) denote the category of semi-simplicial objects of 

the category Emb*p of the form Yj**j = F[,]) for some constant 

semi-simplicial object X** of Sch*/T,i and such that f/|*j (resp. the logarith¬ 
mic divided power envelope of L[,]) is a hypercovering of the topos xl^ (resp. 

/'R‘oo) cry s,et) ■ 

(Hi) Let Sch\^^/'Li denote the category of couples (X^*, h) where X** is in Sch'^/T,i and 
h G T{X, Mx/Gm) is an effective log divisor on Xf A morphism {Xfh) 

{X'f h') is a morphism f : X'^ —)• X'** which is compatible with log divisors in 
the sense that h divides f*h' in T{X, Mx/Gm) ■ If C = Emb*p, Emb*p^°'^ (resp. 
HR*/^^, HRp'^^y^) we view it as a category above Schf /'Ll via the forgetful functor 
F** I—)■ X** (resp. i—)■ X^). We further denote Cdiv the category of couples (Yf h) 

(resp. (Fr**j, h)) where h is an effective log divisor on X^ and we view it as category 
above Sch\^jXli via (F**, h) i-)- (X**, h) (resp. {Y^^, h) i-)- (X**, h)). 

(iv) Let X^ (resp. {Xfh)) denote a diagram in the category Sch^/T^i (resp. 

IfC = Emb*p, Emb*/°\ HR*/^ or HR*/^y^ we denote simply C(X«) the fiber 
at X"^ of Diag{C)/Diag{Sch*/T,i) and C{Xf h) ~ C{X'^) the fiber at {Xfh) of 
Diag {Cdiv )/Diag {Sch*^^^ /Si). 

The following lemma is a complement to 14.311 

Lemma 5.6. Consider * C {),,lfpb} and let Xf X't* denote diagrams of Sch'^/T,i whose 
vertices are separated, have local finite p-bases iflfpb G * and have trivial log structure if 
^ *■ 
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(i) The categories Emb*p{X^), HR*p^^{X'^) and HR*/''^^^{X'^) have fi¬ 

nite non empty products. 

(a) The category HRp’^* contains . These categories have a non empty fiber 

above X^ if and only if Embfi^X'^) is non empty. 

(Hi) Consider a morphism fx-X^^ X''^ and assume that EmEp^X"^) is non empty. 
Any given object above X'** in the category Diag{Emb*p) (resp. Diag{HR*f^^), 
Diag{HR*jf^^^)) is the target of a morphism above fx- 
(iv) Assume that the type A of X^ is such that 6/A is finite for any 6 in A (this is 
e.g. the case if A is finite or if A = N). The category Emh*p{X'^) is non empty if 
Emh*{X^) is non empty for each 6 E A. This is in particular the case iflfpb G *. 


Proof. 


As in 14.311 we can form products componentwise (note that the property of 


being a hyper covering is stable by products |SGA4-II] V, 7.3.4). 


(ii) Since the property of being a hypercovering is expressed in terms of hber products 
it is preserved by the inverse image functor of any morphism of topoi. The hrst claim 
thus follows from the fact that To get the second one it suffices to observe 

that the coskeleton construction makes sense in Emb%{X^) thanks to (i) and gives a right 
adjoint of the functor HR*/^^fiXi) -E Emb*p{X^), Xj ^ YjJj. 

ii) works here as well. 

Assume given local embeddings {uI/xI,Y^,ls) for each 6 in A. 


Ill 


IV 


Replacing 


by 

a strict etale Tj-p-adic log scheme if necessary and similarly with we may assume 
that each Y^ has p-bases and also that Ys (and thus Us) is separated. Choosing p-bases 
induces Frobenius lifts Fs. The collection {Ul/xl,Yg, ls, Fs) for 5 G A can be seen as 
a diagram of type |A| (the discrete subcategory underlying A). Now we observe that 
the forgetful functor for : (iSch^)^ —?• (iSch^)l^l has a right adjoint, say cofor. Ex¬ 
plicitly cofor sends a collection (Z|) to the diagram d ^ where the product is 

indexed on the hnite set of objects 5 —)■ 5' in (5/A. Note that thanks to the hniteness 
assumption on the (5/A’s the vertices of cofor{Zs) have local finite p-bases if and only 
each Zs has. Let |X| denote the diagram of type |A| underlying X. The forgetful func¬ 
tor forxi '■ {Schf)^/X'^ —)■ /\X\ admits similarly a right adjoint coforxi sending 

By separatedness of the X^’s, we hnd that the natural 


{Zg) to (5 !-)■ n 


X 




Zs'). 


morphism cofovxfiZs) ^ cofor{Zs) is a closed immersion |EGAlj chap. 1, 5.4.2. The 
vertices of coforxi{Zs) are moreover separated over Si (resp. have local hnite p-bases 
over Si, resp. are etale above the vertices of X) if and only the same is true for each Zs. 
Since the Frobenius lifts Fs induce a Frobenius lift F on coforY'^ by functoriality we have 
hnally obtained an object (f/*‘/-^^ l, F) of Emb*p{X'^). 

□ 


For some purpose it will be useful to work with exact closed immersions rather than 
closed immersions. The reader may consult |SN] for more elaborate variants of the fol¬ 
lowing lemma. 

Lemma 5.7. Let * = 0 orlfpb and denote Emb^p^'* the full subcategory of Emb^f* formed 
by the objects (f/**/X**, Rl*, t, F) where Y'^ has local finite p-bases of the form (s, f) (and 
thus has local charts of type M/ and l is an exact closed immersion. Also let HR^p^’^^’* 
and denote the respective full subcategories of HR^f^’* and formed 

by the Y^j ’s for which each Yj^j is in Emb^p^’*. Consider a diagram X^ of Scfi)/Ti whose 
vertices are separated and have furthermore local finite p-bases in the case * = Ifpb. 
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(%) The categories and havefimtenon 

empty products. 

(a) Assume that xl has local charts of type N and that 5/A is finite for all 6 in 
A. The categories Emb'^p^’*{X^), HRp’‘^^’*{X^) and H(X^) are non 
empty if and only if each vertex Xj is locally embeddable (this condition is empty 

if* = Ifpb). 


Proof, (i) Consider the full subcategory of Emb^p formed by the ob¬ 

jects {U^ / X^ F) such that etale locally Y'^ admits p-bases {s,t) satisfying that 
each one of the i*tfs is a chart for (ie. N —)■ Mu, 1 i—)■ L*ti is a chart). On the 
one hand Emb^p''°‘^°^°‘^'* clearly contains Emb^p^’*. On the other hand the category 
is a full subcategory of Embh*{X'^) which is stable by products as 
the reader will check easily. To prove that Embp’*{X'^) has products as claimed it is 

tjmb% ^ has a 


thus enough to show that the inclusion functor inc : Emb^p^’* 
right adjoint ex which is a iSch**/Ei-fimctor. For yt*, t, FyoJ in ^-^^Idiagonal,* 

we 

set ex{UyX'^,Y^, c, Fyt) := {11^X^,Y'^,l, Eyt) where I : X'^ ^ Y'^ and Fy# are to be 
described now. 

Let Zk = Supp{Myfi) and Zk_= Center [Myfi) (see I4.47() . Consider the blowing up of 
Yk centered at zu- We define Yk as the open complement of the strict transform of Zk in 
Yk- Etale locally on Yk we thus have explicitly 


( 120 ) 


Yk ~ SpeCyJOy^ ®Z[0....,te] ^[bl,I/u2’ 


, 1 /^^ 


]) 


where the tensor product is taken with respect to F i—)■ ti and ti yifii, i > 2. The 
universal property of blowing ups gives a morphism I: U ^ Y above l : U ^ Y. Since 
each L*ti is a chart for 0 there exists for each_z > 2 a unique jui,* G GmiUi) satisfying 
L*ti = ui^iCti. In particular T factors through Y. If we endow Yk with the log structure 
induced by Yj? then we find an exact closed immersion I: U ^ Y'^ where Y‘^ admits a local 
hnite p-basis of the form ((si ,... ,Sd, 2 / 1 , 2 , • • •, 2 /i,e), ^i)- The construction of {U'^ /X'^, F**, 1) 
is clearly functorial with respect to (f/**/X**, F**, t). The required Frobenius lift Fy# may 
thus be defined by functoriality and this ends the construction of the functor ex. We 
leave it to the reader to check that it is canonically right adjoint to inc (one adjunction 
morphism is given by the structural morphism F** —)■ Y'^ of the blowing up and the other 
one is the identity). 

Let us emphasize that the functor ex does not affect logarithmic divided power envelopes 
since the blowing up is log etale jK^ 5.3, 5.4. Forming logarithmic divided power 
envelopes commutes in particular to products computed in the category Emb^f^{X'^). It 
follows immediately that HR^p^'^^'*[X'^) and H[X'^) also have products. 

^(X**) has hnite non empty products which are compatible with log¬ 


in 


Since Embf^'*' 


arithmic divided power envelopes the coskeleton construction provides a right adjoint 
to —)■ Emb^f^'*{X^), Fj**j i-)- Fj^j. It is thus sufficient to prove that 

Emb^p^’*{X'^) is non empty if the X|’s are locally embeddable. Start from a local 
embedding (17|/X|, F/, 4 ) for each 6. 


Applying e.g. 15.61 (hi) to an appropriate strict 


etale surjective Xf —)■ Xl we may always assume that Ul has charts of type N, say 
f -. Ul ^ {Spec{'L\f\), (0)). We may assume furthermore given a family (F/^)a and 
compatible isomorphisms Fj*^ ~ ^ such that each Fj*^ has p-bases of the form 

{s,t) = {{sy...,Sdfi)fity...,te^)). Tet '.= 0 Xyi Y^y^. There is at least one in¬ 
dex i such that the image of U in T{Us,\, Mug ),/Gm) coincides with the image of f*t. 
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Consider the log structure on Yx such that ((si,..., ti,..., tj-i, tj+i,..., is a 

p-basis. The resulting log structure on Ys dehnes an object of Emb^f^'*{X\). We may 
now apply the cofor construction as in the proof of 15.61 (iv) in order to produce an 
object in We conclude using the functor ex : 

Emb^p^'*{X'^) dehned in the proof of (i) 

□ 


Remark 5.8. As already observed m id.hi (ii) a semi-simplicial local embedding Yjj which 
is in is automatically in HR^p^. This implication is obviously strict since the 

property of being in only depends o n . In particular it does not see log structures. 

To illustrate this let us start with X'^ as in \5. ? (ii) and some F** in Emb^ff'^°'^°"'°''‘ {X"^). The 
coskeleton construction provides some in HTVp^{X'^). The underlying F[.] obtained by 
forgetting log structures is clearly in HR)’^'^^^{X) as well. Apply now the functor ex defined 
in the above proof. The semi-simplicial local embedding F[,] of X obtained by forgetting log 
structures on fJ := ea;(F“) is in HRf{X) (because YjJ is in HR^f^y^X^) C HR^fiX'i)) 

Fr?,i are 

O ~ 


but certainly not in HRp'^^{X) in general (unless X( = X'^). Indeed let E 
logarithmic divided power envelope 0 /F**,. Since the closed immersions U, 


■fel 


VLfyUjI tl/l VII Lvv U vLvOUj jJLf LUZ'I C- / t UZ-HJjJZy LfJ J j- j . kJ VI t/OD P/ i/D Ol/i/O 011 VII VI I VZ^I O VLf I vO \J 7 

exact the underlying T[,] coincides with the divided power envelope ofY[ ]. Now Rff 
Rff.. computes the crystalline cohomology o/(X**/E.) but certainly not that ojt)X/'L) 


5.2.2. We give a preliminary result which will reduce the construction of the syntomic 
complex to the case where a global embedding is given. Let us hrst £x some conventions. 

If F** = Y\ l, Ey, h) is an object of Emlfp C EmbL^^^ we denote = 

(f/**, F**, i, Ey, h\u) the underlying object of Emb^pl^^^{U^) C Emb^pJ^. The resulting func¬ 
tor (—; Embp^^^ —)■ Emb^plf)^ extends to 

( 121 ) (-)»“ : Dzag(HR*r}J ^ Diag(Emb>i.‘;£) 


by sending a diagram of semi-simplicial local embeddings of type A to the underlying 
diagram of global embeddings of type A x Simp where Simp denotes the semi-simplicial 
category. Let us emphasize that (—is not a Diag{Sch^/T,i)-fuiactoY. 

Consider cohbered categories E, Q over 8°^, a S-category C and a C"^-functor A : 
^\c op — )■ Q\cop. We say thaW4 descends to 8°^ if there exist^a S"^-functor A : E ^ Q and 
an isomorphism a : A ~ A^c°p- that case the couple {A, a) is unique up to a unique 
isomorphism. 


Proposition 5.9. Let *1 e {crys,et} and *2 C {'^,lfpb}. 

(i) Let E and Q denote cofibered categories above Emb*pflf^'°^. Any functor S : E —)■ 
Q above Emb*pf^f^’°^ canonically extends to a functor 


C . { ^codiag\ . (/^codiag\ 

^ W )\Diag[HR2ff)°^ ^ >\Diag(HR*/flr 

above Diag{HR*p’f)^)°^ in the sense that 


functorially with respect to h^[**]/A in Diag(HRp f(^), M in E{Y^^’^''°^) and (5, [v]) 
in A X Simp. The extension of S is moreover naturally functorial. 

(ii) Let 8 denote the essential image of the functor Diag{HR*pff^) Diag{Sch[.jEi). 

Consider cofibered categories E, Q above 8°^ and a Diag{HR*pfff)°^-functor 


S ■ ^\Diag(HRA:2E ^ ^RiagiHR^flE 
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The functor S descends to a -functor if and only if the base change morphism 
f*S(M) S(f*M) is invertible for any object (X‘^,h) in B and any morphism 

f m Diag{HR*p]2) above 



F,div 


(ii) It only 


Lemma 5.10. (i) Consider categories C, T> and assume that the category C has prod¬ 

ucts. If S : C°^ T> is a functor which sends every arrow ofC to an isomorphism 
in V then it is isomorphic to a constant functor. 

(ii) Consider a B-category tic ■ C B satisfying the following conditions: 

a. For all X in B the product of two objects is representable in C{X). Moreover 
if Pi : C Xb C ^ C, i = 1,2 denote the projection functors there exists a functor 
P:C XqC ^ C and natural transformations P ^ pi extending the product functor 
Px ■ C{X) X C{X) —>■ C(X) and the natural transformations Px —t Pi,x- 

b. For all X in B the fiber category C{X) is non empty. Moreover for every 
X : X' ^ X in B and Y in C{X) there exists a morphism y -.Y' ^ Y above x in 

C. 


Consider a B°p- category vr^ ; P —)■ B'^. If S : C°^ V is a B'^-functor then 
the following conditions are equivalent: 


c. For all X in B and all morphism y : Y' ^ Y in C{X) the morphism S{y) : 
S(Y) —)■ iS(F') in invertible in T>{X). 


d. There exists a section S of tid and an isomorphism a : 5 ~ 5 o ttc-. 
Moreover in d. the couple {S, a) is unique up to a unique isomorphism. 


(Hi) Let C be a B-category satisfying a., b. as in (ii). Consider B°^-categories P, Q 
and a C°^-functor 


( 122 ) 


S '. P\c°'p —t Q\c°p 

The following conditions are equivalent. 

d. If y : Y ^ Y' is a morphism in C{X) and f : F' ^ F is a morphism of P\c°p 
which is cocartesian above y (ie. such that f : y*F' F is invertible) then S{f) 
is also cocartesian above y. 

d'. The functor S descends to a B°^-functor. 


The proof of IS.lUl will be given below. Let us first finish the proof ofl5.9l[(n)]by checking 


that 15.101 (hi) can be applied with C = Diag{HPp^2- By 15.61 (I)] we have the product 


functor C{X'^) xC(X**) —)■ C(X**) for each X** in B. Consider now a morphism / : X** —)■ X'** 


in B and a couple of morphisms 


-)■ 


v'tt 

C,\. 




2 ,[ 


-)■ 


^ 2 ,[ 


m 


Diag{HP^f*^2 above 


/. Recalling that products are computed componentwise we find an obvious morphism 


Y* V 


" " 2 ,[.] 

definition of B ani 


^ KriX 


^ Y 


111 


and condition a. follows. Condition b. is ensured by the 
e conclude by noticing that condition d. is a reformulation 
of the condition that f*S{M) ~ S{f*M) for all /’s in the hbers of Diag{HP^2iv) 
Diag{Sch2/Ti). 
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□ 


Proof of l5.101 (i) We have to show that up to isomorphism, the functor S factors through 


the punctual category. This is equivalent to producing a factorization (up to isomorphism) 
iS ~ iS o TT where tt : C —)■ is the canonical functor, denoting the category which 

has the same set of objects as C but where there is exactly one arrow Y ^ Y' for any 
couple of objects {Y,Y'). Given y in C we set S(Y) := S{Y). If Y' is another object in 
C and y denotes the only arrow Y -^Y' in C’’*® we set S{y) := S{p 2 )~^S{pi) where 


Y' 


Pi 


Y' xY 


VI 


Y 


denote the projection morphisms. Let us check that iS is a functor. For y' -.Y' ^ Y” in 
the equality S{y'y) = S{y)S{y') is ensured by the following commutative diagram of 


C: 


Y" X Y 



Next the equality 


S{id) = id is ensured by the following commutative diagram of C: 


Y 


pi 


Y xY 


P2 


Y 


P12 


P13 , 

, ,, P23 ,, 


P13 ,, ,, ,, P23 ,, ,, 

Y xY ^- Y xY xY -^ Y xY 



It remains to check that iS o tt = 5, ie. that S{p2) ^S{pi) = S{y) ii y : Y ^ W is any 
arrow of C. Now the following commutative diagram 



of C reduces us to the case Y' = Y and y = id and thus we are done since this case already 
has been checked. 

(ii) The unicity part is easy (using b.) and left to the reader. Let us prove that c. implies 
c'.. Thanks to (i) applied to the functors Sx ■ C{X)°p —)■ T>{X) we already know that 


there is a constant functor Sx and an isomorphism ax ■ Sx — Sx for each object X of 
B. Let us denote iS(X) the unique value of the functor Sx- Let us enrich the collection 
of the iS(X)’s into a functor S : B°p —)■ V. Let x : X' ^ X in B and choose (by b.) 
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a morphism y ■. Y' ^ Y m. C above x. The following commutative diagram shows that 
S{x) := ax'iy') ° S{y) o ax{Y)~^ is well dehned, ie. does not depend on the choice of y. 



Thanks to assumption b. a couple of composable arrows x : X' ^ X, x' : X" —)■ X' in S 
can always be lifted to a couple of composable arrows y \Y' ^Y, y' ■. Y" -y-Y'mC and 
it follows immediately that S{xx') = S(x')S(x). The functor S just constructed verihes 
ttdoS = id since ax is above the identity and iS is a i3°^-functor. It remains to notice that 
by construction of the iS(x)’s the collection of isomorphisms aT,^(Y} ■ ‘5(X) ~ S{7ic{Y)) is 
functorial with respect to Y, ie. gives rise to an isomorphism S ~ iS o ttc. 

applied to the following situation := X|c°p, 


:= X, V := 


(iii) follows from (ii 

X Xqop Q (note that for F in X{X), the categories C'{F) and C{X) are isomorphic) 


□ 


In view of the applications we make the following dehnition. 

Definition 5.11. 

Diag{Schdiv) = Diag{Sch)) formed by the diagrams of log schemes with effective loga¬ 
rithmic divisor (resp. the diagrams of schemes) whose type verifies the finiteness condition 


Let (resp. Bq) denote the full subcategory of Diag{Sch\^fij (resp. 


o/E3 (iv) and whose vertices are separated with local finite p-bases. 


Lemma 5.12. The category Bq (resp. Bq) is contained in the essential image of the 

functor Diag{HR]fZ^'^^^^) ^ Diag{Schlj (resp. ^ Diag{Sch). 


Proof. This results from 14.311 (iv) and 15.61 (iv 


□ 


5.3. The relative Frobenius and Cartier’s descent for crystals. 

The purpose of this section is to review the crystalline interpretation of Cartier’s descent 
for crystals with trivial p-curvature in the case of local hnite p-bases (see 15.251) and to 
gather the exactness results needed for the dehnition of the mod p Hodge hltration of 
Dieudonne crystals. Logarithmic structures play essentially no role until 15.3.41 where 
we discuss elementary consequences of the Cartier equivalence on X for the category of 
crystals on {X'^/Ti). 

5.3.1. Let us begin with a review of the relative Frobenius and of the inverse Cartier 
operator in the language of topoi. 

We denote F or Fxi the absolute Frobenius endomorphism of X"^ in iSch**/Si. If f/** is 
in TOP‘^{X'^) we denote FqU^ the object deduced from U'^ by composing the structural 
morphism 0 —)■ X** with Fxt ■ The absolute Frobenius of U'^ is thus a morphism 

Fut :FqU^^ in TOP«(X«). 
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Similarly if (f/#,Ttt) is an object of CRYSl^{XyT,i) we denote Fo(f/**,Tt*) the object 
deduced from {U'^,T’^) by composing the structural morphism —)■ X'^ with Fxi- The 
absolute Frobenius of and is then a morphism 

: Fo{U\T^) ^ (f/«,T«) in CRYSl^{X^ 

In both case we have obtained a natural transformation of functors 


(123) 


F Fq —>■ id 


Definition 5.13. (i) Let F : —>■ (^V^i)cRystt,top ^ {^y'^i)cRYS»,top 

denote the morphism induced by F : X'^ XK We define the relative Frobenius 


(124) 


^(-A») :F ^id 


as the morphism induced by Iil23[) viewed a natural transformation between co- 
continuous functors. 

(ii) In the case TOP or top (resp. CRYS or crys) we deduce relative Frobenius 
morphism from (i) as follows 


(125) 




: F = pFr pr cp.id 


Note that can equivalently be seen as a natural transformation F* id, or 

id —?• F~^. The relative Frobenius on the usual and top crystalline topoi are compatible 
with each other via the functoriality isomorphism Fi iF and Fu ~ uF (when u exists). 

Recall that ui ~ id canonically. It is of course not true that iu ~ id; there is however 
a natural morphism nat \ iu ^ id (since i* ~ u~^). 


Lemma + definition 5.14. Let top = et or syn. 

(i) Consider the Frobenius morphism F : {X^/Tji)cRYSi,top /'^i) cry si,top- 

There exists a unique morphism C~^, called the inverse Cartier morphism, fac¬ 
torizing FC/^^) as follows: 


F 




id 



iu 


(ii) In the case CRYS or crys the inverse Cartier morphism C ^ is defined from 5.14 


(i) as follows: 


F = pFr 


p(-/xi) 

-^ pr = id 



piur = iu 


Proof, (i) Recall that the morphisms F, id and iu are respectively induced by the 


cocontinuous functor sending (t/**,Tt*) to Fo(17**,T**), (17**,T**) and (17**,f/**). Since these 
functors are continuous as well it is not difficult to check that the claimed factorization 


86 










of is equivalent to a functorial factorization 

Fo(t/«,T«)- - -- (f/«,T«) 

Uniqueness is clear and existence results from the divided power structure on the ideal 
lu/T of the closed immersion U ^ T, using = 0. 

□ 

As in the case of the relative Frobenius morphism, the inverse Cartier morphism C~^ 
can equivalently be seen as a natural transformation F* or F~^. Of 

particular importance in section 15.41 will be the morphism 

(126) C-^ : ^ u,F-^ 

which is deduced from the latter by adjunction. 

The following compatibilities will be used in section 18.11 




Lemma 5.15. Let top = et or syn. 

(i) Consider abelian groups A, B in {X'^/Yii)cRYsi,top or The following sguare 


is eommutative: 


p(B/x'i) 

Rnom{A, B) — -- RHom{A, F-^B) 


p{RHom{A,B) / X'i) 


_p(A/xlt) 


F-^RHom{A, B) Rnom{F-^A, R-^B) 


(a) Let top be as in\57J^ and consider abelian groups A, B in {X"^/Ti)cRYsi,top- The 
following diagram is commutative: 


R'Hom{A, B) 
c-i 


c- 


R'Hom{A,i*Ru^F ^B) 


adj 


i^Ru^^RTLomiu ^i F ^B) 


i^Ru^F ^R'Hom{A,B) - ^ i^Ru^RTLom^F ^A,F ^B) 


F(a/x) 


nat 


i^Ru^RHom{A, F 


(Hi) If X = X** (resp. and if the absolute Frobenius morphism of X is top) then (i) 
and (a) hold verbatim with big (resp. small) sites instead of (,-big sites. 


Proof. It is sufficient to prove analogous compatibilities before deriving. We begin with 
a general fact whose proof is left to the reader. If f,g : E ^ E' are any two morphisms 
of topoi and a : f ^ g is a. morphism between them, then the following natural square of 
Ab{E') is commutative for any A in Ab{E'), B in Ab{E): 


(127) Rom^A, f^B) -s- Rom^A, g^B) 

i i 

'' 

/*'Hom(/“^A, B) -^ g^Rom{g~^A, B) 


Let us now prove the lemma. 
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(i) Recall that the natural transformation F ^ ^ id can be deduced from F* —)■ id by 
composition as follows: 

id -- F,F-^ -- F-^ 

We thus have to prove that the exterior square of the following diagram is commutative: 

nom{A, B) -^ nom{A, F^F'^B) -^ nom{A, F-^B) 

F^F-^nom{A, B) F^nom{F-^A, F-^B) -^ Hom{A, F-^B) 

F-^nom{A, B) — nom{F-^A, F-^B) _^ 

piA/xt) 


It suffices to prove that the interior squares are commutative. The left ones cause no 
difficulty and the top right one follows from (11271) applied to the morphism : F —)■ 

id (note that the bottom right triangle is tautologically commutative by dehnition of the 
bottom horizontal arrow in (11271) ). 

(ii) Here the arrows denoted C~^ are meant as the ones induced by the morphism 
C~^ : id —)■ i^u^F~^. The latter can be decomposed as 


id 


F*F 


-1 




i*u*F 


-1 


We thus have to prove that the exterior square of the following diagram is commutative: 

nom{A, B) -^ nom{A, F^F-^B) ^*^^*^* > Uom{A, Fu^F-^B) 


adj 


F^F-^nom{A, B) 




F*'Hom(F-M,F-^F) 


i^uABom{u ^i F ^B) 


nat 


i^u^F ^Hom{A, B) i^u^Hom{F ^A^F 


F(A/xh 


i^u^'Hom{A,F ^B) 


It suffices to prove that the interior squares are commutative. The left ones cause no 
difficulty and the top right one is then (11271) applied to the morphism C~^ : F ^ iu. 
Commutativity of the bottom right square then results from the commutativity of the 
triangle 

u~^i~^A 

nat 

F-^A^ - A 

p(A/xl>) 



111 , 


The previous proofs remain valid as long as F is a localization morphism (so that 
Bom commutes to F“^). 


□ 


5.3.2. Let us now discuss the linear variants of C* ^ and F^ , The following dehnitions 
are taken from [BBMj 4.3.4.2. 










































Definition 5.16. Let top = et or syn. We use the following notations. 

(i) We denote respectively {nat), (F), (F), the morphism of ringed topoi 

which is the identity of {X^/Yii)(jjiYsi,top (or together with the morphism 

of rings C~^ : = u~^i~^0 F~^0 ~ O, nat : O —)■ ij~^0 = G^, F : 

O ^ O, X ^ xP, F : Ga ^ Ga, X ^ xP (C-^ : O = i-^O u,F-^0 ~ 
nat : = u,0 = 0, F : C>f^^ x ^ xP, F ■. O ^ O, 

X I—)■ xP). 

(a) We denote 

((->f'/Si)c«rsM,^. O) — Xropf O) 

the morphism of ringed topoi defined by the morphism of topoi u together with the 
morphism of rings C~^ : O —)■ . 

(Hi) We use similar notations in the context of big or small topoi (replace the isomor¬ 
phisms F~^0 O by the functoriality morphisms F~^0 x- O). 

Let us gather some compatibilities into a lemma. 

Lemma 5.17. (i) There is a canonically pseudo-commutative diagram of ringed topoi 

{{X'^/Til) CRY si,topia) -^ /^l) CRY si,topi {{^V'^l)cRY Si ,topi'^a) 



This diagram is pseudo-functorial with respect to XK The same is true in the 
context of big or small topoi and the resulting diagrams are pseudo-compatible via 
the projection weak morphisms p. 

(a) We have canonical isomorphisms 

: Mod(S* „0) ^ Mod({SVT„)cRYSKup,Ga) 

(C-^Y~(FY(nat). : G.) ^ ((SVS.) 

CRY Si,topi 

0 * ^ ^ Mod{{SyT,)cRYsi,topi O)) 

and similarly in the context of big or small topoi. 


Proof, (i) results easily from the definitions. 

ii) The first isomorphism is clear. The second one results from the fact that nat : O —?■ 


Ga is epimorphic and the third one follows formally. 


□ 


Lemma 5.18. (i) The morphism of \5.13\ (in either the (\-big, big, small, 

crystalline or usual topoi setting) induces a morphism between the following (weak) 
endomorphisms of ringed topoi: 


( 128 ) 


F 




(F) 


This morphism is compatible with p, e, f, X, i, 0. 
















(a) The morphism C~^ of 5. If T*” either the ‘^-big, big or small crystalline topoi set¬ 
ting) induces a morphism between the following (weak) endomorphisms of ringed 
topoi: 


(129) 


C- 


This morphism is compatible with p, e, f. 
Proof. Left to the reader. 


□ 


Lemma 5.19. Assume that top is coarser or egual than et. 

(i) On the relative Frobenius : F —)• (F) is an isomorphism. 

(a) On Crys{{Xy'Ei)cfiYS»,topy^) ^bie relative Frobenius : (F)* —)■ F* is an 

isomorphism. In particular the functor (F)* preserves crystals of {{X'^/T,i)Qj^YSltopy ^)- 
The same is true with CRYS or crys instead of CRYSK 


Proof, (i) Since : f/** —)■ F is an isomorphism for any U'^ in top{X‘^) we 


hnd that —)■ {F)^M is invertible for any module M. 

(ii) It suffices to prove that {F)*M\rp» —^ F*M\rpt is invertible for any T^ in CRYS\^{X’^/Ti] 
This follows from (i) by compatibility of the relative Frobenius with \rpi since 
M\rpi — 

□ 


Remark 5.20. The statements of \5.1fA have the following conseguences for arbitrary top 
(using \4.2I\) . 

(i) If M is a guasi-coherent module of the (\-big, big or small top topos of X'^ then 
p{M/x^) . (^py]\/[ F*M is an isomorphism. 

(ii) If M is a guasi-coherent crystal of the (,-big, big or small crystalline top topos of 

(X**/Si) then : {F)*M —)■ F*M is an isomorphism. 

5.3.3. Consider a separated log schemes with local hnite p-bases over Si and let Y^ = 
T^ = Xb Let Xx and (0,t) as in section 19.31 so that the O-algebras and T>'^ of 
Xgj ~ Xet have the following local description; 

CPftlx. ^ 0|X, < T« > mid 

Let us furthermore denote 'Px\ T) the rings of Xgt corresponding to the underlying 
scheme without log structures X = Y = T, so that explicitly 

and V\x^ ^ 0\xA9] 

where i—)■ tarj (resp. tada) under the natural ring homomorphism 

^ and 

evaluated at Xx- 

Definition 5.21. We use the following notations. 

(i) Let Vx ’ denote the structural ring of {XxF,x,FX)et viewed as an object X^t 
via the diagonal immersion X ^ Xx f,x,f^ o.nd endowed with the structure of 
O-algebra coming from the first projection. 
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(a) Let denote the module 'Hom{V^x’^■> of {Xet, O). 

Lemma 5.22. (i) The O-module V^x’^ naturally identifies to a direct summand of 

the O-module Vx^ which is moreover stable by multiplication and comultiplication. 
Explicitly: 


[ri,..., rrf]/(rf,..., r^). 

(a) The O-module has a natural O-algebra structure for which it is a quotient of 
V. Explicitly: 




Proof. Since the diagonal closed immersion X —>■ X x f,x,f X has divided powers we 
have a canonical morphism inc : X x f,x,f X —)■ T'df Since on the other hand the ideal 
of the closed immersion X x f,x,f X —)■ X x X is generated by powers the morphism 
inc has a canonical retraction ret : —)■ X x f,x,f X. All statements follow easily from 

the fact that inc and ret are compatible with the projection morphisms po. Pi- 

□ 

Recall the following eqnivalences of categories (I9.20p 

Cr2/s((XVSi)e.,.,et,0) ^ V-Mod(X») 
and Crys{{X/Ti)crys,enO) ~ V-Mod{X) 


Lemma + definition 5.23. Consider M in Crys{{X/'Ei)crys,etiO) corresponding to 
(Mx, V) in V-Mod{X). The following conditions are equivalent 

(i) The morphism 6 : Mx —>■ Mx 0 V'^x takes its values in Mx 0 Vx^’^ viewed as a 
submodule of Mx 0 Vx'^. 

(a) The action ofT) on Mx factors through the quotient ring T)^. 

When they hold we say that M (or equivalently {Mx,X)) has trivial p-cnrvatnre. The 
category Crys^{{X/'Ei)crys,etiO) of crystals with trivial p-curvature is a full subcategory 
of Crys{{X/Ti)crys,et, O) which is stable by subobjects and quotient objects. In particular 
it is abelian and the inclusion functor is exact. 


Proof. This follows from 19.151 


□ 


Remark 5.24. Consider M in Crys^{{X/Ti)crys,etiO) and let (Mx,e : V^x ® — 


X 'iu i-'^x) denote the corresponding hyper dp-stratification i\9.18[ \9.20\} 


Mx 0 

has trivial p-curvature if and only if e{Vx^’^ 
resulting 


Mx) C (Mx 0 V 


(WF\ 

X 


. The crystal M 
In that case the 


: V^x^’^ 0 Mx ~ Mx 0 V^x'^'^ 

verifies the cocycle condition since e does. Note that e can be recovered from by scalar 
extension via V^x'^ '^x'^ ■ 


The following resnlt gives the interpretation of Cartier eqnivalence using the morphism 

■. {{X/T^),rys,et,0) ^ {X,,,0) 

using mainly the arguments of |Be4] 2.3.6. This interpretation is peculiar to small etale 
sites and the reader is referred to |FM] II, 1.6 for a good understanding of the situation 
in the setting of small syntomic sites. 
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Proposition 5.25. Recall that X has local finite p-bases over Si. The functor : 
Mod{Xet,0) —)■ Mod{{X/Tii)crys,et,C)) induccs an equivalence of categories 

Mod{X,t, O) ~ Crys^{{X/T,),rys,eu O) 

The properties qcoh, If, If ft are moreover preserved under this equivalence. 

Proof. We begin with a lemma. 


Lemma 5.26. (i) Consider a cartesian square of schemes 

Ui Ti 


□ h 


Uo 


-t To 


where the horizontal arrows are finite morphisms. The base change morphism 
h*i^,M —)■ i^h*M is invertible for any M in Mod{U 2 ,et^ O). 

(a) Let f : Y ^ X denote a finite surjective morphism and set Y' := Y Xx Y, 
Y" := Y XxY XxY. Let prop G {0, qcoh, If, If ft}. The category Modprop{Xet, O) 
is equivalent to that of O-modules on Yet satisfying prop with descent datum rel¬ 
atively to f. 

(Hi) Consider a commutative triangle 


U' ^L^T 

h 

u 

in Sch/Ti and assume that l and d are nilimmersions of order p. The adjunction 
morphism id —?■ induces an isomorphism ~ {F)*L(h*M for any M 

in ModfUet, O). 



Proof. 


and 


11 , 


are respective variants of |SGA4-Il] VIII, prop. 5.5 and th. 9.4. The 


proofs given there for abelian sheaves can easily be adapted. 


(hi) Since t and d are nilimmersions of order p the absolute Frobenius of T admits the 


following compatible factorizations: 


jp' ./ 

T —^ U' T 



U 

Now 4 : Mod{Ueu dd>) Mod{Tet, O) is a fully faithful functor hence 

F*uM ~ F*L*iM ~ F*M 

Similarly F*d^h*M ~ F'*h*M. The natural morphism 

^ F*d^h*M 

thus identihes to the transitivity isomorphism 

Tm ~ F'*h*M 

The result follows by 15.191 (i) 
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□ 

We can now proceed with the proof of 15.251 The first thing to check is that for any M 
in Mod{Xet,0), cffM is a crystal. Consider {hT,hu) : (f/i, Ti, ti, 71 ) —>■ (t/ 2 , ^" 2 , <- 2 , 72 ) in 
CrySetiXfEi). We have the following compatible isomorphisms in Mod{Ti^et, O): 


(rM)T, 

[5T|^ 

W'^lii) 

{{Fyi,M)T, V-I 



{py 

t 

hU<)*M)T, 

\5j1m 

r-b^ -' 

t 

10 A\ii') 

h*r,{{Fyi,M)T, 

t 

{Fyh*T{i,M)T, 

lo.ftu 

ch ^ 

{Fyh*Ti2,*Miu, 


It thns snffices to prove that the arrow denoted ch is invertible. This in tnrn follows 
from 15.261 (i) and (hi) applied respectively to the sqnare and triangle of the commntative 
diagram: 


Ui -- f/i XT, Ti-- U2 



We have thns checked that cffM is a crystal. Let (Mx, e) denote the corresponding hyper 
dp-stratification. Using the isomorphism (j)*M ~ (F)*i^M (I5.17|(ii) ) one checks easily that 
e verihes the condition of 15.241 Using the diagonal eqnivalence i : Xet — {X Xf,x,f X)et 
and 15.191 (i), we may translate the corresponding on {(j)*M)x — {F)*M as a descent 
datnm on F*M along F. This descent datnm is the canonical one and we may thns 
conclnde by I5.26I (ii) applied to f = F (note that F is finite since X** has local finite 
p-bases). 

□ 


5.3.4. We explain some exactness properties of the category of crystals with respect to 
the following morphisms: 


0 ^ 

(130) ((XVSi),,,,,et, O) {{X/E,),rys,eu O) {X,„ O) 

(here as in the previons paragraphs we have identihed {Xl^,0) and {Xet,0)). For sim¬ 
plicity we assnme that X^ has a fixed global finite p-basis of the form ( 0 ,f). 


Definition 5.27. (i) We say that a module M on {X^t^O) is Utorsion free if mul¬ 

tiplication by ti on M is monomorphic for all i. The fully e-exact subcategory of 
Mod{Xet,0) formed by such modules is denoted Modt-fr{Xet,0). 

(ii) We say that a crystal on {{X/Yii)c,rys,eti O) is Utorsion free if its realization at X 
is t-torsion free. The fully e-exact subcategory of Crys{{X/T,i)crys,et,0) formed 
by such crystals is denoted Cryst-fr{{X/'Ei)crys,et, O). We use similar notations 
with X'^ instead of X. 


Remark 5.28. (i) Definition |5.^7| (i) does not depend on the chosen p-basis (0,f). 

Indeed if M is t-torsion free then multiplication on M by any local section of the 
monoid of X'^ is monomorphic as well. 

93 


























































(a) A similar remark holds for 5.21 (ii). Moreover if a crystal M on (Xt*/Si) is t- 
torsion free and ifT^ is the logarithmic divided power envelope of a local embedding 
of X'^ then multiplication on the realization of M at T** by any local section of the 
monoid of T'^ is monomorphic as well U.34\ \4-35\) . 

(Hi) Locally free modules on {Xet,0) and locally free crystals of {{X/T,i)crys,et,0) or 
{{XyTii)crys,eti O) are t-torsion free in virtue of \4.4(^(i^ We thus have the fol¬ 


lowing inclusions of fully e-exact subcategories \2.5.1\) : 

Modif{X,t, O) C Modt-fr{Xeu o) C Mod{X,t, O) 
and similarly for the categories of crystals of {{X/T,i)crys,et, O) or((XVSi) 

crys,et') O). 

The category of t-torsion free crystals is well behaved with respect to o : X** ^ X. 
Using this fact, the next lemma gathers some consequence of 15.251 


Lemma 5.29. (i) The functors 

(131) o* : Crys{{X/'Li)crys,et,0) ^ Crys{{Xy'Li)c.rys,euO) 

(132) 4>* : Mod{Xet,0) ^ Crys{{X/Ti)crys,euO) 

(133) 0“’* : Mod{X,t,0)^Crys{{XyT^),rys,et.O) 


preserve t-torsion freeness and are conservative for this property. The respective 
right adjoints 0 *, 0 j of the latter two ones preserve t-torsion freeness as well. 

(ii) The functors M31\) . Iil32\} . M33\) are exact. The functor U32\} is fully faithful. 
The functor M31\) (resp. U33\) ) is faithful and its restriction to t-torsion free 
crystals (resp. modules) is fully faithful. 

(Hi) Consider a short exact seguence S : 0 ^ Mi —)■ M 2 —)■ M 3 —)■ 0 0 / the cat¬ 
egory Crys{{X/Ti)crys,et, O) or Crys{{XyTi)crys,et, O) accordingly. Let prop G 
{t-fr,qcoh,lf,lfft}. 

- If M 2 — 4 >*M 2 for some M^ in Mod{Xet, O) then 8 ~ cfAE' for some short 
exact sequence : 0 —)■ M( —)■ M^ —)■ Mg —)■ 0 of Mod{Xet,0). Moreover M' 
satisfies prop if and only if Mi does. 

- If Ml, M 3 are in Cryst-fr{{XyTi)crys,et, C>) and M 2 — o^M^ for some M^ in 
Crys{{X/Ti)crys,et,C>) (resp. M 2 — 0 **’*M 2 for some M^ in Mod{Xet,0)) then 
8 ~ 0 * 8 ' for some short exact sequence : 0 —)■ M( —)■ M^ —)• Mg —)■ 0 0 / 
Crys{{X/Ti)crys,et)0) (resp. Mod{Xet,0)). Moreover M'^ satisfies prop if and 
only if Mi does. 


Proof. 


That 0* (resp. 0* 


preserves f-torsion freeness follows easily from the 


third isomorphism in 15. 171 (ii) using the flatness of F : X —)■ X (resp. follows from the fact 
that 0*M is a submodule of (F)*Mx, resp. similarly). For a crystal M the isomorphism 
{o*M)x» — Mx shows that o* does not affect the property of being Utorsion free. The 
remaining statements follow formally from these facts together with full faithfulness of 0* 

( 1 ^ . 

In terms of modules with connection, o* sends (M, V) to (M, V') where V' is 


11 , 


deduced from V via flx/Si This shows that (11311) is exact and faithful. 

Recall that flx/Si — ®iOdti, flxit/Si — ®iOdlog{ti) and dU 1 —)■ Udlogiti); in particular 
M (g) flxit/Si —^ M (g) flx/Si is monomorphic as long as M is Utorsion free. This remark 
shows that the restriction of o* to Utorsion free crystals is fully faithful. The functor fll32p 
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is exact and fully faithful in virtue of 15.231 and 15.251 The statement about fll33p follows 
by composition. 

The case of 0* is clear by 15.25115.231 and 


111 , 


In the case of o* we have to check that 
the connection of Mi x» and have no logarithmic poles, or equivalently that Mi^xi 

is stable by the di's. This is true since dj = tidi and M 3 ^ti is f-torsion free. The case of 
(/)•*’* follows by the isomorphism 0 **’* ~ o* 0 *. 

□ 


Lemma 5.30. The essential image of the functor 

(F)* : CrySt-fr{{X^/T,i)crys,et,0) Cryst-friixyj:i)crys,et,0) 


fsee \5.1t^ (a)) is contained in the essential image of 

(134) : Modt-fr{X,t, O) ^ Cryst-fr{{X^lT.^)crys,eu O) 

Proof. It suffices to prove that the following diagram is pseudo-commutative: 

Crys{{X^/'£i)„ys^et,0) 

[FT 



Crys{{Xy'Li)crys,et, O) Mod{Xet, O) 


Let M' in Crys{{X^/T,i)crys,et) O) and let (M^, V') denote the corresponding connection. 
Using 15.191 (ii) and the description of F* recalled in 19.211 we hnd that M := {F)*M' 
corresponds to (Mx, V) where Mx = {F)*M'x and V is the trivial connection A ® a; 1 —)■ 
(1 ® x) $$ d\. The claimed pseudo-commutativity follows easily using the isomorphism 
(j)l* ~ (F)*U (I5.17|[(II)| . 

□ 


5.4. The mod p Hodge Filtration on the small crystalline etale site. 

In this section we dehne the tangeant sheaf and the mod p Hodge hltration of a twisted 
Dieudonne crystal over XK Then we deduce a hltration on the corresponding linearized 
crystal and de Rham complexes. Finally we use the functor (1)* to normalize FiF and 
get the morphism 0 occurring in the dehnition of syntomic complexes. Here we have to 
assume that X'^ has local hnite p-bases over Ei since the construction relies on Cartier’s 
descent. 

5.4.1. Recall the following dehnitions (see e.g. |dJl] rem. 2.4.10). 

Definition 5.31. Let X'^ in Sch^Ti. 

(i) A Dieudonne crystal on X^ is a triple {D,f,v) where D a crystal of locally free 
modules of finite type on {XyT,oo)crys,et and f : F*D D, v : D ^ F*D 
satisfy fv = p and vf = p. The category of Dieudonne crystals on X** is denoted 
VC{X^). 

(ii) Assume that X^ is locally embeddable. A truncated Dieudonne crystal of level 1 
on X** is a triple {D, /, v) where D is a crystal of locally free modules of finite type 
on (X**/Si)crj/s,eO and f : F*D -P- D, v : D ^ F*D fit into an exact sequence 
D —>■ F*D —)■ D —)■ F*D of Crys{{XyT,i)crys,et,Ct). The category of truncated 
Dieudonne crystals of level 1 on X** is denoted VCi{X'^). 

95 
































Lemma 5.32. Assume that is locally embeddable. 

(i) There is an exact structure e on VC{X^) (resp. VCi{X'^)) such that the for¬ 
getful functor to Crysifft{{X‘^ /'^oo)crys,euO) (resp. Crysifft{{XyTi)crys,et,0)) is 
e-exact and reflects exactness. 

(a) The natural morphism ii : {{X'^/Ti)crys,et)0) —>■ {{X'^/TaQ)crys,et)0) induces an 
e-exact functor 

:PC'(X«) ^PC'i(X«) 

We use the notation {D,f,v) := Lf^{D,f,v). 


Proof, [(i)] We say that 0 ^ {DJ,v) ^ 0 of VCiX^) 

(resp. PC'i(X#)) is exact if the underlying sequence 0 —?• D —)■ D' —)■ D" —)■ 0 of 
Crys{{XyT,^)crys,et,0) (resp. Crys{{Xy'Ei)crys,et,0)) is exact. The reader may check 
directly that this dehnes an exact structure, ie. verihes the axioms of |Bu] def. 2.1 using 
that F* is e-exact on Crysifft{{XyE^)crys,et,0) (resp. Crysifft{{XyTi)crys,et,0)). 

Let us check that the claimed functor is well defined. Consider {D, f, v) in VC(X^) 


11 , 


and let Dk, fk '■ F*Dk —>■ Dk, Vk '■ Dk ^ F*Dk denote the image D, f, v under the functor 
: Crys{Xy'Eoo, O) Crys{Xy'Ek, O). We need to show that the sequence 




Vi 


F*Di 


h 




Vl 


F*Di 


is exact in the category of crystals over (X**/Ei). Since Li^ 2 ,* ■ Crys{X'^/Ti,0) —)■ 
Crys{X'^/T,k,0) is exact faithful and ~ D 2 /P it is equivalent to show the ex¬ 

actness of 

D 2 IP — F*D2/p — D 2 /P — F*D2/p 
Since p = / 2 U 2 we have 


h 


F*D 2 /{Ker f 2 + Imv 2 ) D 2 /Imp 


Now Kerp contains iLer /2 and coincides with Imp (check this using e.g. (v), or 14.261 
(iv), (vi)). Exactness at the second term follows. Exactness at the third term is similar. 
The functor l\ thus well dehned. Its exactness is clear by local freeness. 

□ 


Remark 5.33. Replacing the small etale crystalline site with the ‘^-big, big or small top 
crystalline site, fl ^ top ■< et, we may define similarly categories of Dieudonne crystals 
^C'ci?yS'«,top(W**), FCcRYSyopii^^), '^Ccrys,top{X'^) ■ 


(i) The various categories of Dieudonne crystals obtained in that way are all natu¬ 
rally eguivalent by \4.21\ and \4-2^ (note that for a guasi-coherent crystal M, we 
have F*e^,M ~ e^,F*M and F*p^,M c:^p^F*M) and thus naturally endowed with 
an exact structure e. 

(ii) Using \4.dy\ we find that the forgetful functor from the category of Dieudonne 
crystals on the (\-big, big or small top crystalline site to the corresponding category 
of O-modules is e-exact (because locally free crystals are flat, hence acyclic for e* 
and p*) and reflects exactness (because guasi-coherent crystals are acyclic for e* 
andp^, see \4.2^ (ii)}. 


Definition 5.34. Assume that has local finite p-bases. 
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(^) LetD = {D,f,v) in VCi{X^). 

- We define Lie{D) as the following module on O): 

Lie{D) := fifiCokerv) 

- The Hodge filtration on the module of {{X'^/T,i)crys,et, O) underlying D is defined 
as follows: FiPD = 0, FifD = D and Fil^D is the kernel of the composed arrow 

FifiD := Ker{canj:, : D —)■ ifi~^D —>■ i^Lie{D)) 

where the first one is the adjunction morphism and the second one is the inverse 
Cartier operator U29\) : i*D —)■ (l)^F*D. 

(ii) Let D = {DJ,v) m VC{X^). 

- We define Lie{D) as Lie{D). 

- The modp Hodge filtration on the module of {{X‘^/Tiao)crys,et^O) underlying D 
is defined as follows: FiCD is the inverse image of Li ,^FiCD by the adjunction 
morphism D —>■ 

Proposition 5.35. Assume that X'^/T^i has local finite p-bases. Consider D in DC{X'^). 

(i) The morphism canj) : D —)■ i^,Lie{D) occurring in the definition of FiCD is an 
epimorphism. It induces an exact seguence in Mod^^X"^/T,oc)crys,et, O): 

0-- FiCD -- D uLie{D) -- 0 


(a) Consider a morphism f : X'^ —>■ X** where X'** has local finite p-bases as well. 
There is a natural base change isomorphism chf rendering the following sguare 
commutative: 

i-if*D -i-^ Lie{f*D) 

i i chf 

f*i-iD , f*Lie{D) 

The family of the chf’s satisfies the composition constraint. 

(Hi) The functor Lie : PC(X**) —)■ Mod{Xl^, O) is e-exact. 


Proof, (i) Up to etale localization we may assnme given a p-basis of the 
in paragraphs 15.3.3115.3.41 (see 14.271 (iii)). Since D is a crystal D —)■ ifi~^D 
in Mod{{X'^ /Tficrys^O) fbv 19.61 (i) and the crystal condition). We want 
ifi~^D —>■ i^Lie{D) is epimorphic, ie. that 


form (0,f) as 
is epimorphic 
to prove that 


(136) 


V-1 


D 


c- 


— d>t(nat) „ 

^F*D fi^Cokerv 


is epimorphic in Mod{Xf.t,0). Here nat denotes the tantological morphism F*D —)■ 
Coker V. Let ns begin with the following 

Claim-. The following adjunction morphisms are isomorphisms: 


(136) 

i-^D 

-)■ 

4>^4>*i 

(137) 

(j)*(j)^F*D 

-)■ 

F*D 

(138) 

(f)*(f)^.Cokerv 

-)■ 

Coker v. 
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Let us prove the claim. The isomorphism i~^D ~ Dxt fl9.6l (i)) shows that i~^D is t- 
torsion free. The hrst isomorphism of the claim follows by full faithfulness of the restriction 
of 0* to f-torsion free modules fsee 15.291 fiil where 0* was denoted (j)^'*). Thanks to 15.291 
the second and third isomorphism will follow if we show that F*D and Coker v are 


in the essential image of the fully faithful functor fll34p . In the case of F*D this results 


directly from 15.301 and IHTT^ fiil Next we notice that the crystal Coker v is f-torsion free 


since it is a subcrystal of D. We may thus conclude that Coker v is in the essential image 


of (j)* as well by 15.291 (hi) and this ends the proof of the claim. 

We will now prove that the composed arrow fll35p is epimorphic. As the reader may 
check we have a commutative diagram 


(139) 


i-'D 


C- 


adj 


F*D 




MF)*D 


where the lower isomorphism is by pseudo-commutativity of the triangle in the proof of 
15.301 The left (resp. right) vertical arrow is invertible as well by the above claim (resp. 
15.191 (ii)). The hrst arrow in (I135p is thus invertible. 

Let us now investigate the second arrow in fll35p . Consider the following commutative 
square of Crys{X'^/T,i, O): 


F*D 


nat 


Coker v 


adj 


adj 

— d)*(h*(nat) ^ 

F*D > (t)*(t)^Cokerv 


Vertical arrows are isomorphisms by the claim. The arrow nat is epimorphic and thus 
(p*4>^{nat) also. We conclude that (j)^{nat) is epimorphic as well since 

0* : Mod{X,u O) ^ Cr|/s((XVSi)c.,s,eo O) 


is conservative for epimorphisms (it is a faithful exact functor between abelian categories 
by 15.291 (i), (ii) and 14.361 (i)). We have thus proven that the composed arrow 


IS 


epimorphic as desired. 

We already know that the bottom sequence of the following tautologically commutative 
diagram of Mod{{X^/T,oo)crys) O) is exact (recall that is exact bv 12.231) : 


0 — Fil^D - > D - > i^Lie{D) —)■ 0 

i 

0 —)■ i\,fFil^D - y Lii^D - y ;tALze(Tl) —y 0 


Exactness of the top sequence follows formally since the left square is cartesian (by deh- 
nition of Fil^D) and the middle vertical arrow is epimorphic (since D is a crystal). 

The dehnition of the morphism chf is purely formal from the canonical isomorphisms 
Lif ~ fii, Ff ~ Ff, (pf ~ /0, if ~ fi. The composition constraint for the ch/s 
moreover follows from the compatibility of these isomorphisms with respect to composition 
in /. It remains to check that chf is in fact an isomorphism. We can always assume 
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that both and X'^ have global p-bases as in the proof of (i) There is the following 
commntative diagram on (X'^, O): 


Lte{f*D) 


1 


_ {131 

(j)^f*Coker v < ^ (j)^f*(j)*Lie{D) 


chr 


ch 


ch 


f*Lie{D) ^ > f*(f)^,Cokerv 




f*(j)^(j)*Lie{D) 


f*Lie{D) 


f*Ue{D) 


where the isomorphism denoted 1 is defined by identifying f*Cokerv and Coker f*v. Let 
ns hnally check that the arrows denoted 2 are isomorphisms. It snffices to check that 


Lie{D) and f*Lie{D) are f-torsion free 05.291 (i), (ii)). This is indeed the case bv 15.291 (i 


since (j)*Lie{D) ~ Coker v and (j)*f*Lie{D) ~ f*Cokerv ~ Coker f*v are f-torsion free as 
already explained. 

The qnestion is local so we may again assnme given a p-basis as in 

VC{X^) ^ Crys{{X^/T.^),rys,euO) 

D I—)■ Coker V 


111 , 


The fnnctor 


is e-exact since : T>C{X'^) —)■ T>Ci{X'^) is e-exact 05.321 (ii) 1 hence CM-exact 04.391 


I4.40p and there is an isomorphism Coker v ~ Kerv (indnced by / : F*D D). Next 
we observe that 0* : Crys{{X'^/T,i)c.rys,et)C)) —)■ Mod{Xet,0) has the following property 
thanks to 15.291 fiii, (iii) if 0 —?• Mi —>■ M 2 —>■ M 3 —)■ 0 is e-exact and the Mj’s are f-torsion 
free as well as in the essential image of (p* then 0 —)■ 0 *Mi —)■ 0 *M 2 —)■ 0 is exact. 

□ 

Remark 5.36. The realization of Coker v at X'^ has a right resolution as follows 

{Coker v)x'i ^[Dxi F*Dx‘i ^ Dxi —t... ] 

It is thus quasi-coherent and even locally free of finite type under the additional assumption 


that X is locally noetherian (hence regular by\4.25\ (vi)). The same is true for Lie{D) by 


\5M (%%), (m) 


5.4.2. Let ns consider a separated log scheme X**/Si with local hnite p-bases and assnme 
moreover given a global embedding X** —)■ whose logarithmic divided power envelope 
is denoted t : X** —)■ T**. We will nse the following notations. 

- Letting k vary in 0223p defines a fnnctor L. below. We define fnrthermore a fnnctor 
L by commntativity of the following triangle: 


(140) 


Hdpnorm{T^, O) —^ CrySnorm{{Xyj:,)crys,eU O) 


Crys{{XyEoo)crys,et, O) 


- If M is a modnle on {{Xy'Eoo)crys,et,C>) we write M := l~^M (resp. Mj^# := 

the associated normalized modnle of {{Xy'L)crys,et, O) (resp. its realization on (T^o ^))- 

- If M is a crystal of ((X**/Soo)crys, O), we write QIf^{M) := Q!!f^{M) the associated de 
Rham complex in (T^, 

Proposition 5.37. Consider De VC{X'^). 
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(i) There exists a canonical morphism cani rendering the right sguare below commu¬ 
tative. We let FW{L{Drpt)) denote its kernel. Whence a tautological morphism 
of exact seguences on /T,oQ)crys,et, O): 


0-^ Fil^D — 

0 - ^FzI\L{Dt»)) 


D > i,Lze{D) 


aug 


|222J 


L{Dn) ^ i.LteiD) 


0 

0 


(a) There is a natural isomorphism of exact seguences on for any h G 

T{X,Mx/<Qm)- 


i,uJ-\Fil\L{DTi)){-h)) 

i 

- ^{F%l^D){-h)Ti - 




cariL 


iJ-\Lie{D){-h)) 




carLD 


{i^Lie{D){—h))j’t 


where the top (resp. bottom) one is deduced from the bottom (resp. top) one in 
(i) by twisting and applying (resp. {l~^{—))Tt)- 


(in) The diagram (i) (resp. (ii)) is naturally lax functorial with respect to the cho¬ 


sen global embedding. This means that there is a natural base change morphism 
chf : /j(i)l -)■ [(i)| m Mod{{X'yT,oo)crvs,et, O) (resp. chf : f’]{ii)\ -)• \(ii) 
Mod{{T’^0^'^y^)) ) for each morphism f : ^ F'«) ^ (X# ^ in 

(resp. and h' dividing f*h) and that the family of the chj’s verifies the composi¬ 
tion constraint. 


m 

glob 


Proof. 

(i) 

from 15.341 

(i) 

14.201 til it 

is 

-D. —> fTi,*fT 


The only point requiring explanations is the dehnition of coul. Recall 
that canD factorizes via the adjunction morphisms D —)■ i^i~^D. By 


11 


invertible in the following commutative diagram of adjunction morphisms: 


(141) 


D 


ij 






11 , 


It suffices to check that the right hand square is commutative. Using 14.201 (i) this 


will follow from the commutativity of the following diagram 


Lj-\DX-h)) 

[RHI 






where the dehnition of each arrow uses 14.421 (ii) except the bottom horizontal one. We 
are thus reduced to noticing the commutativity of the following diagram where 1 : —)■ 
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natural morphism deduced from 19.61 (ii), 2 expresses the isomorphism 


ui = id and the unlabeled arrows are adjunction morphisms. 




-1 


\9l\ii) 










-1 




c-1 


-1 . 


f - h - .--1 




-1 


EiN 


-1 








111 , 


Let us explain the morphism /" (i) —)■ [(^. It is sufficient to define compatible 


morphisms for the vertices of the right hand square. Using obvious notations we define: 

- chf : f*D —)■ f*D as the identity; 

- chf : f*i^Lie{D) —)• Lie{f*D) using if ~ fi and the base change morphism for Lie 


- chf : f*L{DTt) L'{{f*D)x's) as the natural morphism f*hfTi,*fTt hfT't,*fT't 
resulting from If ~ fl and ffx't — /t#/- 

In each case the composition constraint for the ch/s results from the fact that each 
one of the morphisms used to build chf verifies the composition constraint. Compatibility 
with cariD (resp. carii) follows from 15.351 1 hi (resp. and flldip L Compatibility with aug 

follows from fl2^ . _ _ 

Let us explain the morphisms / 


ii, 


-)■ 




We define: 


- chf : f*{D{—h)xt) —t {f*D{—h'))x'» using [HUO] (ii) and 14.421 fii) 

- chf : f*i^u^{L {Dxt){—h)) —)■ {{f*D)x>i){—h')) using the morphisms if ~ fd, 

uf ~ fu, LXDxti){-h) ~ LXD{-h)xi) (recall that (-)rit = L. ~ and 

apply |02]py|, f*LX{-)Ti) -t LX{f*{-))T't) (see above), f*{D{-h)) -)■ f*D{-h') (| 4.42 | 

LxrD{-h')T:») -LXf*Dx,»){-h') (i32][(n3. 

- chf : f*L^l~^{Lie{D){—h)) —)■ dJ~^{Lie{f*D)) using if ~ ft', If ~ fl and the base 
change morphism for Lie] 


- chf : f*{i^Lie{D){—h))xt —>■ i*Lie{f*D){—h)x'i using [QUO] fiil If ~ fl and if ~ fi. 

Here again the composition constraint causes no difficulty. Let us explain the compat¬ 
ibility with respect to the boundaries of the right hand square in 15.371 (ii) Compatibility 


with the horizontal arrows denoted canx and carlo just follows from the corresponding 
compatibility in (i) Compatibility with the left vertical arrow (denoted 19.311 (ii)) easily 


reduces to the commutativity of the following diagram 


Lufoif -^ iuf fx'i 


I'fufx'i 


\9l\ii 


ffufr'i 
^ f Xt'» 


At# /- 

which in turn causes no difficulty. Compatibility with the right vertical arrow follows 


formally (alternatively, it would follows from the functoriality of 19.61 (ii) in a sense which 
the reader can imagine). 

□ 
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Definition 5.38. Fix an effective log divisor h G r(X, Mx/Gm)- We define three functors 
with value in the category of complexes of modules of endowed with a one step 

filtration FW C FiP: 


Fil^^f-h), Fiinyf-h), Filmyf-h) : VC{X^) Fif’mom{Tlt,0':^y 


Their description is the following (in (Hi), FiF is viewed as a subcomplex of FiP via the 
isomorphism {L{Drpi))[—h) ~ L{D{—h)rpt) resulting from [7^7^ (ii)): 

(i) Fiiyf—h){D) is D{—h)rp>i placedin degreeO and Fiiyf—h){D) := {FiF D){—h)rpi. 

(ii) Fififl*rpf{—h){D) is fFff D{—h)) and FiFVt*rpf—h){D) is the following subcom¬ 
plex: 


FiFnyf-h)iD) := {FiFD){-h)T» 

and FiFnyf-h){D) := Fifnyf-h){D) forq>l 

(Hi) FiPm*rpf—h){D) is {L{lFffD{—h))))rpi and FiFLVt*rpf—h){D) is the following 
subcomplex: 


FiFmyf-h){D) := {Fil\L{DTi))){-h)Ti 

and FiFLVFrpf—h){D) := FiFLFFrj,f—h){D) for q > 1 


Remark 5.39. Using \57^ (Hi) and \9.34\ we find that the functors of \5.3^ are subject to 
natural base change morphisms turning them into colax morphisms between contravariant 
pseudo functors on : 


Fil 


(_)dp [ 


Fim*j^_yp ( 


FtimF^_yp{-) : VC{-) ^ FtF'mom{{-)%,0^^y 


They extend in particular to diagrams ^2.5\\(ii)^. 


5.4.3. We will now use the functor (1)* defined in Id.ll in order to get a normalized version 
of the filtered complexes defined in 15.381 To begin with, we replace the ring (which 

is not Z/p -normalized for the etale topology) with the following. 


Definition 5.40. Recall the morphism of ringed topoi I : —?• Tg^. We set 

Qcrys ^ i-lQcrys 

Definition 5.41. Consider the endomorphism (1) of the ringed topos (T^, defined 

4.1\ Let Fun] denote one of the three functors defined in 15. 38^ We define a functor 


as in 


with values in the category of arrows of complexes of modules of (T^, 

mri : VC{X^) 

by setting FuW{D) := {l)*Fun]{D). 


Remark 5.42. The morphism (1) is functorial with respect to T** in the obvious way. The 
three functors just defined thus naturally extend to colax morphisms between contravariant 
pseudo-functors on : 

Fiy_yp{-), Fim^^^_yp{-), Fhim^^^_yp{-) ■. vc{-) ^ Kom{{-)%o':^y^^^ 

as in \5.39[ 


The following lemma explains the difference between EuW and EuW. 
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Lemma 5.43. Let {T^,h) denote the lo^rithmic divided power envelope of some 
in and let Fun- (resp. Fun-), denote one of the three functors defined in 

[XM lEM (resp. \54J\ \54§'. 

(i) There is a natural morphism of functorial distinguished triangles in 


Fun^{D) Fun%D) Lie,Ti{-h){D) 


Fun^{D) Fun%D) Lie,^T»{-h){D) 


+1 


+1 


where Lie^^Ti{~h){D) is the direct imagejuia (X^, (9) —)■ (T^, of the con¬ 

stant project%ve system Lze ^ h^ and Lze _—i ^^^) Lze^ {-h){D). 
The cohomology of the latter complex is described explicitly as follows: is 

Lie Tt{—h){D); the k-th component of H~^ is Liei,, xt{—h){D) as well but the 
transition morphisms of the projective system are^ero. 

(a) The objects of the complexes Fun^{D) (resp. Fun^{D)) come from normalized 
(resp. L-normalized)^guasi-coherent modules on T^et by scalar restriction via 
Qcrys Q (resp. O ). They are irpjparticular normalized (resp. 

L^ormalized) and U-acyclic. The complexes Fun^fD) are L-normalized and 
Lie Tt{—h){D) as well. 

Proof. Everything is straightforward from 14.31 1 


IV 


once observed that T is flat over 


fl4.31l (v)) and that the tantologically normalized Z/p -algebra is conseqnently flat 
as well (note that bv 14.151 (i) the strnctnral ring of T^t is Zp-flat, hence Ocrys as well). 

□ 

5.4.4. The difference between Fun^ and Fun^ disappears when taking limits. Let ns 
discnss this briefly. 

Definition 5.44. Let Fun- denote one of the three functors defined in \5.3^ We define a 
functor 

Fun- : VC{X^) Fif'^Kom{T^^t, 
by setting Fun-{D) := UFun-fD). 

Lemma 5.45. (i) Consider the natural morphism I : (T^, —)■ {tI^, . 

The images of the vertical arrows in 5. 4^ (i) by RC are isomorphisms. The 
distinguished triangle obtained by applying RC to either one of the horizontal 
lines boils down to an exact seguence 

^0 


0-^ FuW{D) -5- Fun^{D) -s- LieTt{—h){D) - 

where Lierpt{—h){D) is the direct image of Lie{D){—h) via {X^^, O) —>■ (Tg^, 


Conversely the top line of \5.4^ (i) can he obtained by applying LI* to this exact 
seguence. 

(a) The objects of the complexes FiLj,^{—h){D), FiLQ^^{—h){D), FiLLQ^^{—h){D) 
and LieT»{—h){D) come from guasi-coherent and L-guasi-coherent modules on 
Tgj by scalar restriction via —?• O. 

[(I)] To prove the first assertion it snflices to notice that the image of L^{l)*Lie^^Tii~h){D) 
by RC vanishes (the transition morphisms are zero). The remaining assertions of 
are straightforward from 15.431 (ii 


103 




















































□ 

5.5. Twisted syntomic complexes on the etale site. 

In this section we complete the construction of the twisted syntomic complexes (on the 
etale site) for twisted Dieudonne crystals over an X'^ having local hnite p-bases over Ei. 
We hrst define the morphism 0 in presence of a global embedding with Frobenius lift 
fl5.49p and we conclude using the gluing lemma fl5.9p . 

5.5.1. We begin with some basic facts about liftings of the relative Frobenius on small 
etale site. 

Lemma 5.46. Consider a p-adic log scheme endowed with a Frobenius lift Frpt. 

(i) The relative Frobenius : id —)■ F~^ on uniquely extends to a natural 

transformation of endofunctors ofT'^^^^: 

: id F-/ 

called the lifted relative Frobenius (attached to F^t). 

(a) Consider the ringed topos C>). There exists a unique endomorphism F of 
the ring O which simultaneously extends: 

- the endomorphism of the structural ring of T\^^ defining Fp#, and 

- the Frobenius endomorphism F ■. f ^ f^ of the structural ring ofTl^^. 

Explicitly this endomorphisrn can be obtained by composing the lifted relative 
Frobenius : O —)■ F~^0 with the functoriality morphism along Frpt, 

Ff, : F-^O ^O. ■ 

Proof. Everything follows easily from the fact that Tf T^ is an equivalence. 

□ 


Remark 5.47. Consider in Sch^Ti and let := u^Oxin, in xlf as usual. 

(i) The ring is endowed with a canonical Frobenius endomorphism extending 

F : , f I—)■ p. It is defined by composing the relative Frobenius 

p(p<^rvs/x'^i) . Qcrys with the functoriality morphism along Fx, FJ : 


(a) Assume now given T^, Fj^t as in 5.46 and a nilimmersion 6 : X** —)■ T** with X'^ 
in Sch'^/Ti, T** in iSch^. With the usual abuse of notation we have a natural ring 


homomorphism O in T^^t- '^^e Frobenius F of (i) and the endomorphism 

F of 5.46\ (a) are compatible via this homomorphism. 

(Hi) As in M2<^) the lifted relative Frobenius of \5.46\\(%)\ has a linear version. More 
precisely it induces a morphism : (F)* -j- F0j between endomorphisms 

of (T^, O) and a morphism : (F)* Ff^ between endomorphisms of 

(F^gj, Both morphisms are compatible via —)■ O. 


5.5.2. We will now show that “Frobenius is uniquely divisible by p on Fil 


1 )) 


Definition 5.48. Let (T'^,Frpt) denote the logarithmic divided power envelope of some 
(X0yt*,Fytt) in Emb^p °^. If h E T{X, Mx/Gm) and {D,f,v) in VC{X^) we use the 
following notations. 
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- We let f : F*{D{—h)) —)■ D{—h) in Crys{{X'^/Tjoo)crys,et, C>) denote 


^'^^F*D){-phY==^F*D){-h) —^ D{-h) 


F*{Di-h)) 

We let Fr : D(-/i)t# ^ (F)*L>(-/i)t# ^n Mod{T^^,t, O) (or ) denote 


p(-/Tit) ~ _ iQ.inii M 


F),(F*(D(-/i)))^# ^ {F\D{-hU 


We let Fr : /z.)) —)■ /z)) m K0‘(^y^) denote 


a-,(D(-Z))^—V).f’;,(2T.(®(-'‘)) — (f’).SlT.(^”(®(-'‘))) — (F).%(D{-h)) 
- We let Fr : (L(fi^„(D(-/z))))T« ^ (F)4L(fi^j(D(-/z))))r« ^n irom(T“,i, denote 


(L(Ji-,(C(-A))))„— V).te(Z(^2T.(Z>(-Z))))T.® (f).(Z(nT,(Z’-(C(-ft)))))T. 


(F).(L(SJ-,(C(-A))))„ 

Proposition 5.49. Let (X^, Y'^, z, F, h) in and denote T'^ the logarithmic 

divided power of i. Let Fun- denote one of the three functors defined in \5.41\ and let 
D G VC{X'i^). There exists a unique morphism (f in Kom{T'^^^,0'^'^y^) rendering the 
following square commutative: 


FuW{D) —- {F),Fun%D) 


Fun^{D) {F)^Fun^{D) 

The morphism 0 is functorial with respect to D and compatible with the base change 
morphisms arising from morphisms in 


Proof. Unicity, functoriality and compatibility to base change follows from 14.31 (iii 


EM 


11 


Let us prove existence. By 14.31 (ii), we have the bottom exact sequence in the 


following commutative diagram: 


Fun\^{D) 


^i,.+i,*Fun\{D) 


Frol 


Frol 


0-^ (F)*z.,.+i,*Fnrz°(L)) {F)^Fun^^^{D) -(F)*zi,.+i,*Fnrz5(L))-^ 0 

We want to prove the existence of the dotted arrow marked ?, since the desired 0 will 
follow by applying z* to it (note that is fully faithful and commutes to (U)*). It 

is thus sufficient to prove that the morphism 

Frol: Funl{D) (F)*Fnrz?(F) in Kom{Tl^,, 
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vanishes. Let us examine the three cases of dehnition 15.481 Using the dehnition of the 
base change morphisms fl227p and fl224|) it is clear that fll42p vanishes in degree > 1 in all 
cases. It thus remains to prove that 


(143) Fri ; and 

(144) Fn : {L{D{-h)n))Ti ^ (^)4^(^(-^)t0)t« 


respectively vanish on {Fil^D){—h)j,t and {Fil^L{Drpt)){—h)rpt. 
see that 


Thanks to 14.491 (ii) 


we 


AL (- h)rpt ^ Mrpt 

if M is either one of the locally free crystals D or L{Drpi). This monomorphism is com¬ 
patible with Fri and we may thus assume that h = 1. 

Consider the following commutative diagram on ((X**/Si)crys, O): 


Fr 



where nat : —)■ (F)* is deduced from the isomorphism 0* ~ {F)*i^, fl5.17l liii). Since 

Fil^D = Ker cann, it must be in the kernel of Fr. This ends the proof in the case M = D 
since Fri coincides with the realization of Fr at tI. 

The case M = L{Drpi) is proven similarly using the following commutative diagram of 
Mod{{XyEi),rys,et,Oy. 




JTTn 


iJ*D- 



- f\F*D- 

choF 1 1 




cani, 


J^:(j)^,Cokerv 


□ 


Definition 5.50. As in \5.4^ let denote the logarithmic divided power envelope of 

in For D G VC{X^) we define three complexes of 
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{l,<p)-modules o/(T*gj, as follows. 

Sll*^(-h)(D) ;= {FUl„{-h){D),Fil«^,{-h)(D),l,4,) 
Sn-f,%(-h)(D) - (-/!)(£>), 1 ,^) 

SLa'fl%,(-h)(D) := {FiFLSl‘_^,(-li){D),FiPLn‘^,{-h){D),l,f,) 

By functoriality with respect to D and (X**, X**, l, F, h) this defines three functors 


(145) ■. vc{-) ^ Kom^’^{{-)%, 

above and thus above also, ustnglMlW 


It might be worth to spell out the meaning of the functor fll45p above Diag{H 
in terms of a collection of functors together with base change morphisms. Let S denote 

For each diagram = (f/Jj/X“, YjJ, t[.], F[.]) of HR^f 
,) has local hnite p-bases and for each h G 


either Sly, 


sa'fl'* 


or 


such that each vertex of (hence of 
r(X, Mx/Gm) (I145P yields a functor 


(146) ‘5(-h|^«^) : VC{Ul) ^ O^^*) 

where Tj**j denotes the logarithmic divided power envelope of t[,]. The collection of these 
functors for {Y^,h) varying in Diag{H is moreover endowed with a canonical 
family of base change morphisms satisfying the usual cocycle condition. 


Lemma 5.51. (i) The functors ^145\ ) are canonically related by natural transforma¬ 

tions above Diag{HR'^yl^fJyy°P as follows: 


S. 


1,0 a' . 


et,. 




Fix a diagram {X^,h) of /Ti. Let denotes the logarithmic divided 

power envelope of some object in HR^fi 

- If * = et and /![.] G VC{U'^-^) the morphism a' induces an isomorphism 

- If * = crys and D G T>C{X'^) the morphism a" induces an isomorphism 

RU (-A , )(B| , ) RU _,SLa‘f^-*, (-A|„, )(C|„. ) m £>(Mo<i'.*(x<.", 0-»‘)) 


(a) Lets denote one of the three functors and fix a diagram (X**, h) of Sch^jf^y^/Ti 


as 


well asDe T>G(X«). //T"jj ^ is the logarithmic divided power envelope 
wj some morphism ^ 2 [\ ^ base change morphism for 

S induces 

Rf , (-h,^# )(a^# A# ) *nZl(Mod^’'^(X«’N,5-^^)) 

-'2,1.1,.’* -'2,1.1 i'^2,M I 2,1.1 1,1-1,.’ 1,1.1 i'^i,i.r I 1,1.1 . // 


2 , 1 .],." 2 , 1.1 

This morphism is invertible in the following cases: 

- if S is either Slfj’ or SLVff^'f^ and * = crys. 

- if S is and * = et 
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Proof, (i) Putting together 15.431 and 15.31 gives morphisms 


Fir 


q-<U 


-h 


Fi] 


Firm* 


•’-^r ■ 


-h 


Fi]' 


Firm' 


rpVt 


-h\U[.}) 


which are compatible with 1 and Fr. They are compatible with 0 as well by 14.31 


Whence the claimed morphisms a' and a”. An immediate devissage (using 15.21 (iii), 15.451 


111 


i)) together with 15.3115.41 show that a' is always an isomorphism and that a” becomes 


an isomorphism once we apply Rfrpt ^ to it. Similar arguments apply in (ii) 


□ 


The above lemma shows that the assumptions of 15.91 (ii) are satisfied. From this and 


15.121 we get immediately the following stronger result which roughly says that the base 
change morphism 15.511 (ii) is in fact independant of the given morphism g : 
and that it still exists even if g does not. 

Proposition 5.52. (i) Up to a unique isomorphism there exists a unique couple 

{Slf , a) such that the following conditions are satisfied: 

- Slif is a functor VC{—) —>■ Zi)(Mo(i^’'^((—)^, C>(^^^®)) above the category B\ 
defined in \5.11\ In other terms it is a collection of functors 


(147) 


indexed by the (X**, h) ’s of Bq together with a canonical family of base change 
morphisms satisfying the usual cocycle condition. 

- a is a collection of functorial isomorphisms indexed by the diagrams of H: 

a,-. : ^ (-/V*,)(-D|C.,) 




A morphism {X\,hi) —?• {X\,h 2 ) induces a base change morphism on the left 
side. IfVh^ —)■ y^i] is furthermore a morphism of HR^f^ above X\ —)■ X\ then it 
induces a base change morphism on the right side. Both base change morphisms 
are compatible via a. 


(u) //(X«,h) is in Bq and Y^j is in HRp^^(X^) then \(i)\ and \5. induce canonical 
isomorphisms as follows 




-h)iD)^RU 


*' et,.,Th 


-h| # )(T)| # ) 


^ ^eZM-hm ^ Rfp,^^ 

Those morphisms are compatible with the base change morphism attached to mor¬ 
phisms of in the same sense as above. 

□ 

Definition 5.53. //(X**,/i) is in Bq and D is in VC{X‘^) we define the syntomic complex 
of D twisted by (—h) on the etale site as follows: 

where ^fi—h) is the functor andn : —)■ denotes 

the projection morphism \5.^ {ii). Finally we set 

S,t,x»{-h){D) := RhS,,^,^x^{-h){D) tn D(X«, 0-^^^’^=!) 
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Remark 5.54. The functor sends short exact sequences of Dieudonne crystals to 

distinguished triangles (this follows immediately from \5.35\ (in)). 

Proposition 5.55. Consider in Bq. 

(i) //Tj**] is the logarithmic divided power envelope of^some Yr**j in HR^p^{X‘^) there 
are canonical distinguished triangles in 


+1 




+1 


'T», “„T# V l^[V 






(ii) IfYkjs in fact in there are analogous distinguished triangles with “FiVLVt* 


or ‘^Fih” instead of ‘FihVL* 
canonically isomorphic. 


The resulting couples of triangles are moreover 


Proof. The first distinguished triangle is provided by 15.431 (i) and the second by 15.21 


(iv) 


□ 


Remark 5.56. Here again the situation becomes clearer after passing to the limit. Indeed 

shed triangles 

Ru^{D{—h)) 


from \5.3\ (i) we find that the distinguished triangles of \5. 551 (ii) in the case “Fi/*" become 
Ru,{{FiCD){-h))-^ ^ ''' - +1 

S,,^xi{-h){D) - ^ Ru,{{FtCD){-h)) 


1-4 


Lie{D){-h) 

- Ru^{D{—h)) 


+1 


in D{Xet, ^ Conversely it follows from lS.f^ (ii) that the triangles of \5.5,I\ can be 

retrieved from these ones by applying LI* (note that ~ Z/p' ® ~ Z/py 

as will be recalled in \8.9[ (Hi)). 

5.6. Syntomic complexes on the syntomic site. 


We explain two constructions of the syntomic complex using the syntomic topology 
for schemes without log structures. The hrst one is global, ie. does not involve local 
embeddings or cohomo logical descent. The second one is local and involves the linearized 
de Rham complex. It will serve as a bridge to the previous constructions. We will consider 
the following situations in parallel until 15.631 

- The global situation where X is a separated scheme with local hnite p-bases over Ei. 

- The local situation where {l : X Y,F) is an object of and T denotes 

the divided power envelope of l. 

Let us gather some technical facts in a lemma. 

Lemma 5.57. Consider the global situation. 

(i) Let e : (P) —)■ (X|^, (P) denote the natural morphism. If is a module on 

(X^, (P) (resp. a quasi-coherent local crystal on 

{{X/T, )crys,et/T,0)) then the following morphisms are invertible 

e*itfM —)■ i^e*M 
e*fT,.M. ^ fT,.e*M, 
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(ii) Let {{X/T, )crys,syn,C)) —)■ {{X/T,)crys,et, O) denote the natural morphism. If is 
a crystal of {{X/J2)crys,et,Cl) then e*M is a crystal of 
{X/T,)crys,syn)0). If M, is furthermore quasi-coherent, locally free or locally free 
of finite type then the same is true for e*M. In that case M —)■ Re^e*M, is 
moreover an isomorphism. 

(Hi) If M, is a quasi-coherent crystal of {{X/T,,)crys,syn, O) then it is acyclic for the 
functor M*. The following natural morphism (induced by id —)■ iR*) is moreover 
an epimorphism in Mod{Xsyn, O): 

i*M^ 

(iv) The ring of Xfy^ is fiat over and the natural morphism —)■ 

is invertible. More generally if M is a locally free crystal of 
{{X/T,)crys,syniO) then is flat over'Llp' and 




Proof, (i) Let us explain the first isomorphism. First we note that we have an iso¬ 


morphism ~ i^e~^ for abelian sheaves expressing the compatibility of u and e. The 
claimed analogous morphism for modules will follow formally if we prove that e*Ga Gq 
is an isomorphism, ie. that e*I -» I (here I denotes the canonical ideal in the structural 
ring of the crystalline sites). This in turn can be checked easily using that each affine ob¬ 
ject iU',T') of crySsyn{X/T,oo) admits a morphism to some affine {U,T) in crySeflX/Too) 
where T is the divided power envelope of U inside a polynomial algebra of the form 
Tj/p^[xa,yjf\ where the Xa (resp. yy) are sent to generators of the algebra of U (resp. the 
ideal of U' inside T'). 

The second isomorphism is a formal consequence of 19.291 since e* is fully faithful on the 


category of quasi-coherent crystals 04.221 (i)) and of quasi-coherent local crystals (easy 
variant of loc. cit). 

This a repetition of I4.22l[(l) 


(iii) To prove the hrst statement it is sufficient to show that the syntomic sheaf associ- 

crys,syn, Mk\u) vaffishes for all fc > 1 and g > 1. We 


ated to the presheaf U i—)■ H‘^{{U/Tjk 
have isomorphisms 

HfliU/Tk) crys^syni lLlk\u) — /Tk)crys,etX*{.^k\u)) by 


11 , 




11 , 


and the second isomorphism is functorial with respect to morphisms in Emb^^°^. Now if 
U and Y are affine the latter is a subquotient of 


^ Mk{U,D{U,Yk)) 0o(v.) 

It is thus sufficient to notice that any global section u = fdg of vanishes when 

restricted to := Specy^. {0[x\/ {x^ — g)) which is a syntomic covering of Y^. The second 
statement is proven similarly. 

(iv) Let us prove that u^M is flat over Z/p^ as soon as M is a locally free crystal 
(not necessarily of hnite type) on {{X/Tk)crys,syn, O). We will show that ®z/p>= (“) 
preserves monomorphisms N ^ N' oi Tj/p^ modules on X, 


crys^^ri' 


Since the question is 

local we can always assume that X affine and choose a lifting X with p-bases over Z/p^. 
Let N" : U N'{U)/N{U) denote the cokernel presheaf. It is sufficient to show that the 
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sheaf associated to the following presheaf vanishes: 

K :U^ Tor^^^\u,M{U), N''{U)) 

We will prove that for any U affine and s G K{U) there is a syntomic covering U' ^ U 
killing s. Let U/X syntomic with U affine and choose a transversally regular immersion 
U —>■ above X. Let us choose a transversally regular sequence (x) above X defining 

this immersion. Then any lift x of ^ to F := is transversally regular (reduce to the 
case where Y is noetherian by |EGA4-IV] 19.8.2 and then use JMil] I, 2.6 (d)). Let us 
choose one such lift and denote U the corresponding syntomic X-scheme. By |Be3] 1.5.3 
(i) with m = 0, the divided power envelope D{U, Y) is flat over X. Let us emphasize that 
D{U,Y) coincides with D{U,Y) since all divided powers are intended to be compatible 
with p (see loc. cit. 1.3.1). Applying 19.321 (ii), forming derived global sections and 
truncating we get a distinguished triangle of Z/p'^-modules: 


u,M{U) - ^V{U, 


et 






+1 


Since the non zero objects of the middle term are flat over Z/p^ and placed in positive 
degrees this induces 

This abelian group thus admits a hnite (here we use that Y has a hnite p-basis) hltration 
which graduations are subquotients of 

JiD|„,y,/E.(€.(M|„))), N"(U)) 

with q>l. Applying repeatedly the argument of | (hi) [ produces a syntomic covering Y' jY 
such that the image of s vanishes in 

where V := U Xy Y'. The result follows by functoriality of the above distinguished 
triangle with respect to {U —)■ Y). 

□ 


Definition 5.58. Consider the global (resp. local) situation and let D G 'DC{X). 

(i) We define a quasi-coherent module on {Xsyn,0) as follows 

Lie^y^[D) := e*Lie{D) 

(ii) We define a quasi-coherent crystal on {{X/I]oo)crys,syn,C) as follows 

FifD^y^ = := e*D 

(resp. FifL^y'^VtTrfiD) = Uy^Vf^fiD) := e*LVfrp{D) ) 

(Hi) We define a sub-module of the crystal defined in \5.58\ as follows 


FifiD^y'^ := Ker{canffi^ : —)■ i^Lie^y^{D)) 

(resp. FiCL^y^VtTpfD) := Ker{canff^ ■. L^y^Vf^fD) ^ FLie^y^{D)) ) 


where canff^ (resp. canff^) is the arrow deduced from the corresponding one in 


5.31\ (i) using the base change morphism of\5.51\ (i) 
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Next we project to and modify the resulting O^^’^^-modules (resp. complexes) 
exactly as in 15.411 Here we use the functor (1)* for (9^'’^'^). Concretely 

the functor (1)* is thus simply M i—)■ A pleasant feature of the present 


setting is that the ring need not to be modihed, thanks to 15.571 (iv 


Definition 5.59. Consider the global (resp. local) situation and let D G VC{X). 
(i) We define a filtered module (resp. complex) as follows 


Fip^^rysD uJ-^FWD^y^ 


in Mod{Xfy^, z = 0,1 


(resp. FihL^'^y^C.*rp(D) := uj ^FihUy^VLTpfiD) m z = 0,1 ) 


(a) We define a couple of modules (resp. complexes) as follows 

F(ii,crysF) {i)*FiF^^yW in Mod{X^y^, Q^'^y^), z = 0,1 

(resp. FlhL^^y^Qr,^{D) := in Kom{X^y^,0^'^y^), i = t),! ) 


Note that in virtue of 15.571 (iv), FW^’^^'y^ and Fih’'^'^y^ coincide for z = 0. 


Proposition 5.60^Consider the global (resp. local) situation and consider D G VC{X). 
Let Fun- (resp. Fun-) denote one of the two couples of functors defined in \5.5tA (i) (resp. 


(ii)). 


(i) There is a natural morphism of functorial distinguished triangles in O^'^y^): 


FuWfiD) Fun%D) Lie.{-h){D) 


+1 


FuW{D) Fun^{D) 


LiefD) 


+1 


where LiefD) is the constant projective system Lie{D) and 
LiefD) -.= r>_jL(l)*Lze.(D). __ 

(ii) The objects of the^omplexes FuW are L-normalized O^'^y^-modules. The objects 
of the complexes FiLL'^'^y^VL*rpl^D) are moreover e^-acyclic. 


(Hi) In the case Fun- = FilL^'^y^VL’j. the image of the diagram in (i) by i?e* is nat¬ 
urally isomorphic to the image by of the diagram in \5.j3\ (i) in the case 
Fun- = FULL j-. More precisely there is a canonical commutative cube as follows 
in Kom{Xf^, O^'^y^): 




,FiFL‘^'^y^Lf.j.{D) 


r^FiFVfr^{D) 


L-^FiTQrT{D) 


e^FiFL^'^y^Vfr^{D) 




r^FiCVfj.{D) 


e^FifL^^y^n'^iD) 
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Proof, (i) Using 15.371 (i), 15.581 (iii), 15.571 (i) and the isomorphism I ~ ij ^ we hnd 
the following exact sequence on {{X/J2 )crys,syn,C)) 

0 -^ ^ ^ iJ-^Lie^y^{D) -^ 0 

0-^ l-^Fil^L^y^n*T (D) -^ l-^FifL^y^n*T (D) -^ iJ-^Lie^y^{D) -^ 0 


These sequences stay exact after applying w* thanks to the second statement of l5.57l 


Whence the bottom distinguished triangle. The top one follows by 14.31 (iv 


111 


The hrst statement is part of l4.3l (iv) as well. Let us prove the acyclicity statements. 


First we note that FifL'^^y^Q'^rp[D) is e*-acychc by the conjunction of 15.571 fiil and (iii) 


The same is true for Lie,{D) and L}{l)*Lie,{D) bv 14.121 (i) Given the isomorphisms 


for g > 1 and the exact sequence 

0-^ L\l)*LieXD) -^ ^ FifL^^y^nlj,{D) 


Lie.{D) 


0 


it is thus sufficient to check that the image of can by e* remains epimorphic. This is 

ag compatibf 

e^Lie^y^{D) 


indeed the case by I5.35l|(i)| thanks to the following compatible isomorphisms 
(148) 


e^FifL^^y^n^TiD) 




L ^Lie,^T{D) 


resulting from I9.6l|(ii)| together with the full faithfulness of e* on quasi-coherent modules 
and quasi-coherent crystals. 


(iii) The arguments giving (I148p provide the bottom commutative square and the rest 

□ 


follows formally. 


5.6.1. From here the construction is similar to the case of the etale topology. 

Definition 5.61. Let {D,f,v) G FC{X). We use the following notations. 

- In the global situation we let Fr : FiP’^^y^D {F)^FiP’'^^y'^D in Mod{Xfyj^,0‘^^y^) 
denote 


uJ*e*D \ {F)^F*uJ*e*D -^ {F)^uJ*e*F*D —^ {F)^uJ*e*D 

- In the local situation we let Fr : FiPL'^'^y^Q*j,{D) —>• {F)^FiPL^^y^fl*rp(D) in 
Kom{Xfy^, O^'^y^) denote 

uJ*e*L{n*^ {D)) > {F),F*uJ*e*L{n!f {D)) -- {F\uJ*FF*L{LlTr {D)) 

12241 

(F)*Mj*e*L(G^ (D)) (F)*Mj*e*L(G^ (F*(D))) 
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Proposition 5.62. Consider the global (resp. local situation) and let D G VC{X). 
There exist unique morphisms (j) in rendering the following squares 

commutative: 


Fiicryspj^ — ^ {F)^FiC'^y^’^D FiCL^^y^OTTi^) — ^ 


Fi^rysfiD {F)^FiF'"y^’^D FiCL^^^y^Vf^iD) {F)^FiCL^^y^VL*F{D) 


Fr 


These morphisms are functorial with respect to D and X or Y accordingly. 


Proof. Using H73]|(ii^ 
component 


(iii) as in the proof of 15.491 we are reduced to prove that the hrst 


(149) Fri : ^ and 

(150) Fri : FifL^^y^Qf[ j.{D) {F),FifL^^y^Qf[ j.{D) 

of the morphisms Fr vanish respectively on Fil\'^^^^D and FiCL'^'^y^Vt\rp[D). For g > 1, 
the arrow (11501) is zero since the base change morphism (12241) occurring in its definition 
(see 15.6111 is zero. Next let M denote either the module D or the complex L{Q'^{D)) 
on {{X/T,ao)crys,et,0) and / : F*M —)■ M the morphism given by the Frobenius of the 
Dieudonne crystal (using (122411 in the second case). The reader may check that Fri : 
—)■ {F)^u^if^e*M identifies with the composed morphism 


(151) 




Ut€*Fr 


u^e*{F)^M -^ {F)^u^e*L^ M 


where ii : {{X/T,i)crys,et-iO) —)■ {{X/Tiao)crys,et^O) and Fr is the morphism introduced 
during the proof of 15.491 Consider now the commutative diagram 


(152) 


0 


e*C^FiCD 


C^FiCD^y^ 


^canu 


e*C^D 

i 

— 1 svn 

T L-. carij^ T 

Lf^e*D -^ C^Fe*Lie{D) 


€*Li ^i^Lie{D) 
i 


0 


ESiKi) 


where the first line is exact and is obtained from 15.371 (i) by applying the right exact 
functor while the second one is exact as well and is deduced from 15.581 (iii) by the 
exact functor It has been shown in 15.491 that Fr vanishes on the kernel of Lf^can£). 
It follows in particular that e*Fr vanishes on the image of the left vertical arrow in (115211 . 
Applying u* we find that (I150p vanishes on Fil^^'^'^^D := FiC as desired. The 
case of (ll5Up is similar. 

□ 


Definition 5.63. (i) In the global situation we define a functor x • T^C{X) —>■ 

O^^y^) by setting 

Slyi,.,x{D) := {FlC'^^y^{D),FiCp^'^y^{D),C(t)) 

By functoriality with respect to D and X this defines a functor 

Slit ■ -VCF) ^ 
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above /Y^iYp and thus above {Diag{Sch^^^P^/Ts^yp as well fusing [^731 

(ii) In the local situation we define a functor SLQly^ j, : VC{X) —)■ 
by setting 

;= {Fii^L^^y^ny{D),FifL^^y^n*T{D),i,(t)) 

By functoriality with respect to D and {X, Y, l, F) this defines a functor 

smlyi ^^: VC{-) ^ Kom^’^{{-)l^,o<:^yy 

above and thus above Diag^HRf^^^yp as well /fOI[gj|). 

Proposition 5.64. Let X denote a diagram of Sch^^^P^/T^i and assume given Y in 
Embp°’^{X). For D G DC{X), there are canonical isomorphisms 

SlYx^) ^ SLa‘j^*^^(D) ^n 
WSa-X’UD) ~ 

These isomorphisms are functorial with respect to D and Y in the obvious sense. 


Proof. Recall that there is a natural quasi-isomorphism 
(153) D^LLl'p{D) 


in Kom{{X/T joo) crys,etTC>) 09.321 (i)). Applying e* and taking 137551 into account we get 
compatible morphisms FiLD^y^ —)■ FiLL^y^VtpfiD)^ z = 0,1- Apply then /*, u* and (1)* 
to get a couple of morphisms 

(154) FiE^^y^ Fri^^y^ii'p, i = o, i 

which are compatible with the morphism 1. These morphisms are clearly compatible with 
Fr and thus with fi also, thanks to 14.31 fiii) Up to now we have thus obtained a canonical 
morphism 

in Kom^’'l’{Xf ,0'^^y^). It thus remains to check that this is a quasi-isomorphism. By 


15.21 (hi) and 15.601 (i) we see that it suffices to check that 01541) is a quasi-isomorphism for 
z = 0, ie. that the image of 0153p under uj~^e* remains a quasi-isomorphism. This is 
indeed the case bv 15.571 fiiil (note also that local freeness implies e* acyclicity). Similarly 

using 15.21 (hi), 15.601 


the second isomorphism easily reduces to 19.61 


11, 


111, 


and 15.571 


11 


□ 

Let us turn to the global situation. For a semi-simplicial T[ ] as in 15.2.11 we have the 
following partial counterpart for 01151) : 


It, 




( i,X fTjfjcrys,syny O) {{U[.yj:,)crys,syn, of'±^\{X/E,)crys,syn, O)/^],. 


fu. 


(X.I,, O'xy) ~ —^ o-»‘) 
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This diagram and flllSp are compatible with each other in the obvious way via the mor- 
phisms e : O) ^ ((XVS.)cr,.,et, C?), e : ^ M, and 

their localizations. 


Proposition 5.65. Consider X in Bq and Y[] in HRf{X) with divided power envelope 

ni- 

(i) The adjunction morphisms induce the following isomorphisms: 


S. 


.(D) ~ 


Id 

syn,.,X V 

SltxiD) ^ 


Rfu), 

Rfun 


(D) in D{Mod^'^{X%^, 


oi,4> 

,*^syn,.,Uy,( 

..Sltuu (D) m D(Mod'-*(X«, O""')) 


(a) The isomorphisms of (i) and \5.64\ induce 

Re.Sl;f„ , AD) ^ S'X_^(D) m D(Mod'->(X«,d‘--«‘)) 

This isomorphism is functorial with respect to D and independant of the choice 

ofYlV 

The hrst (resp. second) morphism is invertible by cohomological descent in 


Proof. 


Xsyn (resp. Xet) and devissage using [52] (hi) and 15.601 (i) (resp. and 15.43! (i) 1 


(ii) The claimed isomorphism follows from (i) bv l5.64l applied to f/[,] viewed as a diagram. 


The independance with respect to the choice of Yj ] follows from the connectedness of the 
category HRp{X). 

□ 


6. Devissage of twisted syntomic complexes 


In this section we prove two devissage properties of the twisted syntomic complexes 
defined in 15.50115.52! (i) 

6.1. Complete Mayer Vietoris. 

Recall the natural morphism of diagrams m** : J** —>■ C** from f!58!) . We have the following 
diagram of ringed topoi 


(155) 


((./'/S V,..,,. O) — ((C</E,)„,,,„ O) 


u 


u 




(c^i, o^’"y^) 


Here (as often) we have identihed the small etale site of a log scheme with the small 
etale site of the underlying scheme. The following proposition expresses that Dieudonne 
crystals and their syntomic complexes glue from J** to Cb 

Proposition 6.1. Let us denote Aj the type of the diagram JK 
(i) The pullback functor 

: Mod((CVSoo)c.,s,et,0) ^ Mod{{J^/T^),rys,euO) 
induces equivalences of categories: 




^ cart (AJ ^ tjrySi^ftif /Tjco)crys,eti 0)/AJ) 


VC{Ci) ^ T,art{AY^ VC/A'f) 
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where Tcart denotes the full subcategory of formed by cartesian sections. 

(li) For M, e Mod{{CyEXrys,eu O) there is a canonical morphism 

Ru^M^ -^ Rm^Ru^m^’*in 

Assume now that M is a crystal. Let us choose a morphism y in HR^f^ above 


m** U.31\ (iv). \5.6\ (ii). (Hi), (iv)) and denote : Tjtn —)■ logarithmic 

divided power envelope. The previous morphism of identifies to the 

natural morphism 


Rh 




O* 




m 


Rm^^RfT 




O* 

fc a urp 




(m- 


l*M' 


R is an isomorphism if is a locally free crystal of finite type. 

(Hi) For D G VC{C'^) and h G T{C,Mc/Gm) the canonical base change morphism 
induces an isomorphism 


as well as a similar isomorphism without the superscripts in D{Cf^, 


Proof. 


F=i} 


Thanks to m* being compatible with F*, it snfiices to prove that the hrst 


fnnctor is fnlly faithfnl and essentially snrjective. We will do this by Zariski descent along 
the coskeleton of an appropriate covering. Let (C*! —)■ C**) be an open covering snch that 
each C*! is affine, has p-bases of the form ( 0 , t) and snch that each point n of Z is contained 
in exactly one of the C{’s. Let n i—)■ be the injection of \Z\ into the set of indices dehned 
by the condition v G Cx^. Consider Ux := Cx^c U, CL := Cl Xct, C|, Uy^x ■= Cx Xc Uy, 
4 := Cj Xc# and form := UCj, f/[o] := U17 a, CJ., := UC^, := UUy,x as well 
as the diagram of type Aj represented by jg] ^ f^[o])- Let ns fnrthermore 

denote Cj*,, U[y,], Rv,[u] and the respective v + 1-th hbered power over 0, U, 

0, Uy and of Cjgj, 17[o], C^q^, f4,[o] and Jjgj. By Zariski descent along —)■ 0 and 

JL ^ it is enough to prove that the induced functor 


CTySifji^(^(^Cr^i/^QQ^CY‘ys,et'! 


cart 


(A/ (5c/i#/Si)°P /'Roo)crys,eti 0/^j) 


is an eqnivalence, ie that for each u > 0 and mnlti-index A = (Aq, ..., Xy) the indnced 
fnnctor 

tti* 

TTlV-, ^ 

CrySlfft{{C^^^ 4'R‘oo)crys,etj 0 ^ ^cart{^J ^ /'R‘oo)crys,etj 0/^j) 

is an eqnivalence where ^ := x^# • • • x^# and ;= x j# • • • x j« jJ^. 

Since Uy^x = Cy^x for X ^ Xy, the eqnivalence is trivial if Aj 7 ^ Xj for some i j (in that 
case C? j ^ = U[y]^x and = Uy^[y]^x for all v). On the other hand, if A = (A,. . ., A) 

then ^ and ^ respectively coincide with Cl and j|. We are thns rednced to the 
case z/ = 0 and it snffices to treat the case X = Xy for some n in Z since the other 
cases are trivial as well. In that case let us choose a p-basis (0, t) for Cx and denote 
R = T{Cx,0). The ring R is thus an etale Fp[T] algebra via T ^ t and that f is a 
uniformizer at v. Denote furthermore Ry the f-adic completion of R. Hence with these 
notations we have C\ = {Spec{R), 1 ^t), Ux = Spec{R[t0), C4 = {Spec{Ry), 1 1 —)■ t) 

Uy^x = Spec{Ry[t0). Let Rk, (resp. Ry^k) denote the essentially unique etale Z/p^[f]- 
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(resp. Z/p^[[t]]-) algebra lifting R (resp. R^) and endow it with the log structure induced 
by t. We will show that the functor 

: ^-ModifiRk, 1 ^ t) 

is fully faithful and essentially surjective. The proof will then be finished using [9]20] and 
14.211 (ii) (the arguments below will show that the property of being normalized when k 
varies is preserved by the equivalence). 

As a preliminary remark we observe that the following sequence is exact thanks to the 
fact that t does not divide zero in the noetherian ring R^: 


(156) 


0 - ^ Rk - ^ Rk[t ® Rv^k Rv,k[^ -^0 


k (^2, V 2 )) 


Consider the functor sending an object 

((Ml, Vi), (M2, V 2 ), a : Rv,k[t~^] Vi) ~ Rv,k[t~^] 

in the target of category of to the Rk module 

M := Ker{Mi © M 2 Maif^]) 

endowed with the induced connection (which turns out to be well dehned by exactness of 

( 1 ,- 1 ) 


0 


Qi 


This functor is clearly right adjoint to ^ . Note that this functor preserves the property 
of being normalized when k varies thanks to the fact that the arrow Mi © M 2 —)■ M 2 [f“^] 
is in fact onto and its target is flat over Z/p^. Let us now check that it is in fact a 
quasi-inverse to Xv 

- full faithfulness of . It suffices to check that for a locally i?fc-module M the 

sequence 




)• 


(157) 


0-- M-- M[t-^] © M, 


( 1 ,- 1 ) 


M,[f 


-n 


is exact. This is indeed the case thanks to fll56p . 

- full faithfulness of the right adjoint. If ((Mi, Vi), (M2, V 2 ), a) is in the target category 
of the following natural morphisms are invertible: 


Rk[t-^] Ker{Mi © M 2 MaiM^]) ^ 

R,^k Ker{Mi © M2 ^ 


Ml in Mod{Rk[t-^]) 
M 2 in Mod{Ry^k) 


Indeed Nakayama’s lemma reduces us to the case k = 1 and then we may use the clas- 
sihcation of hnitely generated modules over the Dedekind rings R and R^ to show that 
[Ml, M 2 , a) is in fact necessarily of the form (M[f“^], My, can) for some i?-module M. 
Localizing if necessary we conclude using (11571) . 

i) The claimed morphism is simply induced by the natural morphism M —)• Rml'm'^’*M. 


If M is a crystal the claimed interpretation of the image of this morphism by Ru^ in terms 


of de Rham complexes using hypercoverings follows easily from the proof of 15.31 (ii) 


Assume now that M is a crystal of locally free modules of finite type. In order to prove 
the claimed isomorphism we may use the de Rham interpretation via global embeddings. 
In fact we may even choose m : J** C*** in above m such that R and & are 

respectively liftings of and R. Let us briefly explain this. On the one hand since C is 
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smooth of dimension 1 the obstruction to the existence of a formally smooth p-adic lifting 
C furnished by deformation theory vanishes (note that in general it not possible to lift 
the Frobenius however). Next we may define & by choosing an arbitrary lifting of the log 
structure of CK The lifting J** and the arrow fh are then obtained by relative perfectness 
of the edges of J** over CK It remains to check that the natural morphism 


(M) ^ 

is invertible in Since this question is etale local on C we may replace 0 

with C\ as in 


(i) 


Since quasi-coherent modules are acyclic for the direct image of affine 
morphisms we hnd (using 13.41 (ii)[ ) that the statement boils down to the exactness of the 
sequence 


0 


(M.)- 


v.X^ 


Ux,.'' 




where the notations j\, jy^\, ijj^ ^ are used abusively to denote either the morphisms 
induced by j, jy, iu^, ic^ in the diagram Jx or its lifting Jx- Now the exactness in question 
is trivial if |Ca| Pi |Z| = 0 and results from (11561) if A = 

It suffices to prove the isomorphism in Qcrys-jy Consider a morphism 


111 , 


Fj# [] —)■ Fcit,[.] above m** in HR^p^ and denote Tj# j] —)■ its logarithmic divided power 

envelope. We have to show that the induced morphism 

is invertible. We have the following distinguished triangles in iA(Mo(i^’'^(Tcit j ] 

(see 15.21 (iii) and 15.431 (i)): 

(0, 0, 0) and 0, 0, 0) 

( 1 , 0 ) 


SQ 




{Fil 0, 0, 0) 


+1 


{Fil 0,0,0) 

{can£,,0) 

+1 


□ 

These distinguished triangles are compatible with the analogous ones where 0 is replaced 
with JK Thanks to[ 


we are thus reduced to prove that 


is invertible. We know from 15.351 (ii) that 

cliLie : m*Lie{D) —)■ Lie{i0'*D) 


is invertible. As before it follows easily from (I156p and 13.41 (ii) that 

Lie{D){—h) —)■ Rm^:{Lie{m}'* D){—h\j)) 
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is invertible as desired. 


□ 

Let us write down the complete Mayer Vietoris distinguished triangles encoded in the 
above proposition. 

Corollary 6.2. (i) If M is a locally free crystal of finite type of /T,oo)crys,et, O) 

there is a canonical distinguished triangle in 

Ru^M, -^ {®ve\z\ic^,*Ru*i* iM) © Rj^RuJ*M, -^ ®y0z\Rj*iu^,*Ru*Llj ^ 

L^v 

(a) For D G VC{C'^) and h G r(C, Mc/Gm) there is a canonical distinguished trian¬ 
gle in D{Mod^'^{Clf,d^^y^)): 


cli'/’ ( 


-h){D) 


e RFSll^ifD) 


®v^\z\R3.iu.,*Slf;nS‘'hj*D) 


+1 


and similarly without the superscripts in D{Clf ,7^/^). 

Proof. This follows from the previous proposition thanks to 13.61 and the natural distin¬ 


guished triangle describing Rm^, (13.41 (ii) 1. 
6.2. A localization triangle. 


□ 


We show that for smooth divisors, the twisted syntomic complex of a logarithmic 
Dieudonne crystal with trivial residue can be recovered from a diagram of syntomic com¬ 
plexes without twists. This can be viewed as a refined version of the expected localization 
triangle for compactly supported log crystalline cohomology as defined in [Tslj . 

In order to make a precise statement we will need the functor 

RT^y{J,-) : D+{Ji,^,7/p-) —> D+{Jl,7/p-) 


defined in 13.121 (ii) In order to treat simultaneously the case of J** and 0 it will be 
convenient to modify slightly the notations introduced in fl58|) as follows: 


(158) 


m 2 



Proposition 6.3. Consider the morphism of extremal type zj : Zj ^ J and let us 
furthermore denote (—)|j+ := p* the pullback via the following morphism hS.lIh (Hi)) 

P '■ /'^.)crys,etyC) {{J /7 ) c.rys,eti C). 

(i) If M, is a crystal on {J /'Z)crys,et there is a canonical morphism 
oj^^Ru^{o*jMf—Zj)) —)■ Rlfy{J,Ru^{M,^\j+)) 
in Qcrysy isomorphism is M is locally free. 
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(a) If D is in 'DC{J) there is canonical isomorphism 




in D{Mod^’‘^{Jf^,0';^y^)). A similar isomorphism holds in D( without 

the superscripts 


(Hi) The statements (i), (ii) are functorial with respect to D, C and Z. Moreover they 


hold verbatim if the letter J is replaced with the letter C. 


Proof. We only prove (ii) 


since 


is easier and will be essentially proven along the 
way. Using ET] we choose an object U[ ] j# = (17[ ] jj/J**, Y) ] j#, t, F) in Let 

us denote U[,]^j (resp. Yjpj) the diagram obtained from (resp. Y[] j#) by forgetting 

log structures. Let us furthermore denote U[,]^Zj (resp. the diagram obtained from 

U[.],x» (resp. Y[] jti) as follows. For each u and S the vertex Ui^]^s,Zj (resp. is 


the support of the log structure of (resp. as dehned in 14.471 (i) (it is 


thus a reduced closed subscheme of (resp. Yjj,] ^ ^ j). If S' = J, J**, or Zj we let 

furthermore U[,]^s denote the logarithmic divided power envelope of U[,]^s 

Summarizing we have thus obtained the following commutative diagram of diagrams of 
simplicial p-adic log schemes: 


(159) 




rji rji rji 


^ 


We claim that each square of this diagram is cartesian. Let us explain this using that Y) ] j# 
is in H [R]. On the right side this follows from the fact that each 5 —)■ Yj^] j# , 5 ^ 

is an exact closed immersion. Note that this implies in particular that the morphisms of 
schemes underlying ot are isomorphisms and that the morphism of topoi —>■ T[q.^ei 

is an equivalence. Next let us choose a p-basis of the form (s, f) for On the left 

side the exterior square is cartesian since the ideal of the closed immersions ZY,[u],s,k and 
zu\u],s are both generated by the image of t. Since the image of t does not divide zero in 
the structure sheaf of U it follows from |BO] 3.5 that the top square is cartesian as well. 

It is also true that f/[ ] jtt/J** (resp. is the base change of by oj : J'^ ^ 

J (resp. zj : Zj ^ J). It is thus a hypercovering for the etale topology and the previous 
constructions in particular gives rise to a couple of arrows 


( 160 ) —ni,i—rn,i« 

in Diag{H above the top line in fll58p . It will be useful to notice that the formation 
of fll60p is functorial with respect to the object Yj] j# G which has been 

chosen at the beginning of the proof. 

Let us denote h G r(J, Mj/Gm) the diagram of effective log Cartier divisors corre¬ 
sponding to —Zj. In virtue of 14.491 
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and cartesianity properties explained before we 





































have canonical exact sequences 


and 


0 -^ ou,*0{-h\u,, ,j) ■ 


[•IV,. 


C> 


zt,*{Ot, 


Zu,*0 — 


) 


—^ 0 in Mod{T[T^^j^,^eu O) 
0 in O) 


which are compatible with each other in the obvious way. Tensoring the hrst (resp. 
second) one over O with j (resp. with Lie{D\u^^^j) then pushing forward to T[.],j,.) 
and restricting scalars to gives an exact sequence which may be identihed to the 

hrst (resp. second) line of the following commutative diagram of Mo(i(T[,]^j. et, by 

using that for M locally free M (g) f^N ~ (g) N) (resp. by using 15.351 fib , lO 


OTAio*jD)T...i-hiT..jy 


D 


T, 


],J,- 


ZtAAj^A.^^Zj,.) 


or,*(/^«e.,r, j_^#((c'}£))|c/j j,jit)(-^|T[,],jtt))^^-^ (-Die/, ,,j) —^ ^T,*-h^e,,T[,],2_^((^}D)|f/^ J,z_,) 

Next let g > 1 and consider the functoriality morphisms induced by fll59|) : 


(o}D(-h)|e/[]_^J 

as well as the natural morphism 






{zjD) 








],jK- 




Using hatness of the realization of OjD{—h) over (T[] go D) and comparing the local 
description of logarithmic differentials on D| ] and T[ ] we hnd that is monomorphic. 
The arrow nat is monomorphic as well thanks to 14.491 (ii) and hatness of the logarithmic 
diherentials on T[ ] j# . 

Claim-. The image of nat coincides with o'^{Ker z^). 

Let us prove this. We can assume D = O, fix n, 6 and choose a p-basis ((si,..., Sfi),t) 
for T[j,] j# , 5 . Then ((si,..., s^, f), 0) is a p-basis for and ((si,. .., s^), 0) is a p-basis 

for We hnd in particular the following bases for the modules of diherential forms 

of degree q: 

CCrr . {-hrr.i ): ((fdsij A ••• A (fdsi, A ••• A A dlogf)ii<...<i^_i) 

((dsii A • • ■ A (ds/j A • • • A dxi^_^ A dy)i^<...<i^_i) 

(dsi^ A • • ■ A dsi^'^ 


"'c! 


h]rr'^ ) 

n?r 

^ [iy],( 5 , J,fc 
J^[v\,S,Zj,k 


The claim follows immediately thanks to the following isomorphisms of rings: 


O- 




rp 

[i/'],( 5 , J^,/c 


and 


[u], 6 ,Zj,k 


Putting everything together we hnd compatible exact sequences 


Ot, 


,Firfl*n 


1 ,J» 




.A' 




for i = 0,1 on (T[.] j . et, These^ sequences are compatible with each other via 1 and 

Fr. Let us now restrict scalars to and apply the functor (1)*. Since ot,* and zt,* 
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are exact functors they commute to (1)* and this yields exact sequences 


(injectivity of the left arrow is checked easily by diagram chasing using that Tzj is flat 
over Eqo for the case f = 0 and 15.43 l[(I)] together with the fact that that 

for the case i = 1). These exact sequences are compatible with each other via 1 and 0 
(use 14.31 (ii)). 

We may^thus interpret them as exact sequences in the category of (1,0)-modules over 
(^[.],j,.,et, or equivalently as an isomorphism 


where 




S+ := S. 


et,.,T, 




is the syntomic complex on J+ associated to the object of HRp{J~^) which is defined 
by the arrow —»■ Tfq j. The isomorphism of the proposition follows by applying 

RfT[] j * (use 13.13] (i), (iv)). Finally we note that the independence of choices is a formal 
consequence of the connectedness of the category H(R) (which in turn is ensured 
by the existence of products, see 15.7p . 

□ 

Let us write down the localization triangles encoded in the above proposition. 

Corollary 6.4. (i) If is a locally free crystal of {{X/J2 )crys,et, O) there is a canon¬ 

ical distinguished triangle in 


Ru^{o*xMf-Z\x)) -^ Ru^M, -^ zx,*Ru*{z*xM) 


+1 


(ii) If D is in VC{X) there is a canonical distinguished triangle in Zi)(X^, 




and similarly without the superscripts in D{X^^, Zip-) 

Proof. Assertion (i) (resp. (ii)) follows from l6.3l[(I)] (resp. I6.3l|(ii)[ ) bv l3.13l[(I)| 


□ 


7. Dieudonne crystals for semi-stable abelian varieties 

The purpose of this chapter is to define a Dieudonne crystal over (C**/Soo)crys,et asso¬ 
ciated to semi-abelian scheme A/C whose restriction to U is abelian. We begin with a 
result concerning the structure of log 1-motives on a complete discrete valuation ring. 
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7.1. Devissage of log 1-motives. 


Let X denote the spectrum of a complete discrete valuation ring R, and let s : 
Spec(k) —>■ X (resp. j : Spec(K) —>■ X) the inclusion of its special (resp. generic) 
point. For any X'/X, we let s', j' denote the morphisms deduced from s, j by base 
change. 

7.1.1. The following dehnition is IKII 4.6.1. 


Definition 7.1. 

follows: 


(i) The category M.iog{X) of log 1-motives over X is defined as 


- an object is a triple (F, G, f) where T is a twisted constant group i{2.31[ (iv)), 
while G is the extension of an abelian scheme B by a torus T and and / : F —)■ 
j*j~^G is a morphism in Ah^Xpif). 

- a morphism from (F, G, f) to (F', G', f) is a couple of morphisms F F', 
G —>■ G', compatible with f and f. 

(a) Denote B the category fet{X). Define Aiiog/B as the fibered category correspond¬ 
ing to the contravariant pseudo-functor (X'/X) i—)■ Aiiog{X'), f i—)■ f~^ where f~^ 
is the pullback functor deduced from 


The functor sending a usual 1-motive / : F —)■ G over X' to the log 1-motive / : F —)■ 
i*i~^G deduced from it is fully faithful. We may thus identify the category of usual 
1 -motives over variable bases with a full subcategory of Miog- 


Just as usual 1-motives, any log 1-motive (F, G, f) over X comes with a functorial 
increasing weight filtration. It is dehned as follows: 

FiD = {T,G,f) 

Fil-^ = (0,G,0) 

= (0,T,0) 

Fil-^ = ( 0 , 0 , 0 ) 


T being the maximal subtorus of G fsee 12.321 (hi) for the functoriality). 


We consider the following full B- subcategories of Xiiog- 

- M : 1-motives viewed as log 1-motives, as explained above. 

- AATlog '■ those (F, G, f) with Gr~^ = 0, ie. such that G = T is a torus. 

- MT = Mn MTiog. 


Remark 7.2. The B-categories M, Xiiog, XIT and XiTiog are naturally B-e-exact cat¬ 
egories (ie. the fibers are naturally exact and the pullback functors are e-exact) and the 
inclusion functors are B-e-exact. We leave this to the reader using only the exactness 
of j~^ together with the stability under extensions of the categories of twisted constant 
groups, tori and extensions of abelian schemes by tori (see the proof of \2.33\) . 


7.1.2. Any log 1-motive (F, G, /) over X can be seen canonically as object of the category 
of extensions EXTj^^ ^^^((F, 0, 0), (0, G, 0)). A nice feature of the latter is that it is 
endowed with the Baer sum ffl which is an exact bifunctor underlying the usual addition 
of the group We will need to extend the bifunctor ffl as follows. 

Definition 7.3. Consider an exact category C. 
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(i) We define CDC as the category of diagrams of the form 


0 

0 




A 


-S- ^ Oo 


0 

0 


in which both lines are short e-exact seguences and both following morphisms 
are admissible (ie. are part of a short e-exact seguence of C): A 2 ^ Bi x B 2 , 
a (iia(a), -i 2 {a)), Bi x B 2 ^ Ci, ( 61 , 62 ) Pi ( 61 ) - 7^2(62)- For simplicity, 
such an object is usually denoted simply {Bi,B 2 ). 

(a) We define ffl : CDC C as the functor sending (i?i, B 2 ) as above to its Baer sum 
Bi ffl B 2 := Ker{Bs -)■ Ci, ( 61 , 62 ) i-)- pi( 6 i) - 7 ^ 2 ( 62 )) where B 3 := Coker{A 2 -)■ 
Bi X B 2 , a (iia(a), —i 2 {a))). 


The reader is invited to check that this definition makes sense, ie. that the involved 
kernels and cokernels exist indeed using the axioms of an exact category (see e.g. [Bij 
def. 2 . 1 ). Note that ffl is an e-exact functor if COC is endowed with its obvious exact 
structure. The formation of the category CDC and of the functor ffl is moreover canonically 
pseudo-functorial with respect to C in the obvious sense. 

In our situation, we thus have a S-e-exact functor 
(161) ffl : A4logOt^A4log —)■ Mlog 

where MiogO/^Miog denote the natural S-e-exact fibered category whose fiber at X'/X is 
M.i,^g[X')^M.igg[X'). Let us indicate a useful computation in a special case. If an object 
of M.igg[X)^M.igg[X) is of the particular form 


(162) 


0 

0 


(0, Gi, 0)-^ (Ti, Gi, /i) 

OL 

(0, G 2 ,0) —^ (r2, G 2 , /2) 


(idjO) 


(idjO) 


(ri,o,o) 

7 

(r2,o,o) 


0 

0 


then its Baer sum is naturally isomorphic to (r 2 , Gi, /i o 7 -|- j^j ^(a) o / 2 ). 


7.1.3. As recalled in 12.321 (i) tori and twisted constant groups are already locally trivial 
for the etale topology. Here X is the spectrum of a complete discrete valuation ring and 
the finite etale topology is in fact sufficient (use |Mil] I., 4.2 c)). This and l2.37j(iii) implies 
in particular that for a twisted constant group T, we have e“^e*r ~ T if 


e : Xpi —)■ Xfet 

denotes the quasi-morphism induced by the inclusion fet{X) C FL{X). 

Consider a fixed uni formizer t of R. In Ab{Xfet) this choice provides a splitting of the 
valuation exact sequence 


0 - 


t 





e*Z 


0 
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More generally consider an extension G of an abelian scheme -B by a torus T and de¬ 
note r* ;= 'Hom{T,Gm) (resp. ;= 'Hom{T*,Z)) the character (resp. co character) 
group of T. Then t induces a split monomorphism tx '■ ~ 'Hom(e*r*, e*Z) —)■ 

'Hom(e*r*, Let us furthermore denote to ■ e*r*^ —)■ the 

morphism given by tx and the inclusion T <Z G. 

Lemma 7.4. The morphism to induces the following isomorphisms: 

(163) e,G X > e^j^j-^G 


(164) Hom{T, G x F*'^) ^ > Hom{T,j*j ^G) 

Proof. The second isomorphism follows immediately from the first one. Let us thus 
explain (11631) . First we note that smooth group schemes are acyclic for e* in virtue of l3.16l 
(i) and l3.2lj(i)[ Applying this to T and using that —)■ is an isomorphism (this 

follows from the Neron extension property) we get the following commutative diagram 
with exact lines: 

0 -^ ^ C-fG -^ ^ 0 

i 

0 -^ ^ ^ ^ 0 

Diagram chasing reduces us to the case T = G but then we are done by the construction 
of tx explained above. 

□ 

Note that T being functorial with respect to G, the isomorphisms of the lemma are 
functorial as well. 


Definition 7.5. (i) Let (T,G,f) in M.iog{X) and denote (/o,'y(/)) the preimage of 

f under the isomorphism The resulting couple of log 1-motives 


((F,G,/o),(r,T,fron(/))) m M{X) x MTio^{X) 


coming from this decomposition is called the t-decomposition of (F, G, f) (here we 
abusively denote tx the morphism F*'^ —)■ jG~^T obtained using that e“^e*F*'^ ~ 

(a) We say that (F,G,/) in A4iog{X) is a multiple of t if fo = 0 (or eguivalently if 
f = to o v{f)). The full subcategory of Aiiog{X) formed by the multiples oft is 
denoted Xil^g{X). 


Let us emphasize that the t-decomposition introduced in (i) is functorial with respect 
to (T,G,f) in A4iog{X). Let us also notice that a log 1-motive (T,G,f) is in fact in 
A4(X) if and only v{f) = 0. 


Lemma 7.6. (i) Let M.{X)G\JviT\og{X) denote the full subcategory of M.iog{X)G\M.iog{X) 

whose objects are of the form 


0-- (0, G, 0) ^ (F, G, f) ^ (F, 0,0)-- 0 

U II 

, , (0,2^) . . (id.O) , , 

0-- (0, T, 0) ^ (F, T, g) ^ (F, 0,0)-- 0 
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where (r,G, /) is in M.{X) and {r,T,g) is in Ai'Tl^g{X) (ie. g = trp o v{g)). 
The functor fll6ip induces an equivalence of categories 

M(X)DMnjX)^M,,,{X) . 

(a) Let M.{X)'T\XiT^{X) denote the full subcategory of M.{X)U\Xi'T^i^g{X) whose 
objects are those of the above form satisfying furthermore g = 0. Then we have 
an equivalence of categories 

M{X)UMT^{X) M{X) . 


Proof. 


The assertion follows from the functoriality of the weight filtration together 


with the computation of the Baer sum on (11611) (alternatively, it is also a consequence of 


:i))- 


(i) An object of the indicated form is sent by ffl to (P, G, f + g), where g is seen as a 
morphism P —)■ G. Essential surjectivity thus results from 17.41 Full faithfulness on the 
other hand boils down to the fact that the t-decomposition is functorial with respect to 
the log 1-motive. 


□ 


Let Z, Z(l) respectively denote the objects (Z, 0,0), (0,Gm,0) of M.{X). If x G 
(resp. K^)i we denote Kum{x) := (Z, Gm,x : Z —)■ Gm) (resp. Kum{x) := (Z, Gm,Z —t 
the corresponding Kummer 1-motive (resp. log 1-motive). Note that sending 
X to the class of Kum{x) realizes isomorphisms of groups ~ Ext^f^^s^{Z,Z{l)) and 
~ Ext\^^ j^j,j.^(Z, Z(l)) (compatibility with group laws relies on the computation of 
ffl on fllOip ). if M is a twisted constant group, we denote furthermore M ® Kum{x) the 
l-motive (resp. log 1-motive) {M, M ® G^nyidM ® x). 


Lemma 7.7. The Baer sum functor induces an equivalence between AiT]f,g{X) and the 
full subcategory of M.iog{X)\I\M.igg[X) whose objects are of the form 


0-^ (0, M (g) Gm, 0) ^ ’ > M (g) Kum{t) ^ ’ > (M, 0, 0)-^ 0 

II ' f 

0-^ (0, M (g) G^, 0) (P, M ® G™, 0) —^ (P, 0,0)-^ 0 


with M a twisted constant group. 

Proof. An object of the above form is sent to (P, M(g)Gm, g) where g is the composition 
of the morphism f : T ^ M with the morphism idM ®t\M^M® Essential 

surjectivity results from the dehnition of AiT]og{X) (take M = P*'^) while full faithfulness 
results from the fact that idM ® t is monomorphic. 

□ 


Proposition 7.8. Let CjE be a stack of exact categories and assume given a B-e-exact 
cartesian functor E : A4 ^ C (ie. a collection of e-exact functors Ex' ■ Ai(X') — )■ C{X') 
together with isomorphisms f*Ex' — Ex"f~^ for all f : X" —)• X' , such that the obvious 
composition constraint holds). The category of extensions of E to a B-e-exact functor 

Flog ■ F4iog B 
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is canonically equivalent to the discrete category whose underlying set is the set of homo- 
morphisms 

\Fiog\ : ~ ^ Ea;t^(;^)(F(Z),F(Z(l))) 

extending the homomorphism 

|F| : W' ~ Ea:t^(^)(Z,Z(l)) ^ F(Z(1))) 

induced by F. This equivalence is independent on the choice oft made earlier. 

Proof. Consider the category CartEx^{M.iog,C) whose objects (resp. morphisms) 
are the cartesian S-e-exact fnnctors extending F (resp. i3-morphisms between them) 
and the discrete category Hom}^\K^.,Ext],^^^~^{F{'L).,F{fL{l)))) whose objects are the 
homomorphisms extending \F\. We need to show that the natnral fnnctor 

|-| : CartEx^{Miog,C) F(Z(1)))) 

^log ^ t I FiQg I 

is an eqnivalence. Let ns £x a nniformizer t and consider the following natnral factorization 
(via restriction to ■M\og) t^e fnnctor | — |: 

Cart^^{Miog,C) ^ Cartr'^{Mlg,C) ^ Hom\^\{K\Extl^j,^{F{Z), F{Z{1)))) 

We are going to show that both fnnctors res* and | — |* are eqnivalences. 

The given S-e-exact fnnctor F indnces a psendo-commntative diagram which corre¬ 
sponds to the solid part of the following diagram where the vertical eqnivalences are given 

by EH 



This diagram together with psendo-fnnctoriality of □ and ffl shows that it is eqnivalent 
to extend either one of the S-exact fnnctors FDF or F respectively into a S-exact 
fnnctor Fiog, FiogFiFiog or Fiog. Now extending F into Fiog is also eqnivalent to extending 
res^{F) : AiT^ —)■ C into a fnnctor AiFlog —^ C. This shows that res* is an eqnivalence. 

Using 17.71 together with etale descent in C we are rednced to the case T ~ Z“ and 
M ~ Zf). Thns we see that extending res^{F) to Ai'Tlog simply boils down to the choice 
of the image of the Knmmer log 1-motive Kum{t). Since the gronp /R^ is generated 
by t, this shows that | — |* is an eqnivalence. 

□ 
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7.2. The semi-stable Dieudonne functor. 


The goal of this section is to construct the Dieudonne crystal of a semi-abelian scheme 
over Cv and then over C by gluing the local constructions for v in Z with the usual 
Dieudonne crystal of |BBMj over U. 


7.2.1. The Dieudonne functor to be constructed will take its values into the exact category 
of Dieudonne crystals. In view of cohomological methods it will be convenient to consider 
the larger category of (/, n)-modules dehned just below. 


Definition 7.9. Consider a ringed topos {E,A) (with A commutative) and an object X 
of E together with an endomorphism E : X ^ X. We still denote E the associated 
localization morphism E : (i7/x,^|x) (-E/x,^|x)- 

(i) We define the category Mod^^i^Eix-, A\x) of {f,v)-modules as follows: 

- An object is a triple {M, fM,VM) where M is a module o/(i7/x,^|x) and fM '■ 
E~^M M, vm ■ M ^ E~^M are morphisms in Mod{Ejx, A\x) ■ 

- A morphism (M, fM, vm) —t (77, fx, vx) is a morphism a : M ^ N in Mod{Efx, ^\x) 
which is compatible with the f’s and v’s. 

(a) We define a bifunctor 

: Modf^{E/x,A\xr X Modf^{E/x, A\x) ^ Mod^^iE/x, A\x) 

by the formula 

fM, Vm), {N, fx, vx)) ■= {T-LomA^x N),'HomA^x {^m, fx),'HomA\x Um, vx)) 

where T-LomA^x denotes inner homomorphisms over {E/x,A^x)- 

Consider the category Ejf^ of triples (F,/y,ny) where Y, fy : E~W Y and vy : 

Y —)■ E~W are in E/x- The ring {A\x, fA,VA) where is the canonical identification 

E~^A\x — Aix and va = f~f^ will simply be denoted A^x- 


Lemma 7.10 

(^) 


(ii) 


Let {E, A,X, E), Ej'^ and A\x as above. 

The pair {Ej^,A\x) is a ringed topos. It is pseudo functorial with respect to 
{E,A,X,E) if a morphism {E,A,X,E) —)■ {E', X', A', E') means a morphism 
of ringed topoi g : {E, A) —)■ (i7', A') together with an isomorphism g~^X' ~ X 
which is compatible with E and E'. 

There is a canonical isomorphism Mod^^{Eix,A\x) — Mod{Ej^, Ajx). Via this 
identification the adjunction {g*,gfij : Mod{E^if^^ A\x) —t Mod{EJf),^ A'^^,) at¬ 
tached to {E, A, X, E) —)■ {E', X\ A', E') translates as follows: 


g*{M',f,v') 

= {g*M',f,v) where 

f 

E-^g*M' ~ g*E'-^M'^^\*M' 


and 

V 

g*M'^*-^ g*E'-^M' ~ E-^g*M' 

9*{M, f,v) 

= {g^M, f, v') where 

f 

E'-^gM ~ g^E-^M^-I^ g^M 


and 

v' 

g,M^-lHg,E-^X ~ E'-^g,M 


(here the base change isomorphisms are due to the fact that E' is a localization 
morphism whose pullback by g is E). 

(Hi) The forgetful functor x~^ ■ ModV{E/x, A\x) —^ Mod{E/x, A\x) is the pullback 
of morphism of ringed topoi. It has moreover a left adjoint x\ which is exact. 
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Proof, (i) and (ii) are routine. 


-llN, 


(iii) Let us give an explicit description of x\ in order to check that it is exact. Let 
[F]^ denote the free associative monoid with unit on the labels [F“^], [F]. Sending [F“^] 
to F~^ and [F] to F dehnes an action of * [F]^ on the category Mod{E/x, A\x) 

in the strict sense. Explicitly given a word w = • • • [F“^]“*[F]^* of length 21 

(/ > 0, ctj > 1, F > 1) and an A-module M, w.M = ... (F“^)"*(F)^*dL. 

Set x\M = {N,fx,vx) where 


N= © w.M, 

Jm ■ F~^M —)■ M is induced by multiplying the indices on the left by [F~^] together with 
the identity F~^{w.M) = {\F~^]w).M in component w, and v^i '■ M —)■ F~^M is induced 
by multiplying the indices on the left by [F] together with the adjunction morphism 
w.M —)■ F~^F\{w.M) = F~^{[F]w.M) in component [F]w. The adjunction morphisms 
M —)■ x~^X\Ad and {M, are respectively dehned by sending 

M into the component 1 and sending the component [F]^P • • [F]^' into 

M by applying successively: the morphism F\M ^ M deduced from vm by adjunction 
f3i times, the morphism fxi ai times and so on. We leave it to the reader to check the 
adjunction property. This description makes it clear that x\ is exact since it is built from 
the exact functors F and F~^ using direct sums. Let us mention that the functor y* has 
an analogous description with * [F]^ replaced by [F=]^ * 

□ 


Remark 7.11. The bifunctorshould not be confused with the bifunctor'Horn^fv 
of inner homomorphisms in the ringed topos {Ejf^,A\x)- 

The bifunctor Hom^^^^ is right derivable and thus induces: 

(165) : D-{E>XA^xr x D*(E’';., A^x) 

We will also need a variant Hom^^^^ where the hrst argument is in the category of abelian 
groups instead of x4-modules. Deriving gives: 

(166) RHom^%-, -) : D-{E]ir^ x D+(F/^, ^ D+(F/^, 

Finally we will use furthermore variants where the hrst argument (resp. the target) takes 
its values in the derived category of inductive systems of (/, n)-abehan groups (resp. 
projective systems of (/, n)-modules) and conversely. Derived functors in this setting can 
be computed by taking components of the projective or inductive systems accordingly. 

Lemma 7.12. (i) One has a canonical bifunctorial isomorphism 

Sxt{f’^{{M, fM,VM), {N, fx,VN)) = {Sxt\^^{M,N),f,v) 

where f is induced by vm and fx while v is induced by fM and vx- 
(ii) Let A\x ® (—) : MoF^(F/x,Z) —)■ Mod^'"{E/x,A\x) denote the pullback functor 
induced by {E,A,X,F) —)■ (F,Z, X, F). There is a canonical isomorphism of 
bifunctors x D+{E]1,A\x) ^ D^{E]1,A\x): 

RUom^^^^{A\x®{M, fM, vm), {N, fx, vx)) RHom^^((M, fM, vm), {N, fx, vx)) 
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(iii) Let : Mod-^'’{E/x, Mod-l''^{E/x, ^\x) denote the functor taking an pro¬ 

jective system of {f,v)-modules to its inverse limit. There is a canonical isomor¬ 
phism of bifunctors D-)°p x D+{E^^l,A\x) ^ A\x): 

RUom^'"{\\^{M,, fM.^VM), {NJn^vn)) ^ RURHom^^{{M,, fu.^VM), {NJn^vn)) 

A similar isomorphism holds with RTiom^ff^^ instead of R'Hom^'^. 

(iv) For each n > 0 there is a canonical morphism of functors D~{Ejf^, A\x) 

id -i- A\x). Aix) 

The morphisms obtained for different values of n are compatible in the obvious 
way. 


Proof, (i) This follows from the fact that the functor x~^ preserve injectives (17.101 (iii)) 
as well as E~^ (localization). 

(ii) The isomorphism is clear if {M, fM,VM) is flat over {Ej'^,Z) and {N, fxyVx) is 
injective over {Ej^, A\x)- The general case follows by taking resolutions. 


Ill, 


Start with the obvious isomorphism 

'Hom^'’{\im{M,,fM.,VM.), (NJx^vn)) ^ RRom^^{{M,, fM.,VM.), (iV,/ at, uat)) 

Let ns explain why the announced isomorphism can be deduced by right derivation. 
Say that an object M = (M.j/m.jUm.) in Mod^'"{Ej‘^,Z) is good if Mk ^ Mk> for 
k < k'. Every inductive system M is a quotient of a good one e.g. gd{M) M 
where gd{M)k = The result will follow if we can prove that the projective 

system Rom^^^M,, N) is Z*-acychc as soon as M. is good and N is injective. Since x~^ ■ 
Modk'^{E/x, A\x)^ —)■ Mod{E/x, A)^ preserves injectives (17.101 fiii)) we are thus reduced 


to prove that for M, good and N injective L, := 'Hom{M,, N) is acyclic for the functor 
In order to check that ~ RUL, it is sufficient to check that r(f/, Z*L.) ~ RT[U, RUL) 
for every f/ in E or equivalently limprojHom{M_p, Np) ~ RlimprojRT{U,L). Since 
N is injective we find that RT{U,L) ~ Hom{M\u.,N\ij) ( |SGA4-lTj V) and that the 
transition maps of the latter projective system are snrjective. The result follows (using 
e.g. the Mittag Leffier criterion for A([/)-modules). 


(iv) The desired morphism may be obtained by using any injective resolution of A\x in 




□ 


7.2.2. In the context of big or jj-big crystalline topoi, we will use the following notations: 

- For Y‘^ in Sch^Ti we denote (yV^oo)(" the topos denoted Ej'f^ in 17.101 with E = 
(Si/Soo)cj?ysttjz, X = ifY^ and E the endomorphism of X induced by the absolute 
Frobenius of YK 

- For Y in Sch/Ti we denote {Y the topos denoted Ejfx in 17.101 with E = 
{Ti/Too)cRYS,fh X = and E the endomorphism of X indnced by the absolnte Frobe¬ 
nius of Y. 

Lemma 7.13. Assume that X^/Ti is locally embeddable. 

(i) The inclusion functor VCcRvsfijiiX^) —?• Mod{{XyT,oo)^^,0) is e-exact and 
reflects e-exactness. 
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(ii) For Di, D 2 in VC{X'^) the functor of (i) induces an injection 

(Hi) If X'^ = X then (i) and (ii) hold as well with (X/Soo)^’^ and CRYS'^ respectively 
replaced by [X/TjooY'" and CRYS. 

This follows from 15.331 (ii) given that the forgetful functor x~^ is exact. 

is similar. 


Proof. 


Statement (ii) follows formally. The case of 


111 , 


□ 


7.2.3. Let us introduce some simplified notations for certain (/, n)-modules in crystalline 
topoi. In what follows we implicitly use the obvious isomorphism F~^i^ ~ i^F~^. 

- If G is an abelian group of (Ei/Eoo)cijysii,p 'w® use the notation 

(167) G=(G,1,1) 

for the corresponding trivial {f,v)-module 0 /((Xl*/Soo)cj?ystt,/h i®- ih® abelian group 
{G\x, f, v) of (X*/Soo)[’^ where / is the trivial identihcation G ~ F~^G (not to be confused 
with the relative Frobenius) and v is the inverse of /. This convention applies for instance 
to Gm, , Ga, O, X. 

-If G is a hnite locally free group or a p-divisible group over X then we denote 

(168) Gf'’= {i,GJg.vg) 

the abelian group of (X**/Soo)[^ where vg is induced by the relative Frobenius : 

G —)■ F“^G and /g is induced by (F*^*^*/^**))* F ^G ^ G where (—)* denotes the Cartier 
dual (see section E3]l . 

We use similar notations in the setting of big (instead of jj-big) topoi in the case X^ = X. 

7.2.4. Our starting point for the construction of Dieudonne crystals of semi-abelian 
schemes is a result from |BBM] for the Dieudonne crystal of a p-divisible group. 

If M is an abelian group (resp. G-moduIe) of (X/Soo)'^’' we use the following notation 
for bidualizing functors 

B{M) = inD((X/E„,)/-,G) 

(resp. BoiM) = in D{{X/X^)f\0)). 

Here and in the following we denote respectively IZRom^Y^ ^ und RHom^Yc/T.^) 
functors fll65p and fll66p . 

Remark 7.14. Because the definition of the functor B involves truncation it does not 
commute to shifting. Instead we have natural distinguished triangles: 

B(M|-1]) -- B(Af)|-l] — Rnom’aX^J£xtl"^%^^(M, O), 0)|2] -iU 

B(M)[1]-- B(A/|1|)-- O), 0)|3| — 

A similar remark holds for Bp- 

Proposition 7.15. Let X in Sch/Xi and G in pdiv{X). 
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(i) If G* denotes the dual p-divisible group then (9) = 0 and 

D{G) := Sxtlf^j^^^{G*’^\ O) in Moc/((X/Soo)^^ O) 

is a Dieudonne crystal. The resulting functor pdiv{X) —)■ VGcrysji{,X) is e- 
exact. 

(a) There are canonical isomorphisms in Mod^^X/'LooY'^^O): 


D{G) 




Proof, (i) follows immediately from 17.12] fii and |BBM] 3.3.3. 


This is proven in |BBM] 5.3.6 by rednction to the case of hnite locally free gronps. 
Let us only recall the dehnition of the arrow B{Gl‘^)[—l] —?• D{G) in question since it will 
be needed below. Consider the exact sequence 


0-^ 1 + X-^ ^ ^ 0 


of (T,i/T,ao)cRYS,fl- Combining with the logarithm 1 + X —)■ O and passing to trivial 
(/, n)-modules of (X/Soo) we get a morphism 


(169) log : Gm[-l] ^ O in D{{X/E^)fY 


According to 17.121 (i) and [BBMj 5.2.7 the morphism (I169p induces an isomorphism 


RUom^Y^x/^^) ’ 0),0)^ G^[-l]), O) 

in ,0). The claimed isomorphisms will follow by computing the effect of 

RU on both side. We need the following 

Fact. There is a natural isomorphism limindkI-Lom^Yc/T.^)YR^Y''^^ ~ 
and limindkSxtj^Y}j:^){R^lYG) vanishes. 

The proof of this fact is left to the reader (look at realizations of the exact sequence of 
Mod{{X/E^y\0) 


Ft om R 

rtorn^xiY^ 


,(G'J.oy 


■ Sxt^’^ 


fGR,0) 


Sxt^’^ 


AGR,0) 


■ Sxt^’^ 


,(G? 


, 0 ) 


resulting from |BBM] 3.3.3 and let k run in N°^). 

Using this fact we obtain the following series of isomorphisms: 

(170) Rh{LHS) ~ RHomR^^^^fiimT<yRHomR^^^^{GY,0),0) 

(171) ^ 

(172) c. Homg;^_,^^,(fx(f”y„,(G/”.0).0) 
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where fll70p is bv 17.121 (iii) and fll72p is by local freeness of O) 

Having noticed that Rl^{LHS) is concentrated in degree 0, we hnd that 

(173) Rh{RHS) ~ R%{RHS) 


see 


:i))- 


( 174 ) 


( 175 ) 


( 176 ) 


( 177 ) 

~ R%Rnam(’,^JG;J\0) 

( 178 ) 



where fll73p - fll77p are trivial and fll78p is by 17.121 


111 , 


□ 


Definition 7.16. Let X in Sch/Tji and M in A4{X). We set 

Dx{M) := D(Mpoo) 


where Mpoo is the p-divisihle group associated to M 1^2.34\ (ii))- This defines a functor 
Dx : M.{X) —)■ VCcRYSjii^) which is canonically pseudo functorial with respect to X 
and e-exact if X is regular ^2.33\) . 

Another basic input is the following calculation from |BM] . 


Proposition 7.17. Let X in Sch/Ti. 

(i) There are canonical isomorphisms in VCcRYSjfiX): 

Dx{T2) := D{Qp/Zp) ~ (0,p, 1) 

L>x(Z(l)) := D{ppoo) ~ {0,1,p) 

(ii) Assume that X is regular. There is a commutative diagram of abelian groups 


^( 1 )) 

\Dx\ 




■ 1), (G p)) 

log 


(*) 


adj 


^^^‘DCcrysji 


where 5 denotes the obvious isomorphism x 1 —)■ [Kum{x)] and \Dx\ denotes the 
map induced by the e-exact functor Dx defined in \7.16\ 


Proof, 
phism (<!( 


Since the structural ring O of {X/Tjoo)crysji is p-torsion the natural mor- 


iTjpY'" = {Qp/7jp,p, 1) (Z,p, 1)[1] of D{{X/'Eoo)^^) induces isomorphisms 


RRom 




,/Zp)R ^ {0,p,l)[l] 


,/Zp)R,0) ~ {0,l,p)[-l] (EiapJ 


in D{{X/T,ao)'^'^, O). The announced computation of Dx{Z) and Dx{Z{l)) follows imme¬ 
diately (using [7T5] (ii) for the hrst one): 
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DijQpfZp) 

^ Bmp/Zp)f^)[-i] 


~ RHom 




(179) 


~ {0,P,1) 

-Dx(^(l)) •= -D(/i„oo) 

^ (0,1,p) 


((0,l,p)[-l],0)[-l] 


The following claim will be needed for the proof of 


11 


Claim. The above isomorphism D{fipoo) ~ (O, l,p) coincides with 




D i^Hpooj 


iPl 


((,,,»)^”)|-l] Bo((0, l,p)) — (O, l,p) 


where is obtained by applying Bq to the morphism O 0^ (/i pOO ^ (0,l,p)[l] of 

Zl((X/Soo)-^’', O) dednced from 01691) fapply fTm with M = (0,1,p)). 

Let us prove the claim. To begin with we notice that for any module or abelian group 
M we have a natural morphism 

Qp/Zp0r<ji?'Hom[j(-/j,^)((/ipoo)7^,M) -)■ hmr<ji?'Hom[j(./^^)((/rp.)-^’', M) 

(since Pp. ~ Z/p- 0-^ ppoo[—1]) which is an isomorphism if and only if 

rori(Qp/Zp,^xffj^’;+^)((ppoc)/^M)) = 0 

This is in particular the case if M = O, i = 1 f |BBM] 3.3.3 (iii)) or M = G^, i = 0 (use 
I7.12l[(l)] together with the vanishing of ^Cjm) f |BBMj 1.1.8, |SGA7-I] VIII, 

3.3.1) and the vanishing of Z/p^ 0^ RC'Hom(^x/T,){l^p-,^m) 04.5p L 

This observation explains the second commutative square in the following diagram 




“)[-!] 




D{flpOO ) 


f X f — 1 ]—X X 

ft., n\ TO') ___ fV.rr.'Ur.rrr.J 


RHomC (limr<iPWom[”/j,^j((/Xp.)'^'', O), O) 


Gm), 0)[l] 


RHomL 


iog:((jpOo)'^”->(0.1,p)[l] 


X X — 1 ]—X ^ X 

((,. To^ To^___^ rrii 117 ^'u^rrr.f^ 


RHom^f^ / j (Qp ! ^p' 


{{O, l,p), C))[l] 


PHom[^/j,^)(Qp/Zp0?^om[”/j,^)((Atp=o)^yG,„),C)[l] 


P'Hom(^^j,^j(Qp/Zp0(Z,p, 1), C9)[l] 


Bo{{0,l,p)) 


(0,1,p) 


Let us explain the other commutative squares. The first commutative square is clear 


from the construction of the isomorphism 17.151 (ii) The fourth one is obvious. To get the 
third one we notice that each corner is in fact concentrated in degree 0 so that we may 
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drop the superscripts fv to check commutativity. Then we are done using the following 
commutative square of abelian groups in {X/T,oo)crysji- 


^ "^C»?77.(x/Soo)(hp°°) ^m) 


log-.fipoa [— 1 ]— 


T-iom 


0(X/Eoo) 


{ 0 , 0 ) 


The claim is now proven. 


lib 
estab 


In the diagram below we let (i) denote the arrow induced by the isomorphisms 
ished in ( 


^(1)) 






log 


\B\ 


log 




(0 


Hom^x/T.^)fv 1), B{G^, l,p)) 

log 

^o{B{Z,p, 1), Bo(0, l,p)) 

I 

—s- Ext]^x/T.oc,),oiiE>,p, 1), {O, l,p)) — 


Extlx/^^)fv{{'^,P, 1), (O, l,p)) 


|s| 


adj 


The claim established in implies that the pentagon on the left is commutative. The 
commutativity of the rest of the diagram causes no difficulty and will be left to the reader. 
Let us only give some explanations concerning the dehnition of some arrows. The arrow 
denoted (—)p°o is well dehned thanks to I2.34l|(ii)| and I2.39l|(ii)[ The arrow denoted nat 
follows from the following observation: for a: : Z —)■ Gm the morphism F~^x : F~^'L —)■ 
F“^Gm translates as 1 a;(l)^ if one makes the obvious identihcations F~^'L = Z and 

F“^Gm = Gm- The arrows denoted log are deduced from O 0'^ (Gm)-^’' —t {O, l,p)[l] by 
applying Bp and 17.141 The hrst and third arrow denoted \B\ are dehned using respectively 
the isomorphisms i?((Qp/Zp[—1])) ~ i?(Qp/Zp)[—1] fbv 17.141 and [BBM] 3.3.3, (hi)) and 
B{{^,P,l)[-M) - B{Z,p,l)[-l] (by ILM again). 

□ 


Proposition 7.18. Let X, R, K, k as in Consider furthermore X'^ = {X, Spec{k)) 
and the natural morphism o : X** —)■ X. Denote \Dx\ and \Dx\ the homomorphisms 
on ExR’s induced by the functors defined by \7.15\ (i). 15. 3 Si (ii) respectively for X and 


Spec{K). There exists a canonical homomorphism \Dxi\ rendering the following diagram 
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commutative. 


^( 1 )) 

\Dx\ 


' ^( 1 )) 


I I-Dxitl 


\Dk\ 


Proof. Using rrm (ii)| we find that it is enough to dehne dotted arrows (the dehnition of 
the other ones is analogous and compatible via p* with their counterpart in the context of 
big crystalline sites) rendering the following diagram commutative and to check that the 
composed vertical dotted arrow takes its values into Ext]^^ ^ 1), ((P, l,p)) 

viewed as a subgroup of Ext] f^{{0,p, 1), {O, l,p)) (I7.13l [(in]). 





Here denotes the sheaf of groups on EL^{X'^) dehned by the collection of sheaves 
(the fraction group of the structural monoid on et{U‘^)) together with the natural 
functoriality morphisms for U** varying in Sch^ /XK That this is indeed a sheaf is explained 
in the proof of |Ka3j thm 3.2 and relies essentially on the fact that small etale sheaves 
(and thus in particular morphisms of such) satisfy fl descent ( [SGAd-IT] VIII, 9.4). As 
usual is viewed as a sheaf on Gi?VS'j;(X**/Soo) via A. It should not be confused 
with : (f/**,Tt*) i-)- r(Tt*,M|,^) (which is also sheaf for similar reasons). Both are 

related by the following exact sequence: 

(180) 0-► 1 + — M" -. 0 

We dehne the desired dotted arrows as follows. 

- The morphism is dehned so that the top right square (and thus also the top left 
one) is commutative. 

- The morphisms natxi and adjx^ are the obvious ones. 

- The arrow loQxi is deduced from fllSOp and the logarithm 1 + /y.^ —^ Oxi/ y^ ■ 
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It now remains to check that if an extension class [E\ is produced by the dotted ver¬ 
tical arrow from an element of then E is in fact in 'DCcrys'^jA^'^)- First 

we note that E is a locally free crystal since it is an extension of two copies of O. Fi¬ 
nally we notice that the condition fv = p, vf = p can be checked after pulling back to 
{{Spec{K)/T,oo)cRYStjhC^) (observe realizations at a lifting). 

□ 

7.2.5. We are now in position of dehning the Dieudonne functor for log 1-motives and 
semi-abelian schemes over X. We use the following notations 


j 

r \ 

Spec(A') — — A' 

3^ 


for the obvious morphisms. 

Corollary 7.19. There exists a canonical e-exact functor Dxi fitting into a canonically 
pseudo-commutative diagram as follows: 


M(X) Miog(X) ^ M(K) 


Dx 

VC{X) 


VC{X‘^) 


Dk 

VC{K) 


This diagram is moreover canonically pseudo-functorial with respect to finite etale base 
change. 

Proof. This directly results from 17.81 and 17.181 

□ 


Definition 7.20. Consider a semi-abelian scheme AjX. 

(i) The log 1-motive of A and the 1-motive of A\ri are defined respectively as 


Miog{A) := (F,G,/) tnMiog(X) 

M(kl|,) := (F|„G|„/) ^nM(p) 


where F, G (resp. f) are as in \3.1tA (resp. \3.23\ (i)). 
(a) The Dieudonne crystal oi A/X is defined as follows: 


DxfiA) ■.= DxfiMiog{AlX)) 

Let us write down explicitly how the Dieudonne crystals of A, G and F are related. 


Proposition 7.21. (i) The weight filtration on Miog{A) induces a canonical exact 

seguence as follows in VG{X'^): 


0-^ Dxt (0, G, 0)-^ Dxt {Miog{A)) -^ Dxi (F, 0, 0) 


0 


(a) The weight filtration of M[A\g) and the bottom exact seguence of \3.23\ (Hi) induce 
isomorphic exact seguences as follows in VGfif): 


0 


-^, 7 ( 0 , G\r^, 0 ) 


D,(M(A|,)) 

i 

poo) 

138 


Dp(F|p,0,0) 

i 


0 

0 


0 


Dg (G|p pCX) ) 


Dp(Qp/Zp(8)F|p) 











































The top exact sequence is moreover naturally isomorphic to the one deduced from 



functor Drj : pdiv{r]) —)■ VC{ri). The last assertion is by compatibility of the functors Dxt 


and Drj fl7.19p . 


□ 


7.2.6. We are now in position to dehne the Dieudonne crystal of a semi-abelian scheme 
over C. 


Definition 7.22. Let SAS{C,Z) denote the category of semi-abelian schemes over C 
which are abelian above U. We define a functor 

Dei : SAS{C, Z) VC{C^) 


by sending A/C to the Dieudonne crystal over (C**/Zp) corresponding to 

m*Dci{A/C) := {D^i{A\cJ) Du^{A\u^) Djj{A\jj))^^z in VC{.P) 


under the equivalence ^ . 1\ (i) 


Note that this dehnition uses the isomorphism fl’*D^i[A\Cv) — DuS^\u,v) of 17.211 
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The following result explains the relation with the Dieudonne crystal arising from the 
diagram of p-divisible groups introduced in 13.251 


Lemma 7.23. Consider the restriction H\j to J of the diagram of p-divisible groups H 
defined in \3.25\. We have a canonical exact sequence as follows in VC{J'^): 

0-^ o*jDj{H\j) -^ m*Dei {A/C) -^ (o}Dj((Qp/Zp ® T^ —)■ 0 <(— 0)vez) -^ 0 


Proof. This results directly from 17.211 


□ 


8. The comparison theorem 

8.1. Diagrams of p-divisible groups. 

The purpose of this paragraph is to establish the comparison theorem for p-divisible 
groups over a diagram of schemes whose vertices have local hnite p-bases. This will be 
achieved in l8.9l for Qp/Zp and Ppoo and in l8.14l for arbitrary p-divisible groups using Cartier 
biduality. 

8.1.1. Let us begin with technical observations regarding the computation of SxD^s on 
diagrams. 

Lemma 8.1. Consider a ringed variable topos iT,A) on a category B and let X/A in 
Diag{B). 

(i) Consider an abelian group M ofT{X) and a module N over (T(X), Ax). If M is 
cocartesian (ie. f~^Ms — My for all f : 6' ^ 6 in A) then the following natural 
morphism of D^(T{Xs), Axg) is invertible for all 6 G A.- 

RTLomr{x){M, N)5 - RHomr{Xs){Ms, Ns) 
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(ii) Consider'Hom'f(x) as a bifunctor Ab{T{X))^°^ xMod{T{X), Ax) -^Mod{T{X),/ 
This bifunctor is right derivable into D”(r(X))^°^) xD+(r(X), Ax) D+{T{X), 
and there is a bifunctorial isomorphism 

/?'Hom7-(x)(limMfc, A^) ~ Rl^,'Homr{x){M,, N) 


Proof, (i) Let us compute the Ax-module 'Homr(x){.AI,N). Consider 5 in A, f/ in 


T{Xs) and let T{X/U) denote the topos of sections of the cohbered category over A/5 
whose hber at : 5' —)■ 5 is T{Xs')/g~^U. Let h : T{X/U) —)■ T{X) denote the morphism 
induced by A/5 —)■ A, i—)■ 5' and the localization morphisms T{Xs')/g~^U —)■ T(Xy). 
Using jSGA4-II] VI, 7.4.7 we hnd a natural isomorphism 

nomrix){M,N)siU) ~ Homr(x/u){h-^M, h-^N) 


Via this identihcation the image by of the natural morphism in question translates 
into 


Hom-Y(^x/u){h ^M,h ^N) - ^ Homr(X5){Ms,\Uj Xs^\u) 


and is thus an isomorphism since M is cocartesian. The case of derived functors follows 
since Ns is flasque if N is injective fl2.11l (v)). 

i) Right derivability causes no difficulty (use injective resolutions of the second argu¬ 


ment). The proof of the claimed isomorphism is similar to (and easier than) the proof of 

□ 


Let us now gather some results about the behaviour of SxfA while traveling through 
the topoi which will be involved in our proof. The next statement and later ones implicitly 
use 12.391 to switch between the various incarnations of a p-divisible group. 


Lemma 8.2. Let X in Sch/Yii and S = 1 < fc < oo. Let fl ^ top ^ zar (e.g. 

top = syn) and let e denote the guasi-morphism from fl to top. 

(i) Let G/X denote a guasi-compact guasi-separated group (resp. a p-divisible group 
viewed as a group in {X/YL)crysji)- Consider a guasi-coherent crystal M of 
{{X/T,)cRYS,fi,C) (resp. and assume that top ^ syn). Then for 0 < i < 2 and 
n>0: 

(ii) Assume k < oo. Let G/X denote a p-divisible group viewed as a group in Xgyn- 
If M is a module of {{X/T,)cRYS,syn, O) then for 0 < i < 1: 

The same is true for syn and crys instead of SYN and GRYS. 

(Hi) Consider a syntomic group scheme (resp. a p-divisible group) G/X and let 0 < 
i <2 (resp. 0 < i < 1/. 

- If we view G as a group in Xsyn and if M is any abelian group of Xsyn 
( resp. which is killed by a power of p) then: 

p^SxfxsYNi^^M) ~ Sxtxsyn(P*G,P*M) 

- If we view G as a group of {X/Y) crys, syn and if M is an abelian group of 
{X/Y)cRYS,syn Satisfying M ~ iA~^M (resp. and which is killed by a power ofp) 
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then: 


(iv) LetG/X denote a p-divisible group viewed as an abelian group of {X/T,)cRYS,top- 
If M is a guasi-coherent crystal of {{X/T,)cRYS,top, O) then for 0 < i < 2, n > 0: 


Ext 


X/'^)cRYS,top 


~ lim Ext 


X/^)cRYS,top^^P- 


(G„„xWm) 


(v) Let G/X denote a p-divisible group viewed as an abelian group of Xtop- If top 
is finer or egual than syn and if M is an abelian group of Xtop killed by a power 
of p then for 0 < i < 1; 

^ 3 

The same is true with top instead of TOP. 


Proof, (i) In the first case the proof of |BBMj 2.3.11 works here as well (just notice 
that the GRYS,top analogue of loc. cit. 1.1.19 and 1.3.6 is true and then use directly 
loc. cit. 2.3.1, 2.3.9). Similarly (iv) is a straightforward adaptation of |BBM] 2.4.5. The 
second case of Ki) follows from the hrst one using (iv) and 12.381 

using that RlfHomxTOpi^p-^ ~ ^ (thanks to the fact 


(v) This follows from 18.11 


11 , 


that the transition morphisms RomxTOP^^p'+^^ m) RomxTOpiUpp I^) ^ 

is killed by p®). 

(hi) The hrst assertion is |Ba] 1.18 if G is a syntomic group scheme. The case of p- 


divisible groups follows by 12.301 |(v) and 12.381 The second assertion follows from the hrst 
one since commutes to p* and ExE. 


(ii) The claimed isomorphism is obtained from 

Ru^RRom(^x/T.)cRYs,syni'<^~^tG^I^) - RRomxsYNill^ II'<^*I^) 

by forming H^. The computation of the left hand term uses the vanishing of 
Rom(^x/T.)cRYs (wMch follows from the fact that p is epimorphic on u~^G 

while M is killed by p^) and the computation of the right hand term uses the vanishing of 
RomxsYNiHy — 0 (which follows from the fact that p is epimorphic on G while 

R^u^M is killed by p^). The same arguments apply in the case of small topoi. 

□ 


Remark 8.3. Thanks to l<g. il (i), the isomorphisms of \8.S\ have obvious variants in the 
case E = E. (replace G with l~^G in the formulae). 

The following lemma relies on the vanishing theorem of |Br] and will be a cornerstone 
in our proof. 

Lemma 8.4. Consider X in Sch/Ti and a p-divisible group G/X. 

(i) Let 1 < k < oo If we view G as an abelian group in Xsyn then: 

= 0 

and ExPxsyn^^^^) = 0 
The same is true with syn instead of SYN. 

(ii) Let k < 1 < oo, then: 


EtP 

^^^{X/Yk)cRYS,syn 


{G,X)o.Extl^/T.^^^^^,.JG,O)=0 
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Proof, (i) Let us examine the first case. The starting point is the vanishing of 


Sxf{Gpi,Grn) for i = 1,2 which is an easy consequence of |SGA7-Ij VIII, 3.3.1 for i = 1 
(use that G*i is acyclic for e : Xfl ^ Xsyn) and of the main result of jBr] for i = 2 
(here we use that p ^ 2). In the case of Xgyn use furthermore 18.21 (hi) Using the Kummer 
exact sequence 0 —)■ Ppk —)■ Gm —)■ Gm —?• 0 we obtain the following facts: 

- £xt^{Gpi, Ppk) = 0; 

- for I' > I the morphism 

£xt^{Gpi', Ppk) £xG{Gpi, Ppk) 

identihes to the morphism G*ii /p^ —)■ G*^i/p^ induced by p^'~^ : G*,, -» G*i. It is thus an 
isomorphism for I > k. 

The vanishing of £xt^{G, Ppk) will follow from the spectral sequence 

RH^:£xf {Gp., fipk) £xf~^^{G, fipk) 

fl8.ll (ii)) once checked that R‘^~H^,£xP{Gp., Ppk) vanishes for j = 0,1,2. Recall that 
RH^M^ can be computed by sheahfying U i—)■ RlimprojkRT{U, M^). For j = 1,2 the 
desired vanishing follows directly from the above facts. For j = 0, it results from the fact 
that 

'Hom{Gpi/, Ppk) — 'Hom{Gpi, Ppk) 

is zero for I' > I + k. 

The vanishing of £xR{G, O) is proved in the same way using the following facts which 
result from [BBMj 3.3.2 and its proof (thanks to the isomorphisms e^£xf'x^^{Gpi,0) ~ 

(| 4.12 | [(I)] ) &Ti(lp^£xfx^^^{Gpi,0) £xPx^^^{p^Gpi,p^O) ([R3|(iii)D: 

- £xR{Gpi,0) = 0; 

- for I' > I the following morphism is invertible: 

£xt\GpV,0) ^ £xG{Gpi,0) 

- for V > I + 1 the following morphism is zero: 

'Hom{Gpi', O) —)■ 'Hom{Gpi, O) 


This is |BBMj 3.3.3, 3.3.4 modulo |H2](i 


□ 


Remark 8.5. 


(i) In \8.4\ (i). XsYN or Xgyn (resp. G) can he replaced by X^yn 


Xf (resp. the constant projective system I ^G) thanks to \8.1\ (i) 


(ii) We do not know wether or not the analogue of \8.4\ (ii) holds on the small crys¬ 
talline topos. Unpleasantly this will force us to switch frequently between small 
and big topoi. 


8.1.2. Let us come to the techniques of |FMj which are needed for our purpose. We begin 
with the description of using divided power envelopes of Witt vectors and syntomic 
sheahhcation. 


Lemma 8.6. Consider the presheaf on SYN{T,i) sending U to the divided power 
envelope ofWk{U) with respect to the kernel Ik{U) ofWkifJ) —)■ 0{U), (xq, ... ,Xk) i—)■ Xq . 
Let I'^ffU) denote the tautological dp-ideal ofWjCiU). 

(i) The sheaf associated to is canonically isomorphic to in Si^ 5 y 7 v. The 

ring is in particular normalized. 

142 










































(ii) IfU is an affine semi-perfect 'Ei-scheme (ie. U = Spec{A) and the Frohenius of 
A is surjective) the isomorphism of (i) induces 

Wf(U) Or(C') 


(Hi) If {Ui)i(zi is a filtrant projective system of affine Hi-schemes and Uoo = limprojUi 
then 

\unOr\U,) ^ 

(iv) IfU is an affine Hi-scheme, there exists a filtrant projective system {Ui/U) iGi of 
affine syntomic surjective U-schemes whose transition morphisms are syntomic 
surjective as well and such that U^o semi-perfect. If there exists a closed immer¬ 
sion U ^ Y where Y has finite p-bases over Ei then we may chose / = N and 
Ui = U'A'tY ^ jf fiiQ ideal of the closed immersion is moreover generated by a 
regular seguence, then W'^^{Uoo) is fiat over Z/p^. 


Proof. Recall that for any UfEi we have = limprojO{T') where the projective 

limit is indexed by 7 ') in CRYSsyniU/Ilk) and does not change if only affine T'’s 

are considered. Thanks to the existence of 7 ' the ring homomorphism 

(181) Wk{U) ^ 0{T') 

(182) {xq,xi,. .. ,Xk-i) H- {xqY'' Fp{xiY'^ ^ ^ - Vp’"~^{xkY 


is well defined if Xi G 0{T') denotes an arbitrary lift of the image of Xi in 0{U'). Passing 
to divided powers and letting (Uh T', 7 ') and U vary this defines a morphism of presheaves 
of rings on SYN{i:ffi 

Ok : ^ 


after sheahfication. The 


We will prove that 0^ induces the isomorphism announced in 

other statements will be proved along the way. ^ 

Since Fa ■ x x^ is surjective, the ring homomorphism {xq, ■ ■ ■ ,Xk) x/^ is 


11 , 


surjective and dehnes a pd-thickening {U,T) := {Spec{A), Spec{W^^{A))). Let us check 
that {U,T) is hnal in CRYSsyniU/Ilk)- Consider a pd-ideal J of some Z/p^-algebra B. 
Any ring homorphism f : A ^ B/J lifts uniquely to / : Wk{A) -j- B/oy the formula 
fllSip . To see this we hrst note that thanks to divided powers on J, /([xq ]) = (/([xq]))^ 
is uniquely determined by the image /(xq ) of /([xq]) in B/ J and we conclude using the 

fo rmul a (xq, xj', ..., x^_^ ) = [xq] + p[xi] H-h p^~^[x fc_i] i n Wk{A). 

(here the hniteness of <5/A is 


(iii) Using a construction similar to the proof of 15.61 (iv) 


not required) we hnd easily a projective system {Ui,Yi)i^j where Yi = Spec{Bi), with Bi 
is a polynomial algebra Bi (in possibly inhnitely many variables) and B^o '■= limindiBi 
as well (it is in fact an inhnite tensor product indexed by I of polynomial algebras). For 
z G /U {cxd} let us denote respectively R and the divided power envelope of U inside 
Yi = Spec{Bi) and R x Tj. Then OY^YUi) ~ Ker{0{Ti) ^ 0(t/^^)) and the claim 
follows. 


(iv) Let A = 0{U) and consider a set I := U„>i/„ where R is the set of hnite subsets 
of A, Ai^i := ®A,a&A[X]/{X'P — a), Ai = limindi^i^Ai^i, and where for n>2, R, An,i and 
An are inductively dehned respectively as follows: R is the set of hnite subsets in A„_i, 
An,i := ®An-i,a&An-i[X]/{XP - o), An = Umindi^i^An^i- The set I is naturally ordered 
and the inductive system i E I Ui := SpeRAi) satishes the required conditions. In the 
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second case, the choice of a p-basis s = (si,..., s^) for V induces the right commutative 
square below 


[/(p^+^/y) —^ Y 

F F 


The right vertical arrow is clearly syntomic surjective. The other vertical ones are thus 
syntomic surjective as well since both squares are cartesian. Let us explain the last 
statement. Set B = 0(Y) and chose a regular sequence / = (/i ,..., f^) generating the 
ideal of U. Then Uoo = Spec^A^a) where A^o = i?oo/(/i, ■ ■ ■, fr) and Boo = limindpB. 
Also W^^iUoo) is the divided power envelope (compatible with (p), as always) of the ideal 
of Wk{Boo) generated by the [/f ]’s. According to |Be3] 1.5.3 (i), it is sufficient to prove 
that Wk{Boo)/{[ff ],•••, [/r”*"]) is flat over 'Ljp^. We do this by induction on r. For 
r = 0 this follows from the fact that Boo is perfect. Let us denote Ji = {[ff ],..., [/f ]), 
if 0 < z < r. For r > 1 it is sufficient to prove that Torf^^ {'L/p,Wk{Boo)/Jr) vanishes, 
ie. that the following sequence is exact: 


0 


Z/p ® {Jr/Jr-l 


'Ljp ® {Wk{Boo) / Jr-l) -^ Z/P ® {Wk{Boo)/Jr) 


0 


Now the image of [/^ in 'L/p ® {Wk{Boo) / Jr-i) — Boo/{ff ,■■ ■ ,/r-i) is a non zero 
divisor and thus Jr H {pWk{Boo) + Jr-i) = pJr + Jr-i as desired. 

Let F denote either the kernel or cokernel presheaf of the morphism 0^. and let 

we And that for each x G F{U) there exists 


111 , 


and 


IV, 


U e SYN{Tsi). Thanks to 
a syntomic surjective family (f/j —)■ U) such that the restriction of x to each Ui vanishes. 
It follows in particular that the sheaf associated to F is zero. 

□ 

Let us continue with some technical complements in the setting of small syntomic topoi. 
We use the notation 

'j-crys _ i^\^-¥‘j-crys 

where (1) has the same meaning as in 15.591 (ie. see I4.ip j. 


Lemma 8.7. Consider a regular closed immersion of affine schemes U ^Y where Y has 
finite p-bases over Si. 

(i) The modules andX')'^^^ o/(f/f^„, Z/p-) are flat and normalized. 

(a) IfY is semi-perfect then 0^ induces 

ImX)Ip‘‘ ~rp-(u) 

(Hi) If Uoo ■= limprojU‘^‘PJ^'> then 

\i^r^mzzi-y\Uoo) 


[^The case of follows easily from the flatness statement in l8.6l[(r^ as in the proof 
of l8.6l[(I)j Alternatively one could refer to 15.571 livl The case of follows bv I4.3l[(l^ 
(ii) Starting with the exact sequence defining (f/) (resp. T^yf) and applying 14.3j(iv)| 


(resp. and evaluating at U) gives the top (resp. bottom) exact sequence in the following 
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commutative diagram: 


(183) 0-► 0{U) -- /£,(£/)//-- it'iU) -- 0 

0 —- o{u) - 


The result follows since the right vertical arrow is invertible thanks to 18.61 (ii)J 
l(iii) Because O is ayclic on the f/j’s we have a exact sequence 0 —?■ 0{Ui) —)• —)■ 

0- Thanks to 18.71 (iii) we may conclude by taking limindi and comparing 
with the bottom line of (11831) . 


□ 


Remark 8.8. (i) The Cartier morphism ci := C~^ : O —)■ of 5.14 gener¬ 

alizes as follows. For any i > 1 there is a unique Ci fitting into a commutative 
triangle of rings 


Qcrys 


Qcrys 

^ i 



(a) It follows e.g. from \8.6\ that is normalized in Z/p-). A a result we 

have a well defined morphism: ~ /p^ —)■ . Using this we 

find that 0^ can be described globally as the morphism deduced from 


Wk{U) ^ 

{xo,xi,...,Xk-i) H- Ck{xo) F pck-i{xi)-] - V p^~^ci{xk-i) 


by the universal property of divided power envelopes. 

(iii) IfU is any scheme of characteristic p we have a commutative diagram or rings: 


(184) 


Wk^iu) — 


W^P{U) — OT^^iU) 


nat 


nat 


0{U) 


0{U) 


This diagram is functorial with respect to k and U in the obvious way. 

Lemma 8.9. Assume that X admits locally a closed regular immersion into a Si-scheme 
Y with finite p-bases. 

(i) The following sequence o /is exact: 

g _^ -£crys _^ Qcrys _^ Q _^ g 


The modules O andX of {X/'E ,0)crys,syn o^re acyclic for 
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(ii) There exists a unique 0 making the following square commutative over 


'^crys 


^crys 


^crys 


QC 


(Hi) There are canonical exact sequences as follows over {Xf ,Z/p'): 


0 


0 


z/p- 

^ f^p- 


\ — F 

^crys \ ^crys 


0 


^crys 


l-d 


^crys 


0 


(iv) The morphism 0 and the exact sequences of (i), (Hi) are functorial with respect 
to X. All statements thus generalize verbatim if X is replaced by a diagram of 
Sch/Ti whose vertices have local finite p-bases. 


Proof. 
O (resp. 
sequence, 


The exact sequence follows either from 15.571 (iii) or 18.61 (i) The acyclicity of 


is by 15.571 (iii) (resp. is immediate) and that of X follows from the exact 


Thanks tol8.7((I)]existence and unicity follow froml4.3|(ii) (iii) as in the proof of l5.49l 


once noticed that the Frobenius endomorphism of vanishes = p\x^ = 0). 

The hrst exact sequence is left to the reader. Let us explain the second one. 


Ill, 


Starting with the exact sequence of abelian groups 

0 -^ 1 + X-^ ^ Gm -^ 0 in {Ti/Tk)cRYS,syn 

then combining with log : 1 + X —)■ X, applying Zjp^ 0^ (—) and u* we hnd a morphism 
Ppk —)■ in Ti^syn- Since the Frobenius acts like p on Ppk this morphism factors via 

the kernel of p — X : —)■ Next we let k vary, restrict to the small syntomic 

site of X and apply the fuimtor (1)* in order to get a morphism {l)*Pp- —)■ whose 

composition with p — F : —)■ is zero. Next we note that {l)*Pp- — Pp-- Since 

po(l — 0 ) = p — F and is flat and normalized over X/p', this yields by 14.31 (iii) a 

complex 

0 —^ pp. — ^ ^ o 

over {Xfy^,Z/p'). It remains to show that this complex is exact. Since Pp., and 

Qcrys X-normalized it is sufficient to check exactness on component k = 1 (use 14.31 

we are reduced to check the exactness of 


ii)). Using [ 8 i 6 ] (ii 


111 


IV 


and 18.71 (ii 


111 , 


the sequence 


0 


hp(7loc) — l 2 ^{Aoo)/p — -- 0 


with Ago = Boo/ (/i, ..., fr) as in the proof of the last statement in 18.61 (iv), In order to 
do this our hrst task is to give an explicit description of {Aoo)/pl^^(Aoo), IF^f^(Aoo) 

and of the maps C and 1 — fi. We will use the following facts. 

(Fact 1): The natural map D{Wk{Bc^), {[ff ], ■ ■ ■ ,[ff~^])) W'^y{A^) is an isomor¬ 

phism. 


(Fact 2): The [ff 


]’s form a regular sequence in W 2 {Boq). 
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(Fact 3)\ Consider the ideal J generated by a regular sequence (( 71 ,... ,gr) in a Z/p^- 
algebra C. For d > r, let < F > denote the tautological pd-ideal oi C < Y_ >= C < 
> and let I denote the ideal generated by the 1^—/ds. Then Jfl < F > coincides 
with I <Y_>. It is in particular a sub pd-ideal of < F > and D{C, J) = C <Y_> /1. 


Let us explain this briefly. Fact 1: this simply follows from the fact that the im¬ 
age of the p’[ff ^]’s vanish in D{Wk{Boo), ([/f ],■■■, [/d turning the latter into an 
algebra over Wk{Aao)- Fact 2: During the proof of 18.61 (iv) we have established that 
Wk{Boo)/{[fl ],..., [/f ]) is Z/p^-flat for 0 < i < r. If 0 < i < r — 1 this im¬ 
plies that Z/p ( 8 ) iC = 0 where K denotes the kernel of the multiplication by [/j+i] on 
Wk{A^)/{[fl ],..., [/f ]). It follows that K = pK = p^K = 0 as desired. Fact 3: the 
equality Jfl < F >= / < F > can easily be proven by induction on r and the remaining 
statements follow immediately. 


Using these facts we find the following decomposition into cyclic ^oo-modules (resp. 
lF2(Aoo)-modules): 


W?{A^)/plt{A^) 


^ D(i?oo,(/r,...,/r)) 

~ Boo < Fi,..., F, > /(Fi - fl\ ..., F, - fr") 

^ B(1F2(Boo), . . . , [/.]""))/p/2"(Soo) 

^ 1F2(Boo) < Fi, ..., F, > /p < F > +(Fi - [ff\ ..., F, - [/r']) 
^ W2iA^/{ff\...jr"))A 

©(®|n|>l(lF2(Aoo/(/f ))/p)-[f' 


Next we observe that the following square is commutative: 


{0,a).[fP 


a. 



W?(A^) Or”'(^eo) 


V 


p 




where the vertical arrow denoted V is dehned by the given formula. With this in mind 
we hud that the morphism cj) : —)■ W^f^(y4oo) is described by the formulae (which 

are valid only since p > 3) 


0 ( 0 , a) = aP 

0((ao,ai).[/f ']) = (p- l)!a(;'(/f 

0((ao,ai).[/^ = OifuT^O 


An arbitrary element of/ 2 ^(y 4 oo)/p may be written X = {0, 

Then we have: 

(1 - = (EiOf/f + - («' - EW/r')'”’) 
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This formula shows that 1 — (f) : /^^(Aoo)/^ —)■ Wf^{Aoc) is surjective and that x is in its 
kernel if and only if the following are satished in ): 

a = E 

< = -af (* = 

<- = 0 (|ri| > 2 ) 

ie. if X is of the form 

^ = (0. E a./f") + EK/f"l - Ek./'"]'”' 

In other terms Ker{l — (j)) is generated by elements of the form (z, z) — with z running 
in one of the ideals (/f ) of A^o/if^ ^). 

Let us now investigate the map C : fip{Aoo) —t /^^(Aoo). Let ( = 1 + z^^ denote an 
element of fip^Aoo) with ^ G (/^ ). By dehnition of C, we have £(C) = log{{l + [z\Y ). 
We have the following equalities in l 2 ^{Aoo)/p'- 

C(l + Z^‘) = %(l+p(Ed(; (£))«'"■) H-kd) 

= pECI+ ECl- 1^', 

[Z^fc=i k 


= (E^;l 


P-1 (-1)* 


,p2A: y^p-1 Mm p2fc 
" ) Z^fc=i k ^ 


Mib] 


,p 2 A:][p] 


Now ^fc=i a bijection of the ideal (/^ ") of ^oo onto the ideal (/^ ") 

of Aoo/{f^ ). In particular the map C is injective. Since its image is moreover a priori 
contained in iLer (1 — 0 ) the previous description of the latter yields the desired equality. 


(iv) Consider X' with local hnite p-bases and a morphism / : X' —)■ X. We have to 
check that the following squares of abelian groups of X'^^ are commutative: 


^crys 


^crys 


'^crys 


^crys 


j — l^crys ^ ^ j^—l^crys 


1 ■ ■ / ^ (4>) 1 

j—l'j^crys j^ — l^crys 


lip. 


f fJ^p- 


•^crys 


^crys 


The hrst square is clear. The second follows from the hrst one nsing lT3](iii) The third one 
is obvious since both horizontal arrows come from a morphism in SEeat by restriction. 

□ 


Lemma 8.10. Assume XfEi has local finite p-bases. 

(i) The Cartier morphism C~^ : O —)■ is monomorphic in Xgyn- It induces an 

exact sequence as follows over {{X/J2i)crys,syn, O): 

0 -^ X-s- O -^ 

(a) Let us use the notation e for either one of the morphisms {X^yn, O) {X^t, O) or 
{{X/Ti)crys,syn, C) —)■ {{X/Tificrys,et, C). If M is o locally frcc crystal with trivial 
p-curvature on {{X/Tificrys^euO) then the canonical base change morphism 

is monomorphic in Mod{Xsyn, O) 
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triangle (see fll84p i: 


Proof, (i) Let Aoo as in the proof of 18.61 (iv) We have the following commntative 






A. 


The explicit compntations of the proof of 18.91 (iii) then show that the arrow o C~^ is 
injective and this snffices to conclnde. 

i) Consider the following commntative sqnare: 




ch 




c- 




We want to check that the bottom horizontal arrow is monomorphic. The left vertical one 
is an isomorphism by the Cartier eqnivalence on small etale sites (see the proof of l5.35l (i) 
for details). We claim that the right vertical arrow is monomorphic. Since M is locally 
free and has trivial p-cnrvatnre, etale localization rednces ns to the case M = ie. 
M = O. Bnt then we are done by (i) 

□ 


8.1.3. The following resnlt explains a posteriori the ad hoc dehnition given in 15.341 

Lemma 8.11. Assume thatX/Tii has local finite p-bases and considerG in p-div{X). Let 
D denote the associated Dieudonne crystal over {{X/T,oa)crys,et, O). Using the definitions 
of \5. 5<$l we have the following. 

(i) There is a canonical isomorphism of exact seguences over {{X/Tiao)crys,sym O): 


■ p*8xt] 


(X/'Zoo)cRYS,syn 

I 

FiUD^y^ 


{G*,X) - ^p^Sxtj 


{X/T,ac)cRYS,a 


FiUD^y^ 


{GfiO) 


Ext] 


(JV/Soo ')crys,syi 

I 


XG*,Ga) 


FLie^y^{D) 


(a) There is a canonical isomorphism of exact seguences over (X^^, 

0 — {i-^G*,i^^y^) — ^Sxtl^ {i-^G*,0':^y^) — {i-^G*,o)^ 

< 5 1 / TJ fs'll'n .<! 1 > rj. 


FifixrysD 


FiUxrysD 


Lie^y^{D) 


(iii) The diagrams of (i) and (ii) are naturally functorial with respect to X. 


Proof, (i) Recall that by dehnition = e*D and D = Let ns fnrthermore 

denote := ~ e*D, jjSyn ._ p*jjsyn jjSyn ._ ip^^jjSYN ^ p*F^y'^. By 

15.151 (ii) we have a commntative sqnare as follows in ((X/Ei)c_Rys,sj/n, C>): (note that 
if^SxtfiZ,^ X (—, 

i [^/^oo)CRYS,sy7i^ ’ 

adjoint). 


~ ^^^(x/Si)cHyss!/n^^i ^(“)) since ^ has an exact left 


0 

0 
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(185) 


£xt]yiy. ^ {G*,0) ^ > Sxt}y,y . 

{X/l^l}CRYS,syn^ ’ ' (XRY S,syn^ ’ ' 


D 


'SYN 


i* 0 *(/)oC 




'SYN 


Projecting to {{X/J:i)crys,syn,0) we get (see [Sl [(iii)] ) 

(186) P*^^^lx/Yl)cRYS,syn^^* ^ ^ ^^^\X/Yl),rys,syn^^*^ t*(j)*0) 


jjsyn 






Claim. The image of the bottom (resp. top) horizontal arrow in (I186p identihes canon¬ 
ically with (resp. Sxtl^/^^^^^^^^^^^{G*,Ga))- 

Let us prove the hrst part of the claim. To begin with, we notice that the monomorphism 

"rsyn _ 

(187) Coker in Cry.s{{X/Er),,ys,syn, O) 

induces a monomomorphism 

^ t~Isyn\ _ 

(188) (p^Gokerv^y '^'^—^^ in Mod{Xsyn, O) 

of (P-modules on Xgy^. The claim concerning the image of the top arrow then follows 
from the commutative diagram 


jjsyn i^(l)^Gokerv^y^^ -——^^ 

II ch 

e*D ^ ^ i^e*(t)^Gokerv — i^Lie‘^y'^{D) 


Note that the bottom arrow 


since the arrow denoted ch is monomorphic by 18.101 (ii) 
denoted G~^ uses the isomorphism e*z* ~ i^e* of 15.571 (i) 

Let us now prove the second part of the claim. Consider the exact sequences 


0 


0 - 

c-i 


-X- 


c> 


nat 


Goker G 


-1 


0 over {X/Yii)cRYS,syn 
0 over {X/T.i)crys,syn (see |8T0j[(I)| 


It suffices to prove that the left (resp. right) vertical arrow in the following commutative 
square is epimorphic (resp. monomorphic) 


P*£xt\x/T.l)cRYS,syS^* ' ^ ^^A.X/Yl)^rys.syS^* ' K(f)*0) 

c -1 


nat 


p*£xt 


{X/Yi)crys,s 


{G*,G, 


iii^ 


Sxt ( Y 'l 

)crys,syn 


{G*,Ga 
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Now this follows from the vanishing of ^ 

, ® {^/^l)CRYS,syn 

Rom^x/i:^),rys,syAG*Xoker C i)). 

Using the claim and applying to 

over ((^/Soo)crys,sj/n) • 


(GUX), El (ii) (resp. of 


we find compatible epimorphisms as follows 


P^SxtY/j. N (G*,0) - il ^,pXxt]y,y. ^ (G*,0) 

t'* (X/l.oa)cRYS,syn^ ’ ' (X/l.l)cRYS,syn ^ ^ 


, (G*,Ga] 

/ ^oo Jcrys,syn ^ ' 


jjsyn 




i^Lie^'^^{D) 


The result now follows immediately from the vanishing of 'Hom(^x/T,aa)cRYs s SG*) Gq) and 
the dehnition of FXD^'^'^. 


By dehnition the second line is obtained from the second line of (i) by the functor 
(15.591 (i)). It is exact bv 15.601 (i), It is thus sufficient to observe that the hrst line is 
also obtained from the hrst one by (recall that /“V* — pJ~^, u^P* — P*u^ and use 


I8.ll 


,E2l 

(ii)) 

( 


We 

rave 


We have to check that there are naturally dehned base change morphisms for each 
vertex of the diagrams in question and that those are compatible to each other. Consider 
a morphism / : X' —)• X where X' has local hnite p-bases as well. Let G' denote the 
base change of G to X'. For the purpose of this proof we view G (resp. G') as an 
abelian group in Xsyn (resp. X'^yn)- ^^us have f~^G ~ G'. Using the natural 
isomorphisms pf — fp and the compatibility of Sxt^ with localization on 

the big syntomic crystalline site we hnd compatible base change morphisms (these are in 
fact isomorphisms but we don’t need that here) over {{X'/'Eao)crys,syn, G): 


P*^Xt^^X'/Zp)cRYS,syn^^*G'* ^ P*£ , O) 


(X'/Zp) 


'p jcrys,syn 


{uG'*,Ga) 


f*P*^^tlx/Zp)cRYs,syn ^'^*^*^ ^ 


Let us now explain the base change morphisms for the second line of 
use the following notations: 


As before we 


jjSYN 

- ^y^tlx/Y^)sYN^GG,0) 

in CTysi^i^Xj'YjQQ^QGlYS^syn^ 

'^SYN 

= 

in Crys{{X/Y.i)cRYS,syn, O) 

£)syn 

= p^D^y^ 

in CvysijyXl'^(y^f^j-yg^gyYl^ O) 

'^syn 

= G^^^y^ 

in CvysiJyXl'^^Qfyg^gy'fi^ C?) 

D 

= e^D^y^ 

in g£, O) 

D 

= g^d 

in O) 


We dehne similarly crystals , jj'syn^ jj'syn^ jji^ jjt gi^arting from G' instead 

of G. A base change morphism —)■ has been described just above. Note 

that this also induces —)■ (using Lif ~ fti), f*D —)■ D' (using ef 

fe) and f*D D (using iif ~ fii). From the latter and 0/ f(j) we deduce the 
base change morphism f*Lie{D) —)■ Lie{D') considered in 15.351 (ii) Recall now that 


Lie^y'^(D) := e*Lie{D). Using fe ef we next deduce the base change morphism 

Finally a base change morphism 


f*Lie^y'^{D) —)■ Lie^y'^{D') implicitly hinted in 15.631 (i 


f*i^,Lie^y'^{D) —)■ i^Lie^y'^{D') for the right term in the second line of 
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if ^ fi. In order to get the expected base change morphisms for the second line of (i) we 


have to check that the following natural square (where the horizontal arrows are dehned 
using can and ie —)■ ei) is commutative: 


(189) 


jj/syn 




f*£,syn -^ f*i^Lie^y^{D) 


Even though this was also already implicit in 15.631 (i) we give some details here. We 


have to prove that the exterior square of the following diagram (where the arrows are the 
obvious ones) commutes: 


e*D' 


e*i^,Lie{D') 


■ i^,e* Lie{D') 


e*f*D 


f*e*D 


e* f*i^,Lie{D) - ^ i^e* f*Lie{D) 


f*e*i^Lie{D) -s- f*i^e*Lie{D) 


Commutativity of the bottom left (resp. top right) square is tautological (resp. is immedi¬ 
ate if one introduces e*i^,f*Lie{D)). Commutativity of the top left square is deduced from 
15.351 (ii) using only pseudo-functoriality of the morphism i. Commutativity of the bottom 


right hand square is a formal consequence of the pseudo-functoriality of the isomorphism 


le ~ ei. 


We have now checked that fll89p commutes. As a result —)• also induces 

a base change morphism —)■ so that we have described base change 

morphisms for each vertex of the commutative diagram 
compatibility with respect to the vertical arrows of 


It remains to check their 


In the case of the middle one 
there is nothing to prove. The case of the left and right ones follow formally. The 
tenacious reader may check by himself that the base change morphisms just described 
verify the composition constraint with respect to morphisms X" —)■ X' —)■ X. 

Functoriality of the diagram in (ii) with respect to X follows immediately since it is 
obtained from (i) by while both u and I are pseudo-functorial with respect to X. 


□ 

Lemma 8.12. Assume that X/Si has local finite p-bases. Consider G in pdiv{X) and 
view it as group in Xgy^. We use the simplified notation 8xF for or 8xF^^ . 

(i) The modules 8x8{l~^G*and 8xC{l~^G*,0';''^^) are normalized and 'L/p-- 
fiat. Moreover\8. 1 l^(ii) induces compatible isomorphisms as follows over (X^„, 


FiCxrysjj 


Fifxrysjj 


8xt\i-^G%i‘:^y^) 




8xt].t, {l-^G*,0':^y^) 
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(ii) The following square of is commutative: 


Fill,crysD 


{F)^Fif’^^yW 


il/;—1/^* n-crys\ ^ T?\ 


£xt\l-^G*,X^'^y^) 


{F),£xt\l-^G*,0^''y^) 


Proof. 


By EST] (iv) we already know that D^'^y^ ~ £xt\l-^G*,0';^y^) is Z/p--flat 


and normalized. The same holds for {l)*£xt^{l~^G*,X^^y^) thanks to 14.31 fiv) applied to 
the top exact seqnence of 18.111 (ii) In order to get the claimed compatible isomorphisms 
it snffices to apply the fnnctor (1)* to the left square in 18.111 (ii) and to prove that the 
natural arrow 

{l)*£xt\l-^G*,X^^y^) - ^£xt\l-^G*, {i)x^^y^) 

is an isomorphism. Now this in turn will follow from the following commutative diagram 
by the hve lemma once proven that its lines are exact: 

0-- Sxt^{G\ O) -- Sxt\G%Xl''yf)/p'^ -- Sxt\G\ -- 8xt^{G\ O) -- 0 


0-- £xt\G*, O) -- £xt^{G*Xkyf/p^) -- £xt^{G*, -- £xe{G*, O) 


The first exact line is deduced from the hrst exact sequence of 18.111 (ii) using 14.31 (iv) 
The second line on the other hand is deduced from the exact sequence 


(190) 


0 


O 




Qcrys 


o 


0 


(apply 03] (iv) tol8.9l[(I)| (note that (llOOh remains exact after applying 8x£-{G*^ —) since 


'Hom{G*,X^^), 8xF{G*,0) and 'Hom{G*,0) vanish bv 12.391 fi) and 18.41 fii) 


11 , 


Using IT3] [f iii)|and the dehnition of 0 fl5.62p it is sufficient to prove that the following 


square commutes: 


FilPcrysD 
i 


Fr 


{F)^Fif’^^yW 


1.1 1 Ext^a-^G*,F) , ^ ^ ^ 

8xt^{l-^G\X^'^y^) -^ {F)^8xt^{l-^G\0^'^y^) 

where Fr is as in 15.611 and F denotes the Frobenius endomorphism of O^'^y^. We conclude 


bv l5.15U iV (hi) 


□ 


Remark 8.13. In view of \8.1\ (i) we may reformulate \8.1S\ (i), (ii) as an isomorphism 

^lyt,.,x{D{G)) ~ 8xt\7r-H-^G*, (l^^y% 0^'^y\ 1,0)) m ModPf’{X^y^, O^'^y^) 

Where n denotes the canonical morphism —>■ \5.1\) . 

We are now in position of proving the expected comparison theorem for p-divisible 
groups. 
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Theorem 8.14. Let X denote a diagram of Sch/J2i whose vertices have local finite p- 
bases and consider G G p-div{X). There is a canonical isomorphism 

Gp. ^ Ssyn,.,x{D{G)) m D{Xl^, 'Lfp-) 


Proof. Since Gp. is concentrated in degree 0 it suffices to construct the desired isomorphism 
in the case where X is a single scheme and to check its compatibility with respect to the 
natural base change morphisms relative to a morphism X' —)■ X. Let thus X denote 
a scheme with local finite p-bases over Si. In virtue of 18.131 and of the tautological 
isomorphism 

it suffices to establish a canonical isomorphism in Xf^„: 


Gp. ~ Rx,8xtfiTi-fi-^G\ 1 , 0 )) 


Let us compute the right hand side. Recall from 15.21 (iv) that one has a canonical distin¬ 
guished triangle 


1-4 


R'K^8xt\'K-H-^Gfi l, fi)) -^ 8xR{l-^G\ 8xR{l-^G\ O^^y^) 

Since 8xt^{l~^G*, pp.) vanishes for g = 0, 2 fl8.ll (i), 12.391 (i), 18.41 (i)) the second exact 


+1 


111 


sequence in 18.91 

0-^ 8xfi{l~^G*, pLp.) 


produces an exact sequence 


1 -. 


8xR{l-^Gfi R^y^) —^ 8xt\l-^Gfi O^^y^) 


0 


Comparing with the above we get 

(191) Rx,8xt\x-H-^G% {R^yfi O^^yfi 1,0)) ~ 8xt\l-^G\pip.) in Mod(Xf^„, Z/p-) 
Let us compute the right hand side. Thanks to 12.391 1 


sequence 


0 


G* 


G* 


G* 


we find that for k fixed, the exact 


0 


gives rise to an isomorphism between Gpk ~ Rom{G*k,Ppk) and 8xfi{G*, Ppk). Letting k 
vary we get 

(192) Gp. 8 xR{ 1~^G*, fip.) in Mod{Xfy^,Z/p-) 

This ends the proof in the case of a single scheme X. In order to pass to the case of a 
diagram X/A of arbitrary type it suffices to check that the isomorphisms fll9ip and fll92p 
are both naturally functorial with respect to X. This causes no difficulty using the hrst 
isomorphism of 18.21 (iii) (note that fll9ip and fll92p both come from a morphism in the 

□ 


big topos). 


Remark 8.15. The isomorphism of the theorem may be reformulated as exact sequence 
over (Xfy„, Z/p-). over (Xf^^, : 

0-^ Gp. -^ FiR'^^yfiD{G)) Fif^'^^yfiD{G)) - ^ 0 
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Corollary 8.16. Keep the assumptions of \8.14\ denote e : Xpi ^ Xet- There is a 
canonical isomorphism: 

Re^Gp. - S,t,.,x{D{G)) m Z/p-) 


Proof. This follows immediately from 18.141 and 15.651 (ii) given that Gp. is acyclic for 
the projection functor Xp^ —>■ Xgyn (this follows easily from [dix exp, BR III, 11.7] using 
[BBM] 3.1.1). 

□ 

8.2. Semi-abelian schemes over G. 


We can dually prove our main result. 

Theorem 8.17. Assume A is a semi-abelian scheme over G whose restriction to U is 
abelian. Let e ■. Gpp ^ G^t denote the canonical morphism. There is a canonical isomor¬ 
phism 

Re^RT^Ap. ~ S,t,.M-Z)iDc»iA)) tn D{G% Z/p) 


Proof. Recall the diagram of p-divisible groups H G pdiv{J^) dedned in 13.251 Denoting 
D := Dj+{H) the associated diagram of Dieudonne crystals we have the following series 
of canonical isomorphisms in D(C^, Z/p ): 

^ ~ Rm^SmaRlf''’{J.Re^Hp.) fl3.26p 

~ Rm^,SmaRT_^-^{J,Set,.,j+iT))) fl8.16p 


Re^RTfAp. 


(16.31 (ii) applied to D\j) 

~ Rm:^SmaSet^^^j»{-Zj){Dct{A)\jt) (se e bel ow) 

~ Rm^S^t^^^ji{-Zj){DcilA)\ji) 

^ S,,^,^c»{-Z){Dc>{A)) 




Let us explain the fourth isomorphism in details. According to 17.231 and 15.541 we have a 
canonical distinguished triangle 


+1 


(193) iSet,.,jtt(—^j)(-D|jtt)- ^ Set,.,j'i{,—Zj){Dc'i{A)\ji) - ^ 

in D(J^,Z/p ). Here D' := D{H') is the Dieudonne crystal associated to the following 
p-divisible group on = (Z.y ^ ■(— H): 

H' = (Qp/^p ® Qp/^p ® P,, —)■ 0 0) 


We claim that the third term in fll93p vanishes after applying the functor Sma (13.71 (ii)). 


Let us explain this. From 16.31 (iii) and 18.161 we have 

~ RA^{J,e,A.) 


+1 


Bv 13.131 (ii) (iii) we have a distinguished triangle 

RA^{Jx*Hp.) -^ 

and thus an isomorphism 

RA\Jx*Hp.) — {.3 vK*Tv,\u.„/p —)■ 0 0 ) 

in D(J^,Z/p-) (recall that J = {Gy ^ U)). The claim then follows from 
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□ 


It might be worth to state a down to earth (weaker) version of this resnlt. 
Corollary 8.18. There is a canonical distinguished triangle 


RT^{C,Tp{A)) - ^ RT{CyT^,FiADc»{A){-Z)) ^ RT{CyT^,Dc»{A){-Z)) 

where p.cf) is induced by the Frobenius endomorphism of the third term. 


+1 


Proof. Apply Rl^, Rr{Cet, —) and 15.21 fivi to 18.171 


□ 


9. Appendix (crystals on log schemes with local finite p-bases) 

9.1. Small crystalline sites, functoriality. 


This section contains some technical resnlts abont crystalline sites which could not 
find their place in the text. We use the definitions and notations introduced in 12.41 In 
particular S = with 1 < k < oo and fl ^ top ^ zar. 

9.1.1. We explain pseudo-functoriality of the jj-big and small crystalline topoi (X^/S) 
with respect to X** in iSch**/Si. A similar discussion holds when either the jj-big or small 
topos is replaced with the big one but we omit it to avoid lengthy statements. 

Definition 9.1. Let f : X'** —)■ XK 

(i) We define fcRvsi ■ (^'VS)ci?YSit,top -t iXyj:)cRYSi>,top as the morphism induced 
by the forgetful cocontinuous functor /o : CRY/Yi) CRY Sl^p{XyY). 

(a) We define a weak morphism fcrys '■ (X'**/S)crps,top —t {XyY)crys,top by the formula 

fcrys ■= PfcRYSi'^ 

wherep . {X t {^X andr . (^X'^/Yfirys,top t {X'^/Y'jQjiYS'i,top 

are as in 

In the body of the text we simply write / instead of f cry si fcrys- For the following 

discussion however it is convenient to keep the indices. 

It follows immediately from the dehnition that there are natural isomorphisms 

if f')cRYSi — fcRYSifcRYSi 

satisfying the composition constraint (look at cocontinuous functors). In other words, 
/Y)cRYsi,top is a variable topos on Sch^Yi. The case of small crystalline topoi requires 
more work. 


Proposition 9.2. Assume that top is finer or egual than et. 

(i) There are natural isomorphism {fg)crys —t fcrysQcrys satisfying the composition 
constraint. In other words {—/Y)crys,top is a weakly variable topos on Sch^Yi. 
(a) If top has fiber products then it is in fact a variable topos. 


Proof. 


Since r is a right section for p there is a natural morphism id —?• rp. Using 


this for each fine Si-log scheme we find a family of morphisms 


(194) 


iff')crys fcrysf'a 


crysjcrys 
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satisfying the composition constraint. We will now prove that fll94p is an isomorphism in 
three steps. 

Step 1. Consider / : X''^ —)■ and f' : X"'^ —)■ X'K The morphism (11941) is invertible 

in the following cases: 

(i) /' is strict top, or 

(ii) / is strict etale. 


In case (i) a straightforward verihcation shows that is in fact induced by the 
cocontinuous functor /q : crystop{X''y'Ei) —)■ crystop{X'yT,i) (compute inverse images) 
and we may conclude from the resulting isomorp hism ~ f'cRYSi'^- 

need the following fact which is a consequence of jSGA4-Ii] VIII, 1.1 together with jBO] 
3.22. 


Fact. The category of etale cartesian dp-thickenings over a given dp-thickening (f/**, T**) 
is naturally equivalent to the category of strict etale log schemes over UK 

Using this fact we hnd that the cocontinuous functors underlying fcRYS» ^ind fcrys 
have compatible right adjoints. We may then conclude from the resulting isomorphism 

fcRYS»P — Pfcrys- 

Step 2. We may always assume that the schemes X, X', X" are affine and that /' : 
X"tt has a chart 


(195) 


X"« 


X'S 


{Spec{’L[P"]),P'> 


ch 


{Spec{7j 


P']),P') 


where P' and P” are hnitely generated integral monoids. 


Let us explain this. Given arbitrary / and /' we can always hnd a family of commutative 
diagrams 


^//tt A ^ ^/(t f\ ^ ^tt 
AAA 


h" 

x"i — 



h\ 

x« 


where hx, h'^, h" are strict etale, X^, X'^, X”, f'^ satisfy the assumptions of Step 2 and 
the family of the h"’s is surjective. These diagrams induce squares 


L //-1 ^ 

X,crysJ crysJ crys ^\,crys\J J Jcrys 


i 


i 


■'-1 f -1 7,-1 

X,crysJ X,crys X,crys 


ihfx) 


crys 


h 


-1 

X,crys 


where the vertical isomorphisms are by Step 1 and which is commutative thanks to the 
composition constraint. It remains to notice that the family of the is conservative 

(indeed the essential images of the underlying cocontinuous functors are generating thanks 
to the Fact used in the proof of Step 1). 

Step 3. The morphism fll94p is invertible under the assumptions of Step 2. 
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The reader may easily establish the formula 

(196) fcrys,*F{U\ T“) ~ l|m F{U'\ T'») 

where the projective limit is indexed on the category Cf of couples 

f : fo{U'yX'^,ri) ^ ([/tt/X«,T«)) where (f/'VX'«, T'«) is an object of crystop{{X'yE)), 
fo{U'yX''^,T'^) is the object of CRYSl^plX^E) obtained by composition of —)■ X'** 

with / : X'^ —)■ X** and / is a morphism in CRYSl^p{X^/T,). The projective limit remains 
the same if the category is replaced by the full sub category t#) defined by 

the conditions that the scheme underlying T'** is affine and that the composed morphism 
t/d —>■ Xd ll)-S'pec(Z[P'], P') extends to Pd (this happens etale locally on T' thanks to 
[Ka2j 2.10). Let us denote h = ff. The reader may check that the evaluation of the 
direct image functors underlying fll94p at a given P and (P**,T**) is 

(197) lim ^ P(P'd,T"«) ^ hm ^ F{U'’\T"^) 

where C* and C*, are defined in the same way than C* while C* j, 

is the category where an object is a couple / X"^ , T'd), /'), ((f/d/X^, T'#), /)’) whose 

first (resp. second) argument is in 0*^, (resp. Cj) ([/# 7 -#)) ^^d where morphisms are 

defined in the natural way. 

In order to prove that 01941) is an isomorphism it is sufficient to prove that this is the 
case when T is affine. In that case we will prove that the natural “composition” functor 

(198) 

is cofinal, ie. that the category C := (P"Vx'd,T"tt)^/i)/C* ^ is connected for any 

((7">/A"'',r'<), ft) in q_, 

Let US first proye that C is non empty, ie. that there exist {{Uf /X'\ P|**), /i) in C*j 

/X”'^, fi) in C*, and a morphism ei in crystop{X"^/Y) rendering the fol¬ 

lowing diagram commutative’ in 'CBi'S' (A'</E): 


(199) 


^top\ 

ho(ei) 


ho(P"Vd7'd,T"#) XLX /o/^(P"Vx"«,Tf) 

Mfi) 

/o(Pf/Xd,Td) 


(PVX#,Ttt) 


/i 


Consider the affine schemes U' := X' Xx U and choose polynomial schemes Y" = S'pec(Zp[;r"]), 
Y' = S'pec(Zp[P]) as well as closed immersions t", l[ and morphisms y", y' fitting into a 
commutative diagram of the form 


U" 


Y" 


U' 


Y' 


Putting this together with a chart for,/' as in (11951) together with the choice of a lifting 
to T''^ of the morphism U''^ —?• X"^ —)■ S'pec(Z[P"], P") easily produces a commutative 
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diagram of fine log schemes 


X'd 






U"i -^ U'^ -^ 0 

T"« P") X T«-- Y' X Spec{Z[P'], P') x T#-- T# 


The desired object of C is obtained by forming logarithmic divided power envelopes of the 
bottom vertical closed immersions with respect to the divided power of {0^0). 

It remains to prove that_ two objects in C are always related by a chain of arrows. 

Let us simply denote /{), Ci) the object of C just constructed and consider an other 
arbitrary object ((/ 2 , 62 ). We will now hint the construction of a chain 

((/l)/l))^l) ^ ah, f4):^4:) ^ ah,fl),^l) 

and the proof will be hnished. The reader may easily guess how to dehne a commutative 
diagram of closed immersions 

X Spec{Z[P"], P") X T«)-^ ([/'«, y' X Spec0[P'], P') x 0) 

(C/"Zr"tt) Spec{Z0^^ X ^ {U^Y' x 5pec(Z[P']^Po'>^7f^^^ (0,0) 

whose hrst terms are above 


-- X'«-- 

and whose bottom (resp. top) line is obtained from ah02)y^h by forgetting divided 
powers (resp. was used in the dehnition of ((/i,/(), ei)). We dehne ((/sj/sjjea) (resp. 
((/ 45 /i), 64 )) as the object of C obtained from the second line by forming logarithmic 
divided powers envelopes of the middle (resp^ bottom) line with respect to the divided 
powers of { 0 , 0 )- This gives a chain ((/i,/j),ei) ^ ((/ 3 ,/ 3 ),e 3 ) -)■ ((/ 4 ,/i), 64 ). We 
conclude by noticing that the universal property of logarithmic divided power envelopes 
with respect to (0,0) gives a morphism ((/ 2 ,/ 2 ),e 2 ) —)■ ((/ 4 ,/i), 64 ). 

A straightforward adaptation of EH] chap. 3, 2.1.4 shows that the crystalline sites 
under consideration have hber products as soon as top does. The result follows. 

□ 



9.1.2. Let us now investigate the behaviour of some usual (weak) morphisms with respect 
to crystalline functoriality. 

Proposition 9.3. Let fl y top' P top P &t. 
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(i) The morphisms (Bf, a, ® naturally define weak morphisms of weakly vari¬ 
able topoi on Sciv/Ti fitting into a canonically pseudo-commutative cube 


( )top' 


-/s) 


crys,top' 



(-/s) 


crys,top 


(a) If top and top' satisfy the property (lift) considered in IS. SSI then naturally 
defines a morphism of weakly variable topoi as well and there is a canonically 
pseudo-commutative cube 


■ ) top' 


iTOP'i 



cry s,top' 


[~/^)cRYS'i ,top' 


')top 



crys,top 


(“)roptt 


[~/^)cRYS'i ,top 


The isomorphism ui ~ id is moreover functorial and compatible with p and e. 


Proof, (i) A similar pseudo-commutative cube above a fixed X** in Sch'^/Ti is obvious 


by looking at continuous functors. Let {vx»)xieSchyYi denote one of the twelve collections 
of weak morphisms involved. We need to achieve the following tasks: 


(A) Enrich {vxi) into a pseudo-morphism n, ie. dehne a functoriality isomorphism 
fvxt — Vx'if for each / : X't* —)• X**, this family of isomorphisms being submitted to 
the composition constraint. 


(B) Check that the isomorphisms expressing the pseudo-commutativity of the cube above 
a hxed are functorial with respect to X**, ie. compatible with the functoriality isomor¬ 
phisms of (A). 


We hrst explain how to achieve task (A). Let us begin with v = p. The case of 
: X^p —)■ X^Qp^ is obvious by looking at continuous functors. Let us thus consider 


the case of 


-1 


Pxi 


(.Y'/E) 


crys,top 




f : X't* X** give a family of morphisms 


{XyT)cRYsKtop- The morphisms Px\r^\ id for 


Px'ifcrys fcRYSiPxi 
160 


( 200 ) 

























satisfying the composition constraint. If now /" : X”'^ —)■ X'^ then fl200p becomes an 
isomorphism after applying x"'i>^'cRYS^ to it fl9.2l[(I)| . It follows that fl200p is in fact an 
isomorphism and task (A) is achieved in the case v = p. 

Next we consider v = e. Here again the case of usnal topoi is obvions by looking 
at continuons fnnctors. The case of big crystalline topoi is clear as well (sheafification 
psendo-commntes to restriction). The case of small crystalline topoi can be dednced as 
follows. We dehne an isomorphism e^it,*/crys,* — fcrys,Xx'i,* by composition: 


( 201 ) 

( 202 ) 

(203) 

(204) 

(205) 

(206) 
(207) 


f crys,Xx''i ,* 


— fcrys,*^X'i,*Px''^,*Px't 

— fcrys,*Px'i,*^X't,*Px't 

— Px»,*fcRYS‘i,XX'‘i,*Px\ 

— Px»,Xxi,*fcRYSK*Px^'t 

— ^Xi,*Px‘i,*fcRYSK*Px^t 

— ^X'i ,*fcrys,*Px''i ,*P x'i 

— ^X^,*fcrys,* 


The composition constraint for this family of isomorphism is a formal conseqnence (ex¬ 
ercise!) of the previonsly established composition constraint for the following weak mor- 
phisms of variable topoi; 


P ■ ( l'^')cRYS^,top' t ( /'^')crys,top' 

P • l'^)cRYS'i ,top ^ crys,top 

^ • {~/^)cRYS^ ,top' i.~/^)cRYS» ^top 

Let us finally consider v = i. The case of big topoi is obvious by looking at cocontinuous 
functors. The case of small topoi follows formally exactly as for v = e. 

Let us now explain task (B). The left hand face is clear by looking at continuous func¬ 
tors. The right, top and bottom faces are tautological from the definition of functoriality 
isomorphisms for e and i in the setting of small crystalline topoi. Using that p admits a 
right retraction we see that it only remains to consider the front face ie. to check that 
the following diagram commutes: 


fcRYS^'^X'i^X'i — ixifcRYS^^X'i — 'i'Xi^Xi fCRY 


fcRYS^^X'iix'i — ^XifcRYS^X'i — ^Xi^X* fcRYS'i 


This causes no difficulty when looking at inverse image functors. 


(ii) Task (A) for v = u in the setting of big topoi is obvious by looking at cocontin¬ 
uous functors. The case of small topoi follows formally exactly as for v = e. Regard¬ 
ing task (B) it is sufficient to consider the front face. By cocontinuity of the functor 
CRYSl^p,{XyT,) —)■ TOP''^{X^), (t/**,T**) —)• U** we find that the top' sheafification of 
(f/**,T**) R{U) and W i—)■ F{U^) coincide. This defines an isomorphism 

^x'i'^xi — '^xYxi 


whose compatibility with immediate. 

The functoriality of the isomorphism id ~ Uxtixn is clear by looking at cocontinuous 
functors. Compatibility with pxt and ext causes no difficulty either looking at direct or 
inverse images. 

□ 
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□ 


9.2. Crystals on crystalline sites. 


We review the definition and basic properties of crystals. 

9.2.1. Let us begin with some properties of the realization functors (—defined in l2.24[ 

Lemma 9.4. (i) Consider (17**,T**) in CRYS\^p{X/Yi). The functor top(T'^) 

CRYS^TOpi^/^)/iUKT^), T’i/T^ ^ (f/« T'«,T«) is fully faithful 

continuous and cocontinuous. The topology of tapir'll) is induced by the topology 
of CRYSlgp{X/T,)/{U‘^,T'^) via this functor. 

(a) The realization functor (—)rtt : {^V'^)cRYSi,top is the inverse image func¬ 

tor of a morphism of topoi. The corresponding functor between categories of 
O-modules commutes in particular to arbitrary limits and commutes to tensor 
products. 

(ill) Sending a sheaf F on CRYSl^{X/T) to f = {{0,T^) ^ (/ : ^ 

{0,T^)) I—)■ {f~^Frpt —)• Frpit)) induces a natural eguivalence 

(XVS)ci?y5Mop - Real{CRYSlp{X/T)) 

where the right category denotes the full subcategory ofT{CRYS\^{X/Yi), {—)top) 
whose objects are the sections f : {U^,T'^) i-)- f{U‘^,T'^), (/ : ([/'•*, T'**) ^ (f/**,T**)) 
i^if) ■ f{U''^,T''^)) satisfying the condition that f{f) is an 

isomorphism if f is top cartesian. 

(iv) Consider top' finer than top. A sheaf F on CRYSl^p{X/Yi) is a sheaf for top' 
if and only if the corresponding f satisfies the following descent condition: if 
fi : (t/f,T/) {U\T'^) is a covering in CRYSl^{X/Yi) then 

~ ii'er(n/a(d.d) 

i j,k 


where fjk ■ iUjj^,TjjJ —)■ ([/•*, T**) is the product of fj and fk computed in the 
category The full subcategory of Real{CRYSl^{X‘i'/Y)) 

formed by such sections will be denoted Realtop'{CRYSlgp{X'^/T,)). 


Proof. Everything is straightforward from definition 12.211 


Let us emphasize that the morphism of topoi mentioned in 
with respect to (f/**,Tt*). 


□ 

is not pseudo-functorial 


Remark 9.5. Here are some complementary remarks. 

(i) Let T^ = {U^,T'^) in CRYSlop{X'^/T). An obvious local variant of \9.4\ (Hi), (iv) 
provides eguivalences 


(208) ^ RealiCRYSlpiX^/T)/Ti) 

(209) (XVE)^^^5« /T« ~ Reahop'{CRYSlp{X^/T)/T^) 

top^ 
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(ii) Consider T'^, T'^, a morphism h -.T'^ ^ in CRYSl^p{X'^/Ti), fj^t, the structural 

morphism ofT^ viewed as an object of the topos and f : X'** —)■ X\ a morphism 
inSch^/T,i. The functors 

A„‘ : Tl^ ^ (A'«/S)cKrs!.,/^‘ 

/rt ■ (AVA^)chv5,*„p (AVA^)cHrs,“„p/A* 
ft-' : (.YVE)cHvs..yr« ^ (.YVE)chks!.,/^'’ 

/ ' ■ —> (-Y 


/iave t/ie following convenient translation in terms of the corresponding categories 
of realizations: [\flF) : {h^ : ^ T«) ^ hf^F, ffi^^ : (Tf/T«) ^ : 

(T«/T'«) ^ e(Tf/T#), : T« ^ ^(Tf). 

In \9.4\ (iv) the descent condition needs only to he checked for families /* : —?• T** 
where the morphisms of schemes underlying the ft’s are affine (see [S0A4-II II, 
2.3, |E(;A2j 1.5.1). 

(iv) Statements \9.4\ (Hi), (iv), lg.5l (i), (ii)^(iii) have obvious counterparts for the cat¬ 
egories of modules. 

(v) Statements\9.4\ (i). (H), (Hi) and the remarks \9.5\ (i) H208\) . (iii)\ as well as their 


counterparts for modules hold verbatim if CRY S'** is replaced with crys. The same 
is true for I g. 51 (ii) if one assumes that f is strict and top. 


Let us write down some compatibilities which are used in the body of the text. 

Lemma 9.6. Consider X« in Schfand let T« = {U^/X^, T#, l, 7 ) in CRYSlp{X^/T) 
(resp. cr?/Stop(X**/S)j. Let frpt and Xj-t as in iBf and let p denote the guasi-morphism 
of projection from ‘),-big to small crystalline or usual top topoi. 

(i) There are canonical isomorphisms 

{i*F)^ut^Tt) zzp„L„{F\ut) (^resp.(AX)([;tt,rtt) - ) 

and p*{{i~^G)iut) ~ G^ulu») (resp.{i-^G)iui ^ G'([/tt,(7it) ) 

which are functorial with respect to F in the )t-big (resp. small) top topos and G 
in the )t-big (resp. small) crystalline top topos. 

(H) If t/** = X** then we have a canonical morphism 

piufxi -)■ Art) (resp. lufTi -)• A^tt ) 

This is in fact an isomorphism if top = zar or et. 


Proof. The isomorphisms of (i) are immediate from the dehnitions. Let us prove 


the case GRY S** using the local realization functors 

: (.YVE)cH,-a< T ^ r/' 


11 


m 


-^top 


top 


underlying the equivalence fl208p . Given F in and h : ([/'•*, T'**) —)■ (f/**,T**) 
Gi?FStop(X**/S)/T** we have (using [(I)j 19.51 and full faithfulness of p~^) 

{Xj)F')TiiiTi — h ^F 

and {f~)u~^r'"p~'"F)j^,iij^i ~ {i,,r^p~^F)j^,i 

~ p„i^{r^p~^F)\u>i 

zz p^,i^r^p~^h~^F 
— 


m 


‘-^h-^F 
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The adjunction morphism id —)■ for varying T't*/T**’s and F’s gives rise to the desired 
morphism pLufrpi —)■ Xth. If now top = et (resp. zar) then l : U^lp —)■ is an equivalence 
(resp. an isomorphism) and this morphism is thus invertible as claimed. The case of small 
crystalline topoi is similar. 

□ 


9.2.2. Let us come to the definition of crystals. 

Lemma 9.7. Consider M in Mod{{X'^/Yi)cRYSi,top-iO) andT^ in CRYSlgp{X'^/T,). The 
following conditions are equivalent. 

(i) The adjunction morphism is invertible. 

(a) The base change morphism h *—)■ Mr# is invertible for all h : T'^ T** in 

CRYS',^(xgT.)IT*. 

The same holds verbatim with crys instead of CRYSK 
Proof. This results from the description of in terms of realizations (19.51 

□ 


n),(iv)). 


Definition 9.8. We say that M is a crystal of l^f the equivalent 


conditions of\9. 7| are verified for all T'^ ’s. The full subcategory of Mod{{X'^ /Y)QpiYSi,top^ 


formed by crystals is denoted Crys{{X'^/Y)QpiYSi,top^^)■ similar definitions and 

notations in the context of small crystalline topoi. 

Remark 9.9. Let (T?) denote a family of in CRYSl^p{XyYi) which covers the final object 
of the topos. If one of the conditions of \9. 1\ hold with T^* = T/ for each i then M is a 
crystal. Indeed if T^ is arbitrary the conditions 9.1 for T^ are top local on T'^ and it is 
thus sufficient to check them under the assumption that Hom{T'^,Tl) ^ 0. In that case 
the verification is straightforward. The same remark holds with crys instead of CRYSK 

The category of crystals enjoys the following useful properties. 


Lemma 9.10. Assume that top is finer or equal than et. 

(i) The adjunction {p*,p*) for O-modules on crystalline sites induces an equivalence 

Crys{{XyE)cRYsCop, O) > Cry.siiXyTfirys,top, O) 

(a) Consider a morphism g : X'** —)■ X'^ in Sch/Ti. Let T'** in CRYSlap{X'yE), 
T** in C'RFS'top(X**/S) and h : T'** —)■ T** a morphism of dp-thickenings which is 
compatible with g. There is a natural morphism 

/i*(Mr#) —y [g*M^rpit 

which is functorial with respect to M in Mo(i((X**/S)c-ijy 5 #,top) C>). This is an 
isomorphism if M is a crystal. The category of crystals is in particular stable by 
g*. The same is true with crys instead of CRYwith no restriction on g. 

(Hi) If top is moreover coarser or equal than syn then the contravariant pseudo-functor 
Crys{[—/Tl)cRYSi,top^^) '■ Schf/Hi —)■ (tat is a stack for top (ie. verifies top 
descent). The same statement holds verbatim with crys instead of CRYSK 

Proof. Let us make a preliminary observation. Assume given a surjective family of 
top morphisms (/j : —?• X**) where the fff’s are affine and possess fine charts. Let 

T^i denote the logarithmic divided power envelope of Uf inside a log scheme of the form 
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(S'pec(Z/p^[(a;A)AeA][I^'^]),N®). If fc < cxd (resp. k = oo) then the family (resp. 

lies in the small crystalline top site. If the /j’s are in fact syntomic then it 
follows easily from the lifting property of syntomic schemes along dp-thickenings that the 
family {uf, (resp. {Uf, Tfi)i^i) covers the hnal object in the jj-big crystalline top topos 
of {X/T^k) as well as in the small one. If top is hner or eqnal than et then we may always 
hnd fiS which are etale. In that case we hnd in particnlar that the hnal object of the 
jj-big crystalline top topos can be covered by objects of the small crystalline top (and even 
et) site. 

(i) If T** is in crystopiXyTj) we have the following psendo-commntative diagram of 
ringed topoi and qnasi-morphisms 


^topi O) 
p 

{{XyE),rys,top,0)- 


{{Xi/E)cnYsKtop/TKO) 

-{{XyE),rys,top/TKO)^ 


iT}„, O) 


and the following fnnctors are fnlly faithfnl: 

p* : Mod{{XyTj)crys,top^ O) Mod{{XyTj)cpiYs»^topT^) 
p*^, : Mod{{XyE),rys,top/TKO) ^ {{XyE)cRysKtop/TKO) 

: Mod{Tlp, O) ^ Mod{{XyE),rys,top/TK O) 

X*^, : Mod{Tl^,0) ^ Mod{{XyE)cRYsKtop/TKO) 

According to dehnition l9.8h resp. and l9.9l together with the above preliminary observation) 
a module M of {X'^/YX)crys,top,0) (resp. [X'^/YX)cRYSi,topiO)) is a crystal if and only if 
is in the essential image of for all T^’s in the small top crystalline site. With 
the above diagram in mind one sees immediately that the condition of being a crystal is 
preserved by the functors p* and p*. It remains to check that p* is fully faithful on the 
category Crys{{XyT.)cRYs\)^top, C>)- If M is in the latter category and T'^ is in the small 
crystalline site then is in the essential image of hence of p*^j, ie. 


Using the preliminary observation again it follows that p*p*M ~ M as desired. 


(ii) Let us use the notations fyijxi = /t# and X^ijxi = Xyi in order to emphasize the 
dependance in XK We have the following pseudo-commutative diagram of ringed topoi 
and qnasi-morphisms: 


((A"«/E)csKs.j..p.O) 


{{XyTdjcRYS'i ,topi O) 


tT't /X'tt 


fr'i/xt 


/tH/x# 


{{X'>mcRyaUT'KO) 


^T't /X'tt 


{(x>/i:)cRYs>jop/rKo) 


({xyi:)cRYsi.,„/T*,o) 






(T,l, O) 


(Tl,, O) 
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If M is a module of /T?j(jRYsi,topi fhe desired morphism is defined by composition 
as follows: 


h*XTi/x»,*fT»/X‘i^ —)■ XT"6/x'i,*h* fTt/Xi^ — XT"t/X'i,*fT"i/X'i^ — Xt'^ / X'i ,*fT’i / X'i9* ^ 

If M is a crystal then is in the essential image of and the first arrow is 

thus invertible (by full faithfulness of and 

"ii) Thanks to 19.91 and the preliminary observation we find that the property of being 


a crystal is local for top as long as top is finer or equal than et and coarser or equal than 
syn. 

□ 


(ii) are still 


Remark 9.11. If top is coarser than et (e.g. if top = zar), then \9.1(\ (i) 
valid if we impose that X** has charts top locally. In this setting the analogue of (Hi) 
that we get a stack for top over the full subcategory of Sch/T,i having top local charts. 


IS 


9.3. Modules with logarithmic connection. 


9.3.1. We review the classical relation between crystals and modules with connection on 
the small etale site). Throughout all this section we let 1 < fc < oo and we consider an 
immersion (ie. a closed immersion followed by a strict open immersion) —)■ where 

X^ is over Ei and X** has local finite finite p-bases over This means in particular that 
X** has a strict etale covering by X^^’s having p-bases over of the form (0,t) (see. 14.231 


descriptions we fix such a strict covering and we use furthermore the following notations: 
X|/Xt* denotes the base change of yI/Y‘^ and := D{X\.,yI). We also fix a p-basis 
(0,f) for each yI (e and t = (ti,... ,te) thus depend on A even though we do not write it 
in order to keep notations reasonable). 

All tensor products and inner homomorphisms are taken with respect to the ring O 
unless mentioned otherwise. 


IV 


and 14.271 (iii) this condition could be relaxed as in [CV]). For the purpose of local 


9.3.2. Let us denote X**W the (f+l)-th fold product of X** with itself over and (X**, Tt*W) 
(resp. (X**, T***^*)’*^)) the object of Crys{Xy'Ek) which is the logarithmic divided power 
envelope (resp. of order n) of the diagonal morphism X** —t X**(*b Let 

Pj,® (resp. ) 

denote the ring of Y^ar which is obtained from the structural ring of (resp. 
by pullback and pushforward along the obvious morphisms 

Y 7^(0) 2^ fresn X X. 

^ zar ^ zar ^zar ^ zar ^ zar ^zar ) 

Let do,... ,di : V^y 'Pry P^y"^ denote the ring morphisms corresponding 

to the projections. Unless explicitly mentioned, these rings will be viewed as Oy-algebras 
via do and the natural C>y-algebra structure of Pyy (resp. Pyy’"'). 

Consider now / : Y'^ —)■ X** and denote X' := X** Xy# Y'K Consider the logarithmic 
divided power envelope (resp. of order n) T'^h) (resp. of X'** —)■ X'**’*"*"^ and denote 

similarly and the corresponding C>y/-algebras of Y)^^. 

Lemma 9.12. If f is strict etale then the natural morphisms 

p-ptth) _v -ptth) / _v j 

j ' 'J' Y ^ T' Y' \ • J ' T Y ^ T' Y' / 
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of Mod{Yl^j., Oy') are invertible. Here f* denotes the module pullback functor of the 
morphism f : Oy) (Y^^ar, Oy). 


Proof. We have to show that the squares of the following commutative diagram are 
cartesian 

^ ^ J'hd) yd 

Xi _^ yttW-’T’_^ ytth) ^ ytt 

Here the arrows denoted po are induced by the hrst projection Y'^ and —)■ Y'K 

Since logarithmic divided power envelopes and logarithmic divided power envelopes of 
order n commute to strict etale base change this is turn is equivalent to the natural 
morphism T'***^*)’” —)■ D{X''^^Y''^ x being invertible. It suffices to prove that the 

latter morphism is strict etale and that it lifts the identity of X''^. The result thus follows 
from the fact that it admits a natural decomposition as 

y)(X'#^yd») ^ ^ D{X'\Y'^ x y#Wb) 


where the hst arrow is the open immersion induced by the diagonal open immersion 
X'^ and the second is the base change of the strict etale morphism yd(*) 

y# X (note that X'# Xy,#^y«(,-i) ~ 

□ 

This implies in particular that the quasi-coherent modules varying 

strict etale Y'^-\og schemes T'** satisfy descent and thus come from algebras of (Y^t, O) 
(see the proof of H.lOp . The latter will simply be denoted V'^^y Vyy as well. 

Lemma 9.13. Let l : (T^^, (P) —>■ (Ygj, (P) denote the tautological morphism. 

(i) There are canonical algebras in (T^^,0) such that 

~ and 

(a) The algebra is O itself. The algebra has the following explicit local 
description: 


(P; 




T )|r« - (^T°^)|r*' < “ 


'IP 

>tt» 


0 ,u 


1 > 


l<fL<i,l<a<d 


with the unique section over T| satisfying u^'^dota = d^ta- We use 

the following standard notations in the case i = 1.’ r| := — 1 and dlogta is 

its image in 

(Hi) Let Vy \ denote the algebras of {Yet,0) whose construction is similar to 

but where the closed immersion X^ —)■ Y^ is replaced from the start 
by Yf —)■ Y'^ (recall that Yi := Si Xsj. Y and that Y = DiYi^Y)). Then we have 
canonical isomorphisms 


yphb 


~ -pttW 

— / rp 


and 


Proof, (i) It is clear from the construction that P-Py and P 


m 


— / rp 


T,Y 


are supported on the 
is a straightfor- 


11 , 


closed subtopos Xgt of Pet- The result follows. The local description 
ward consequence of the one given in |Ts2j 1.8. This description shows that the natural 
morphisms i.*Py* —)■ Py*^ and invertible as claimed in (iii) 


□ 
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It follows from 

( 210 ) 0 ^ riri 

where we denote abusively 


(iii) that one has a canonical exact sequence of P^^^^-modules of T) 


et • 


V, 




-^0^0 


( 211 ) QTt := 

and s is the morphism induced by the diagonal immersion. After scalar restriction to O 
via do (resp. di) the morphism s has a canonical splitting given by do (resp. di). We will 
further denote 

(212) d := di - do ; O ^ fly# C 

the canonical O-derivation (it is not universal in general because fly# is not the module 
of Kahler differentials, see (I21ip ). 


9.3.3. Since for any strict etale Y'^Y^ as above, the diagonal closed immersion X'^ —>■ 
T'***^^) Xy/tt T'***^^) is exact (because po : —)■ T'^ is strict) and has divided powers 

(as in [Be3] 2.1.3 use flatness of the projections po, pi to extend the divided powers in 
two different compatible ways) the morphism Xy/ —)■ (a, 6, 6, c) i—)■ (a, c) 

induces Xy/# —)■ The resulting morphisms for varying Y'^ are compatible 

with each other (use that ~ Y'^XytT'^^^'^) and gives rise to morphisms as follows in 

Mod{T!„oy. 


(213) 


pj!‘> ^ w 


T 
I rp 


T 


V 

ao' T 


#( 1 ) 


-)■ 




u/-| \ 

These morphisms are compatible with their counterparts for Vy ■ Let us write an explicit 
local formula. Over Tj we have 

^(T-a + 1) = (t-^ + 1)«>(t-^ + 1)- 


Definition 9.14. VTe define the O-algebra T> of dp-differential operator on T** (abuse of 
language) as the following module of (Tg\, O) 

:= lim where := Homo{V^T^^’'", O) 

—^ n 

together with the composition rule dd' := d o [id 0 d') o 5. 


We refer to |Mo] 2.3.2 or |BOj 4.4 for the verihcation that this composition rule dehnes 
indeed an (9-algebra structure. Let us only write some local formulae. Recall that (r**[^)„ 
is a basis of the restriction of Vy to Let (9L)n denote the dual basis of the 

restriction of V'^' to For / G T[TI,0) and dl\= de^ G r(T^,'D**) (here Ca = 

(0 ,..., 0,1, 0,..., 0) is the d-uple with 1 in position) we have: 


: d(f) = Za8UmogK, 

( 214 ) inr(p,B<) : sp - a!(/) =/al, 

inr(T’,D') : aja* = s*si and = nt,na„-'(s! - i). 

In other terms, the restriction of to T| is a ring of non commutative polynomials with 
the cl|’s as commuting variables. 

9.3.4. Following closely |BQ] we discuss briefly integrable quasi-nilpotent connections and 
hyper dp-strati£cations. 
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Lemma 9.15. Let M in ModiTl^^ O). The following data (i), (ii). (Hi) are equivalent 


(i) A morphism V : M ^ M ® Vtrpi of abelian groups in satisfying V(/a;) = 
fV{x) +x^ d{f) for any strict etale T'^T, f e r(T'«, O), x e r(T'#, M). 

(ii) A morphism 6 i : M ^ M ^do in Mod{T^^^ O) where the target is endowed 

with its right O-module structure (ie. the one coming from the O-algebra structure 
of given by di) which gives back the identity of M when composed with 

M ^ Mt. 

(Hi) A morphism V : dx®Ad M in Mod{T^^,0) where the source is endowed 

with its left O-module-structure (ie. the one coming from the O-algebra structure 
of given by do) which gives back the identity of M when composed with 


Such data is called a (logarithmic) connection on M. 


Proof. 




ii 


nsing that is locally free of finite type. 


is by setting 9i{x) = (a; (8) 1) + V(a;) and (ii) (Hi) is by adjnnction 


□ 


Lemma 9.16. Let (M, V) be a module with connection as in \9.15[ . 
tions (i), (ii), (Hi) are equivalent. 


The following condi- 


(i) The cnrvature morphism 


K ■. M ^ M ® 

is zero. Here K is the morphism of abelian groups of T^^ defined as K{x) = 
V^(V(a;)) where V^(a;(8)a;) = V(a;) f\u + x®d^(jj) and d^(y dlog z) = dy Adlog z. 
(ii) There exists a morphism 62 rendering the following square of Mod{Tl^,0) com¬ 
mutative: 


M 


ei 


M ®do 


02 






6»i®l 


l(g)(5 




Here the tensor products modules are viewed as O-modules via di on the last 
factor. 

(Hi) There exists a morphism V 2 rendering the following square of Mod(Tg,t, O) com¬ 
mutative: 




V 2 


V 


^ M 


Here the bottom arrow is induced by the composition in 'D'^ and the tensor product 
are viewed as O-modules via left multiplication on the first factor. 

When these conditions are verified we say that the connection V is integrable. 
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Proof. A straightforward computation with our chosen p-basis of shows that 

(01 0 l)(6'i(x)) = a; 0 1 0 1 + ® ^)) ® 

+ E„(v(a« ® (v(a< -1) ® (x)) ® + E.<^(va!)(vaS)(x)(^w(r<r«)) 

+K{x) 

where k{x) = Ea<b((^('9j ® (V(5i 0 x)))) - (V(aS 0 (V(ai 0 x))))) 0 (rj 0 rj) 


and that K{x) is sent to K{x) via the canonical morphism 

M 0do ^ M ®do Coker{6^k ~ M 0 


This shows that conditions (i) and (ii) are equivalent. Conditions (ii) and (iii) on the 


other hand are are clearly equivalent by adjunction. 


□ 


If V is an integrable connection on M then it follows from the explicit description of 
P** that there is a unique structure of P**-module on M extending V (ie. such that 
dx := V(9 0 x) for any d in Ph and x in M). By adjunction, one deduces a right 
O-linear morphism 

(215) 9 ■. M ^ limprojn{M 0 ^^ 

lifting 01 and satisfying the cocycle condition (0 0 l)(0(x)) = 6(9(x)). The explicit local 
description of 0 is given by the following Taylor formula: 

(216) e{x) = ( ^ 0 r'*[-')„ 

|n|<n 


Lemma 9.17. Consider a module with integrable connection (M, V). The following con¬ 
ditions (i). (ii) are eguivalent. 

(i) For all strict Stale T'** over Tt* and X G r(T'^,M) all but a finite number of the 
dj^^x’s vanish in r(T'**, M). 

(ii) The morphism ^215\} factors through a morphism 


9: M ^M®do 'Pt^^ 

When these conditions are verified we say that the integrable connection V is quasi- nilpo- 
tent. 


Proof. This is straightforward from the formula 


□ 


Proposition 9.18. Let M in Mod{T^^, O). The data of an integrable guasi-nilpotent con¬ 
nection V on M is eguivalent to a hyper dp-stratihcation ie. a -linear isomorphism 


e : ~ M ®d, 


#(i) 


satisfying the cocycle condition 


«(i)€) — {V^ 'da,2®pta)e) 


Proof. On deduces e from 0 by scalar extension via di. Then condition 19.161 


be translated into the cocycle condition using that ~ ptt(i) 


this identihcation 5 : di'^doPr^^ translates into d, 


T diC)do‘ 
0 , 2 - 


pif^^ and that via 


11 , 


may 


T 


□ 
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9.3.5. We use the following notation. 

Definition 9.19. The category V-Mod{T^) is defined as follows. An object is a module 
with quasi-nilpotent integrable connection. A morphism (M, V) —?• (M', V') is an O-linear 
morphism which is compatible with the given connections. If * is either qcoh, If or If ft 
then we denote furthermore the full subcategory formed by the (M, V) with 

M satisfying 

Note that as in the case of the algebra of dp-differential operators the reference to only 
is abusive since the category depends in fact a priori on the closed immersion X'^ —)• Y'^ 
rather then itself. 

We have the following analogue of |BQ] 6.6. 


Proposition 9.20. There is a canonical equivalence 

Crys,iiXyj:k)crys,euO) ~ V-Mod*(T»). 

Proof. The local lifting property for log schemes with local finite p-bases together with 
the universal property of logarithmic divided power envelopes ensure that T covers the 
hnal object of {XyTk)crys,et- As a result, the category of modules of {{Xy'Ek)crys,et, O) 
is equivalent to the category of modules of {{XyTik)crys,et/Tf O) endowed with a descent 
datum satisfying the cocycle condition. It is thus equivalent to the category of modules 
on {Tet,0) endowed with the extra data coming from the descent datum 09.71 (i), 19.9p . 
It only remains to notice that a descent datum e : pj'M ~ PqM on a module M over 
{XyT,k)crys,et/T^ exactly translates into a descent datum e : p*MrB ~ on the real¬ 

ization Mrpi ie. (using the diagonal equivalence T^t Tet'^) into a p|,^^^-linear isomorphism 


Pf ~ M ( 8)^3 Pf ^ 


cases follow (see 14.211 (hi 


We may conclude by 19.181 in the case * = 
for the meaning of the category on the left). 


The other 


□ 


9.3.6. We explain inverse images for modules with connection. 


Lemma 9.21. Let X ^ Y and X' —)■ Y' as in \9.3.1\ and assume given a commutative 
square 


X —-r 


fx 


Iy 


X '—- w 


Let /t : T** —>■ denote the morphism obtained by forming logarithmic divided power 

envelopes. Let M' in Crys{{X''^/Tk^crys,et))0) and consider its pullback M := fxM' in 
Crys{{XyYik)crys,euO). If M' corresponds to (iV', V') in X'-Mod{T'‘^) then M corre¬ 
sponds to (A^, V) in V-Mod{T^) where N ~ ffN' and V has the following alternative 
characterizations: 

(i) ifV corresponds to e' : p£^^ 0 iV' ~ iV' (g) P™^^ on (Tgf, then V corresponds 

to the morphism e : plr^ 0 iV ~ 0 pB^^ deduced from e' by pullback via 

(a) if W corresponds to O' ■. N' ^ N' 0 P^, on (Tgf, (P) (the O-module structure 
on the target is via di) then V corresponds to the morphism 9 : N ^ N 0 pt*d) 
deduced from O' by pullback via fx ■ (Tgo O) (T(l, O) and the natural “base 
change morphism” ff{N' 0 N ® 
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(in) V is the unique connection on M rendering the following diagram of abelian 
groups ofTet 

N -^^ N (g) 

f-^N'!LXf-\N’®QT'i) 

commutative, the right vertical arrow being induced by ffi^N' N, ffi^O —)■ O 
and frp ^ • 


since 


1 , 


N' = and N = Mrpt. Characteriza- 
is also an easy consequence of 19.101 (ii) by looking at the commutative following 


Proof. The hrst statement is 19.101 (ii 
tion 


commutative diagram of CRY 


(.Y,T') 


PO 


(X#,T«W) 


pi 


(X, T«) 


(X' ^ T'“) (X'“,T'“(i)) (X'»,T'») 


Characterization (ii) follows immediately and (hi) as well (note that by linearity, 6 is 


characterized by its composition with the fj,^0-\meaT map fj^^N' —)■ N) 


□ 


9.4. Crystalline and de Rham cohomology of crystals (linearization functors). 


We discuss the de Rham interpretation of the etale crystalline cohomology of a crystal 
in the local case following the exposition of |BO] . We keep the notations and assumptions 
of 19.31 Unless mentioned otherwise tensor products and inner homomorphisms are taken 
with respect to the ring O. 

9.4.1. Let us begin with the dehnition of the category of hyper dp-differential operators. 

Definition 9.22. The category Hdp{T'^) is defined as follows: 

- an object is a module of (Tg\, O), 

- the set Hdp{M, N) of morphisms from M to N is Hom{V'^^\^ 0 M, X) (the tensor 
product is viewed as an O-module via do on ) and composition is defined by the 
formula f o^dp g ■.= f o {I 0 g) o 5. 

We note that if (9'^=° denotes the kernel of the canonical derivation d : O ^ flrti fl212p 
we have the forgetful functor 

(217) Hdp{T^) ModiTl, C>'^=°) 

The notation Hdp(T^) is abusive since this category a priori depends on X** —)■ Y'^ 
rather than T** itself. When emphasis on this dependance is needed we will also use the 
more correct notation Hdp^^[X'^ —)■ X**). 

Lemma 9.23. There is a functor 

0 : V-Mod(T«) X Hdp{T^) Hdp{T^) 

which sends: 

- a couple of objects ((M, V), X) to M 0 N, 
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- a couple of morphisms (/ : (Mi, Vi) (M2, V2),5' : 0 A^i — )■ N 2 ) to the 

composed morphism {f ® g) o (ei 01 ): 0 Mi 0 iVi ^ M 2 0 N2 where ei is the hyper 

dp-stratification corresponding to Vi. 

Proof. Use the cocycle condition for ei in order to check the compatibility with respect 
to composition in Hdp(T'^). 

□ 


9.4.2. We review the de Rham complex of a module with logarithmic connection. 

T^ dTim.CL 2 ^ ^ /^nr'n rft" r> rt n i r\r\ n > rt T) V* r\ w"* v>^ t~\1 1\ /T /~\ (' / ' 


fij There exists a unique de Rham complex of Mod{Tet,0° 
wo wi 

:= [O ^ ^ M 0 A"flT«] 


O* 


whose differentials are characterized following formulae: 


- d^ = d := di — do 


O 




d'^~^^{uj A dlogm) = (d'^cn) A dlogm) (or equivalently d'^^'^'oj Au' = d'^oj Aoj' + 
{—lycu A d^'u') 

(a) There is a canonical complex in Hdp{T^) which is sent to under the forgetful 
functor fi2T?\ ). Its differentials d^ are given by the formulae: 

- d° := 1 — dis (with s as in \21Ih) ). 

- d^(A 0 uj) := {dfiX) Aoj -\- s(X)d^oj. 

Proof. f^A simplicial construction of the differentials complex can be carried out by 
adapting chap. VIII, 1.2.8 to our case (denote I = Kers : -A O and check 

directly that the well dehned maps d° = di — do : (P —)■ /, : / 0 7®^ —)■ 

a®b ^ (l0a — (5a + a0l) — a0 d% induce d‘> : A'?(///[^]) —)■ A'^+^(///[^]) satisfying the 
desired formulae). 

The reader may check that d^^^d’^ = 0. 

□ 


11 , 


Definition 9.25. For M = (M, V) in V-Mod{T^) we define 

:= (M,V) 0 U^« 


and the tensor product is 1.9. Ail 

The differential of degree q of this complex is denoted and can be described explicitly 
by the following formula: 

V'^(A 0 m 0 cj) = (m 0 d°(A) + s(A) V(m)) A a; + s(A)m 0 d^oj 
9.4.3. We discuss the linearization functor. If M is an (P-moduIe we usually view 

li/-| \ U/-| \ 

Vf 0 M as an (P-module via do and M 0 Vf as an (P-moduIe via di. In order to 
keep notations simple we will use the obvious isomorphism of (P-modules 

(218) exch : ® M M ® 

(this is not a hyper dp-strati£cation, only a triviality) obtained by “exchanging factors in 
(in terms of local coordinates exch(r| 0 m) = m 0 (1 + r|)“^ — 1 ). 

Lemma 9.26. There is a functor 

Ln : Hdp{T^) V-Mod(T«) 
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in Hdp{T^). Here the de Rham complex on the right is meant in the sense of 9.24 













which sends: 

- an O-module M to Lrpt(M) := ®M, V) where V is “derivation on the first 

factor”, ie. corresponds to the di-linear morphism 

e 

( ^ 

M M ® -- M ® pj!^^ (g) Pj!^^ —^ ®M)® Pjl^^ 

^ exch id®S ^ exch-^ ^ ^ 

U/-| \ 

- an O-linear morphism f : P^ ® M ^ N to the composed O-linear morphism 

^ \ 

p|(i) 0 M -- (g) M -- P*^^^ 0 N 

^ (S^id) ^ ^ id®f ^ 

Proof. Once noticed that L^fif) = exch~^ o {id 0 5 ) o (/ 0 id) o exch one may check 
that everything boils down to the coassociativity of d. 

□ 

Let us write a local formula for the connection V of Lj-fiM): 

+ “ 1)'"“' 0a;„) = + r;)“^ JJ((1 + r“)"^ - !)["“' 0 a;„+e, 0 dlog4 

n a n b a 

Lemma 9.27. There is a canonical isomorphism in V-Mod{T‘^) 

(219) M 0 L^tt (,N) ~ L^tt {M 0 N) 

which is functorial with respect to {M, N) in V-Mod{T^) x Hdp{T^). Here the first tensor 
product is meant in the sense of \9.23[ while the second is the usual one in V-Mod{T'^) 

(the connection on M" = M 0 M' is the one corresponding to e" = (e' 0 1) o (1 0 e) ie. 

V" = V 0 1 +1 0 vv 

Proof. The claimed isomorphism is 

M 0 P“!^^ 0 N —^ N 0 P“^^^ 0 M AT 0 M 0 ^ ®M®N 

^ exchj^ -L 1 exchM®N ^ 

Compatibility with connections and bifunctoriality is easily checked using the cocycle 
condition for cm- 

□ 

9.4.4. We have now all the ingredients needed to state and prove the logarithmic version 
of the Poincare lemma. 

Lemma 9.28. The morphism d^ : O ^ induces a quasi-isomorphism 

of complexes in the abelian category V-Mod{T^). 

Proof. The differentials of the complex of O-modules underlying Lrpf,{VL*j,f) are given 
by the following formulae, which are the logarithmic variant of Em 6.11. Recall that 
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u/-| \ 

Lrpi[Vt^^) = Py (g) is a locally free O-module with local basis formed by the elements 
ttkkl (g) ^8 q-j indexed by n e N®, 1 < ii < 12 < iq < e. We have then 


r 


12 

(g) A 4 • • • A r() = ^(1 + ® t-“ A A ^ • • • A 


r; 


a=l« 


with the convention that r^l-l = = 0 as soon as one of the ria’s is —1. Now we 

recognize a Koszul complex which is a resolution of O. Namely this is the e*^ tensor power 
of the length 1 complex [O < C> < >], ha (r^ + which is itself a 

resolution of O (use that the series log{l + r^) is convergent). 

□ 


9.4.5. In order to achieve the computation of crystalline cohomology using the de Rham 
complex we need an interpretation of the linearization functor in terms of the crystalline 
site. We only treat the case of jj-big crystalline topoi for simplicity but the exact same 
results and proofs apply with CRYS or crys instead of CRYS^. 

Lemma 9.29. If M is a local crystal of /T,)cRYsIety is in the essential image 

of the fully faithful functor 

Xq, : Mod{TlO) ^ Mod{{X^/J:k)cRYSIet/T\0) 

then fT»,*M is a crystal. 

Proof. We have to check condition I9.7l|(ii)| for (see 19.9p ie. that the natural morphism 


( 220 ) 


^*(/Ttt,*jhf)Ttt (/'7’tt,*d4)'7’/tl 


IS 


invertible for each h : ([/'«, T'#, 7 ') ^ {X^,T^,j) in CRYSl{XyEk). (see |93][(n)|. As 


in the proof of |Belj IV 3.1.6 we may use loc. cit. I 1.7.2 to check that there is a unique 
divided power structure yj producing the upper left hand corner in the following cartesian 
square of Ci?VS'g^(V 8 /Sfc). 

(f/'8,r# TttW,7;) — (X8,T8W,7 i) 


PO 


PO 


(.Y<,T',7) 


(V.r'.v)- i —► 

We may thus compute the source of (12201) as follows 

h*{fTi,*M)Tt = h*\Ri,^frplfTi,*M 
~ h*\Ti^^PQ,*plM 

~ Xpo^Mrm 

~ PO^^h* Mrpt(l) 

Here the last base change isomorphism is due to the fact that the vertical arrows denoted 
Po are affine on the underlying schemes and induce equivalences (T '8 x-^tt T 8 d))gj ~ Tg^, 
Tgj^^ ~ Tg\ (the main point is the isomorphism h*po^^,0 ~ po^^h*0 which follows from 
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see EB (ii), (iv)) 

























[EGA2j 1.5.2 and the last statement of|T 
may be compnted as follows. 


12] (ii)). The target of fl220p on the other hand 




— Po,*^T"ix„i T‘iW,*Pl^ 

T»,VO 

— P 0 ,*Mrpli^ 


The morphism fl220p then identifies to the one obtained from the natnral one 


h* MrpUl) —)■ 

and we may conclnde using the assumption on M ( 


spp IQ .'ll 


□ 


Lemma 9.30. 


(i) The following diagram is canonically pseudo-commutative: 
Mod(Tl, O) . Cr9s((X«/Ej)c„ys. rf. O) 


[921 


nat 

Hdp{T^) 


[921 


( )rtt 




V-Mod(T«) 


(ii) If M is a crystal on ((X**/Sfc)( 3 .^y 5 tt,eo then ff^^M satisfies the condition of 
\9.29[ Consider the adjunction morphism 

(221) M - ^fn,Jf»M 

as a morphism in Crys{{X'^/Tk)cRYSi,et-iO). Via the equivalence \9.2(\ ^221\) 
translates into a morphism V-Mod{T‘^) 

(222) Mj”i - ^ 

which may he described as the following composed morphism in Mod{T^^, O): 

— Mn ® ^ Vf'^ ® 

Proof, (i) One checks that for a module M over (Tg^, (P) the (P-modules Lrpt(M) and 
^Tt,*fftfTt,*^Ti^ both identify naturally with po,*Pi^ and that the resulting isomor¬ 
phism is compatible with connections. The proof of (ii) is left to the reader. 


□ 

Lemma 9.31. (i) Consider the morphism of topoi l : Tgj. There is a natural 

isomorphism of rings in Tg\.- 

^^Qcrys ^ Qd=0_ 

(ii) The following diagram is canonically pseudo-commutative: 

Hdp{T^) V-Mod{T^)^Crys{{XyT.k)cRYSKet, O) 

RT71 

ModiTl 0“=“)--- Mod(Xi, a;’") 
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Proof. This follows from 19.61 (ii) and 19.301 


□ 


9.4.6. We are now in position of proving the expected analogne of |BO] 6.12 and 7.1. 
Here we restrict onrselves to the small etale crystalline site. Let L denote the following 
composed fnnctor: 


L 

(223) HdpiT^) H V-Mod(T#) H Crys{{X'^/T.k)crys,eu O) 

Proposition 9.32. Consider a crystal M on /Tjk)crys,et- 
(i) The morphism h222i) induces a quasi-isomorphism 


in the category of complexes of modules of ((Xt*/Efc)crys,et, O). 
(ii) The quasi-isomorphism (i) induces an isomorphism 

Ru,M 

in the derived category of modules on 


Proof, (i) Begin with the case M = O. We already know from 19.281 that L{flrpf) is a 
resolntion of O via do in the abelian category Crys{{XyT,k)crys,et, O). To see that it is in 
fact a resolntion in Mod^^X"^/T,k)crys,et, O) it snffices to notice that 


a 


T# 


-hT#(h^rtt) 


remains a qnasi-isomorphism when pnlled back to {T(^, O) via an arbitrary morphism 
g -.T'^ ^ ytt of the crystalline site (indeed the modnles O and are flat). The case 

of an arbitrary crystal M follows from the isomorphism 


M ® L(n^#) ~ L(fl^#(Mr#)) in Mod{{X^/Tk)crys,et, O) 


nse I9.27P by flatness of the modnles L(r2^j). 

we have a canonical isomorphism 


11, 


According to 19.311 (ii) 


(ilTptt)) — f^^tt(-^rti) 


in the category of complexes of modnles on (Wg^, The resnlt will thns follow from 

the following 

Claim. The modnle L{N) of {{X’^/Tik)crys,et^ O) is M*-acychc for any N in Mod{Tl^, O). 

Let ns prove the claim. Let T'** denote an arbitrary object in crySet{XyT,k) and form 
the prodnct T"** = T'^ x T'^ compnted in the crystalline site. If po : T"** —>■ T'** and pi : 
T"^ ytt denote the canonical projections, we have the following natnral isomorphisms: 


( —)r'll ° /t#,* — ^T'»,*ff:»fT,* 
^ Po,At"»,*Pv 
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Since po : —)■ T^l is an eqnivalence these isomorphisms show that the fnnctor is 

exact. Whence isomorphisms 

Ru^L{N) ~ 


and the claim follows since 


is isomorphic to i * fl9.6l (ii)) hence exact. 


□ 


9.4.7. Letting k vary in 19.31 19.41 canses no difficnlty. Fnntoriality with respect to the 
closed immersion X'^ —)■ Y'^ hxed at the beginning of l9.3l is less straightforward and so we 
briefly give some explanations. 

Recall from 19.211 that the category V-Mod{—) is natnrally a contravariant psendo- 
fnnctor in the argument X'^ —)■ YK The category Hdp{—) on the other hand is naturally 
a covariant pseudo-functor with respect to —)■ Y'^ as explained in the following lemma. 

Lemma 9.33. Consider a morphism f = {fx, fy) ■ Y'^) — )■ (X't* — )■ between 

closed immersions as in \9.3.1\ and let /^ : —)■ T'** denote the morphism obtained by 

forming logarithmic divided power envelopes. There is a natural functor 

/* : 7/dp(T“) ^ HdpiT'^) 

sending a module N to fT,*N. 

Proof. We have to specify the effect of /* on morphisms. We dehne the image of a 
morphism g : Ni ^ No in Hdp(T^) (ie. g : ® Ni ^ N 2 in Mod(T^^,0)) as the 

composed morphism <8) /r,*Xi —)■ <8 W) /t,*-A ^2 (fhe hrst arrow is the 

base change morphism). One checks without difficulty that this dehnes indeed a functor. 

□ 


Lemma 9.34. Let f = (/x,/y) as in \9.33[ 

(i) There is a canonical base change morphism 

chf : f*LTn{Tf^,»{M')) ^ 

in X-ModifT'^) which is functorial with respect to M' in X-ModifT''^). The collec¬ 
tion of the chf’s satisfies the composition constraint chg o g*chf = chjg. 

(ii) The base change morphism renders the following sguare of X-Mod{T'i^) commu¬ 
tative: 

(224) /*M'^Lr«(0^„(rM)) 

/*Lr 40 ^,,(M)) 

Proof. Let us only explain the construction of chf. First we notice that there is a 
natural base change morphism 

(225) riMf.N) ^ Ln{N) 

in X-Mod{T'^) for N in Hdp{T^). Next it follows from the description of f* in 19.211 that 
there is a natural base change morphism 

(226) ffLlT^iiM') Or«(/*M') 
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for M' in 'W-Mod{T'^). From there one easily dednces a morphism 
(227) ^ 

of complexes in Hdp{T'^). The morphism chf is obtained by combining fl225p and fl227p . 

□ 
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